AP Calculus

Infinite Sequences and Series

Sequences and Series
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(D) The series diverges
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6. Which of the following sequences converge?

i S B |

(A) Ionly (B) I only (C) II only (D) IandII only

7. Which of the following series converge?

E I tan I
2 Tom+D) 2ot 2 5
(A) Ionly (B) II only (C) II only (D) I and III only

Free Response Questions

8. Find the sum of the series Z 2 -i-i :
e \n(n+3) 7"



Integral Test and P-Series

©» dx 7
Il 2+l 4

s then which of the following must be true?

L g n21+1 diverges.

IL. é n21+1 converges.

T g n21+l =%

(A) none (B) Ionly (C) I only

: o 1
Sl ?
2. What are all values of p for which J. : %/x_P converges?

(A) P<-3
(B) P<-1
(C) P>1
(D) P>3

3. Which of the following series converge?

n

3

n=1 2n2 +1

(A) Ionly

4. What are all values of p for which >°

(A) p>0

b o) E - » o] 1
IL Z ne I Z

n=1 n=2 xlnx
(B) I only (C) I only

= converges?
=1 nt+1

(B)P>% ©) p>1

(D) II and III only

(D) Iand IT only

3
(D) P>5



5. What are all values of k& for which the series 1+ (ﬁ)k +(\/§)k +(«/4_)k +---+(\/r—1)k +---
converges?

(A) k<2 (B) k<-1 ©) k>1 D) k>2

Free Response Questions

6. Determine whether the following series converge or diverge.
| R | 1
@1+—+—+—+---
8 27 o4

1

1 1
1
(b) 1+ 3 ,2)2 + I + 3 _4)2 +




Comparison Tests

1. Which of the following series converge?

I i 1 - i cos> n m i 1+4"
= o ainas e ety =
(A) Ionly (B) I only (C) II only (D) Iand II only
2. Which of the following series diverge?
L3 L ny ! o Skl
. n=1 N ! - =1 Vn+2 - n=1 n
(A) Ionly (B) I only (C) II and IIT only (D) LI, and ITI
3.Which of the following series converge?
® 32 ® ®
n’ 1 n!
T | I i »—
n=1 3 +7 i Yn? +1 -l A
(A) Ionly (B) IandII only (C) Iand I only (D) L II, and IIT

4. Which of the following series cannot be shown to converge using the limit comparison test

@
with the series > in ?
n=1 2
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= 2n
C e IS
( )E 212 41
©) i 2n’ —3n
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Free Response Questions

5. Determune whether the following series converge or diverge.

*  cos(2n)

@ 2.

w1 1+(1.6)"

S

n=1 2" +3"




Alternating Series and Error Bound

Multiple Choice Questions

1. Which of the following series converge?

® (—l)"\/; ®© (_l)n ®
L ,.Z;{ - II. ,,Z=1 - I é cos(ni)
(A) Ionly (B) II only (C) II only (D) Iand II only

2. Which of the following series converge?

o E ® o ®© o 2
L3 D cos(%) I 3, sin o m 3D lnz'i 1
(A) Ionly (B) II only (C) II only (D) Iand II only

o _1\m ® 2
3. For what integer k, k>1, will both >’ 3, an n’\n

d
n=1 \/; E n* +1

A) 3 (B) 4 © s (D) 6
o (_1)n+l : l )
4. Let S=Z 3 and s, be the sum of the first » terms of the senes.If|s—s"| <% what 1s
n=1 n

the smallest value of »n ?

(A) 6 ®B) 7 © 8 (D) 9



5. Which of the following series converge?

w ® n+l ®

S B s . M. (tan™(2+1)—tan™' ()
n=2 n= " n=1

(A) Ionly (B) Il only (C) T only (D) II and III only

n+l
6. Which of the following statements about the series Z —( ) (i)
n=1 n’

s true?

(A) The series converges conditionally.

(B) The series converges absolutely.

(C) The series converges but neither conditionally nor absolutely.
(D) The series diverges.

7. Which of the following series 1s absolutely convergent?

wZeWI
n=1

(B)é (;12’:/;"

© Zi (n'li":/l_

©) Zl (—1)"“(n +1)

) QB : iy n-1
8. An alternating series 1s given by S =" ( 7)
n=1 n- +3

the given alternating series. Of the following, which is the smallest number M for which the
alternating series error bound guarantees that |S - S3| <M?

. Let S3 be the sum of the first three terms of

L

1 1
A g ®) = © 5 D —



Free Response Questions

2 3 n n
9 Let f(x)=1_£+9i_&+...+w+..._
2! 4 6! 2n)!

2 . 2 2 x
Use the alternating series error bound to show that 1— = +Z approximates f(1) with an

error less than L
20



Ratio Test

1. Which of the following series converge?

[M8

® n
o s | 5 m Y n(z]
n=1 3

E ]
Il
—
S
F]
]
Il
—
(V%]

(A) Ionly (B) II only (C) II and III only (D) L II, and ITT

2. Which of the following series converge?

®© n ) (n!)2 ® n9
L — 1L III. —
Z 2 Gy %5
(A) Ionly (B) II only (C) Iand II only (D) LI, and IIT

Free Response Questions

3. Determune whether the following series converge or diverge.

n!

