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BC Only: Alternating Series Remainder Theorem

Given ), a,is a convergent alternating series, the error associated with approximating the sum of the series by the first n
terms is less than or equal to the first omitted term.

co

(_1)11+1a” =5= Sn =a; —a;+-+ (_1)“+1an Error = |S - Snl = |an+1|

BC Only: Lagrange Remainder of a Taylor Polynomial

When approximating a function f (x) using an nth degree Taylor polynomial, P, (x), the associated error, R, (x), is
bounded by

_\n+1
IR, ()] = |f(x) =B,(x)| < ((nTl)‘ ‘max f "V (z)| wherec <z <x
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The function g has derivatives of all orders, and the Maclaurin series for g is

o0 2n+1 3 5
n X _X_X . X _ ..
§(1)2n+3_3 5 T

(a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g.

(b) The Maclaurin series for g evaluated at x = 1 1s an alternating series whose terms decrease in absolute

2
value to 0. The approximation for g(%) using the first two nonzero terms of this series 1s % Show that
this approximation differs from g(li) by less than Zlm

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g(x).
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x2ms3 2n+3
T5 2

_ 2n+3yx:

(2) “\2n+5

. 2n+3 2 2
l X =
n]—)":o(z.'f'f'S) * ¥

<l = ~l<x<l
The series converges when =1 < x < |
1 1.1

. 1
W = — —— e — = — s
hen x 1, the series is 34-5 .'.,+‘;l

This series converges by the Alternating Series Test.

o] 1 1 1
When x =1, thbL[ILSIS§—§+$—§+---

This series converges by the Alternating Series Test.

Therefore, the interval of convergenceis -1 < x < 1.

5

[b}‘g(l)—i-:(%] L _ 1

: sets up ratio
: computes limit of ratio
: identifies interior of

interval of convergence

- considers both endpoints
- analysis and interval of convergence

- uses the third term as an error bound
: error bound

- first three terms
: general term
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x| hx) | H(x) | Kx) | ) | ()
1 11 30 42 99 18
2 80 128 488 aads Bl
3 3 9
753 1383 3483 1125
3 - /
3 317 3 1 16 16

Let /1 be a function having derivatives of all orders for x > 0. Selected values of /1 and its first four

derivatives are indicated in the table above. The function /7 and these four derivatives are increasing on
the mnterval 1 € x < 3.

(a) Write the first-degree Taylor polynomial for /7 about x = 2 and use it to approximate /(1.9). Is this

approximation greater than or less than /(1.9) ? Explain your reasoning.
(b) Write the third-degree Taylor polynomual for /# about x = 2 and use it to approximate /2(1.9).

(¢) Use the Lagrange error bound to show that the third-degree Taylor polynonual for /7 about x = 2

approximates /7(1.9) with error less than 3 X 1074
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(a) B(x)=80+128(x—2). so (1.9) = B(1.9) = 67.2

B(1.9) < h(1.9) since /" is increasing on the interval
1<x<3

SR R
tT 2

-

(b) B(x)=80+128(x —2)+%“ oy 4 448

h(1.9) = B(1.9) = 67.988

(¢) The fourth derivative of /i is increasing on the mterval

SR/
1<x<3 so max f}H}[.\')‘ = %

19<x=2

4
L 584 1.9 - 2|
9 A
=2.7037x107*

<3x10™?

Therefore. |7(1.9) — B(1.9)]

B(x)
- B(1.9)
: B(1.9) < 1(1.9) with reason