@ Z“n ‘ oa

n=1

«©

(b) >

n=0 7.

cos” x

©  3kp
© gi (k+3)



Power Series Convergence

n+l X"
1. What are all values of x for which the series Z €0 converges?
n=1 n

A) -1<x<1 (B)-1<x<1 (O <l<x<1 (D) -1<x<1

s n
2. What are all values of x for which the series Z bt ) ———— converges?

n=0
(A) -1<x<5 (B) -1<x<5 (C) 2<x<4 D) 2<x<4
n+l
3. What are all values of x for which the series Z converges?
n=0 (n+1)!
(A) o<x<?2 B)0<x<2 ©) -1<x<2 (D) Allreal x

4. What are all values of x for which the series Z €= converges?

n=2 \/—

(A) 2<x<2 (B) 2<x<2 (C) 2<x<2 (D) Allreal x

5. What are all values of x for which the series > n!(3x—2)" converges?
n=l1

(A) No values of x  (B) (—oo,g] ©) x =§ (D) [§,°°)

Free Response Questions

6. Find the radius of convergence and the interval of convergence for the series

3 2:4:6:Qn) u
1-3.5-----(2n-1)

n=1



Representations of Functions as Power Series

1. The power series expansion for IL is > x"_ Which of the following is a power series
e o n=0

expansion for ?

1+
(A) B e

(B) R e
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(© Fnl il
3 6 9
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2. The power series expansion for % is > x" . Which of the following is a power series
—-X n=0

expansion for vl ?
2—-x

s
(A) 1+§+x7+x—+---

2 3
X0 X

1) e b NS
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(D)__£+x_._x_.+
2: 478 ' 16



3. If f() = Z( 1

n+l (x 2)
n=1

represents f'(x)?

w1 (x—=2)""
n!

@&y >l

n=1

® S (x_z)n—l
HYer

)n+l (x W 2)"-1
n!

© 3 (1
n=0

&> CP2k
n=0 n!

(x-2)° +(x—2)3 (-2

=(x-2)-

+---, which of the following
21 31 4!

Free Response Questions

. A power series expansion for f(x) = % can be obtained from the sum of the geometric series
=X

Z ar” =1— ,if youlet a=1 and r =x.. Let g(x) be defined as g(x)=

7

(a) Write the first four terms and the general term of the power series expansion of g(x).

(b) Write the first four terms and the general term of the power series expansion of g(xz) :

(c) Write the first four terms and the general term of the power series expansion of 7,

where A(x) = j g(x?) dx and h(0)=0.

(d) Find the value of A(1).



5. The function f 1s defined by the power series

oYy @ndx 3 sxt @D
f(X)_nZA:)(D (2n)! el T R anr

for all real numbers x .

(a) Find f'(0) and f"(0). Determine whether f has a local maximum, a local minimum, or
neither at x = 0. Give a reason for your answer.

(b) Show that 1—% +% approximates f(1) with an error less than ﬁ .

(c) Let g be the function given by g(x) = I ; f(t) dt . Write the first four terms and the general

term of the power series expansion of £x) :
X



Taylor Polynomial and Lagrange Error Bound

1. Let P(x)= % —%x + zx2 —%x3 +% x* be the fourth-degree Taylor polynomial for the function f

3

about x =0. What 1s the value of f @ (0)?

32 4 8 16
¢ P Lab o) - s
A 2 ®) - © 3 ®) 5

gu:ik3 au 23 6 ; ] .
2. Let P(x)=4-3x +Ex —%x be the sixth-degree Taylor polynomial for the function f

about x = 0. What is the value of f"(0)?

121 3 121
1 B) s o) 0 —
A = ®) 5 © ®) =

3.Let f be a function that has derivatives of all orders for all real numbers. If f(1)=2, f'(1)=-3,
f"(M)=4,and f"(1) =—9, which of the following is the third-degree Taylor polynomial for f
about x=17?

(A) P(x)=2-3(x-1)+2(x—1)? —%(x—l)3

(B) P(x)=2-3(x+1)+2(x+1) —%(x+1)3

(C) P(x)=2-3(x-1)+4(x-1)* -9(x-1)°

(D) P(x)=2-3(x+1D)+2(x+1)> -3(x+1)°



4. The third-degree Taylor polynomial of xe* about x =0 is

(A) P3(x)=x—%x2 +%x3
B) B(x)= x+x2 +%x3

© P3(x)=x+x2—§x3

1iia 1 a3
B(x)=1-x+—x"——x
D) A(X) 5=
5. The second-degree Taylor polynomuial of secx about x=% 1S

(a) 15(x)=1+«/§(x—§)+~/5(x—§)2

_\/-2— N2, @ W2 7,
®) BE)=""+—(-D+=(x-2)
© P = ﬁ+J’<x——)+ ‘/—( ——)2

(D) Pz(x)=1+~/§(x—§) i( ——)

6. A function f has derivatives of all orders at x =0. Let B, denote the nth- degree Taylor polynomial
for f about x=0.Itis known that f(0) =§ and f"(0) =§. If Pz(%) =%, what is the value of f'(0)?

3 3 5 3
(A) R B) "4 © &7 (D) o



Free Response Questions

7. Let P(x)=3-2(x—2)+5(x— 2)2 —-12(x - 2)3 +3(x— 2)4 be the fourth-degree Taylor polynomal for

the function f about x =2. Assume f has derivatives of all orders for all real numbers.
(a) Find f(2) and f"(2).
(b) Write the third-degree Taylor polynomuial for f' about 2 and use it to approximate f'(2.1).

(c) Write the fourth-degree Taylor polynomual for g(x) = .f ; f(&) dt about 2.

(d) Can f(1) be determined from the information given? Justify your answer.

8. Let f be the function given by f(x)=sin(2x)+cos(2x) , and let P(x) be the third-degree
Taylor polynomuial for f about x=0.

(a) Find P(x) .

(b) Find the coefficient of x'° in the Taylor series for f about x=0.

(c) Use the Lagrange error bound to show that ‘ f (%) - P(%)‘ < ﬁ

(d) Let h be the function given by h(x) = I; f(t) dt . Write the third-degree Taylor polynomual
for h about x=0.



Taylor and Maclaurin Series

1. A series expansion of el 1S
: 3
3 5
(A) 1_£+x__x_+...
35 F
2 4 6
e s
3
2 < 6
(C) l_x_+x__x_
21 41 6!
4 6
(D) B X X g
3 i P

2. The coefficient of x° in the Taylor series for ¥ about x =0 is

4 2 1
A) —— B) —-= Cp==
( g ®) 5 © 5
R
3. A function f has a Maclaurin series given by —;+;——+

Which of the following is an expression for f(x)?

A) P& —x?
(B) xlnx—x2
(©) tan'x—x

(D) xsinx—x°

®)

W |

2n+1)!



X—smx .

4. A series expansion of 5

2 4 n+l_2n-2
-1
( )__x_ x_+...+()—x
2! 41 e (2n)!
i B e
21 41 6! (2n)!
< _qyntl 201
( )i__ x_+...+()—x
31 517 2n+1)!
2 4 6 1yl 2n
(D) Y e +( ) e +

3151 71 @n+Dt

l)n n+2

5. Z(_

1s the Taylor series about zero for which of the following functions?

(A) xsinx (B) xcosx (©) x’e* (D) xIn(x+1)
6. The graph of the function represented by the Maclaurin series x— 5 + T = +-- ﬁ
n

intersects the graphof y=¢™* at x=

(A) 0.495 (B) 0.607 (©) 1372 (D) 2.166

7. What is the coefficient of x* in the Taylor series for cos’ x about x=07?

1 1 1 1
(A) e (B) 8 © v (D) =

8. The fifth-degree Taylor polynomuial for tanx about x=0 1s x +%x3 +%x5 JIf f 1s a function

such that f'(x) = tan(x’) , then the coefficient of x’ for f(x) about x=0 1s

1 3 1
A i ®) = ©) o D) =



@ n-1 n-1
9. The Maclaurin series for a function f 1s given by Z( o oyl Ty 6D

Which of the following is the third-degree Taylor polynomial for g(x)=cosx- f(x) about x=07?

1 9 2 3
B =%
(A) 5 2
2 3

Bl——x+x
(B) =

© lx—zx2 +§x3
2 3 -

1 Y. 5.0
—X——X"+X
©) S 7.

10. The Maclaurin series for the function f 1s given by

n_2n 2 - n 7n
f(x)= Z CDx 2 20 LEDX i intervaliof convergence.
“aniDt 3 st et

Which of the following statements about f must be true?

(A) f has arelative mmimum at x=0.
(B) f has arelative maximum at x=0.
(©) f does not have a relative maximum or a relative mmimum at x=0.

(D) f has a poimnt of inflectionat x=0.

Free Response Questions

11.Let f be the function givenby f(x)=¢"

(a) Write the first four terms and the general term of the Taylor series for f about x=0.

(b) Use the result from part (a) to write the first four nonzero terms and the general term of the
1-x— f(x)
S

series expansion about x =0 for g(x)=

(c) For the function g in part (b), find g'(—1) and use it to show that Z

n=1

(n+l)'






3 5 n+l _2n-1
12. The Maclaurin series for f(x) 1s given by f(x) = ok Wl . e i

_+...
2! 41 6! (2n)!

2 3 1\ N
The Maclaurin series for g(x) is given by g(x)=l—§+x?—x7+--- Gl +---.

n+l

(a) Find £"(0) and £ (0).
(b) Find the interval of convergence of the Maclaurin series for g(x).
(c) The graph of y = f(x)+ g(x) passes through the point (0,1). Find y'(0) and y"(0) and

determine whether y has a relative mimmum, a relative maximum, or neither at x=0.
Give a reason for your answer.



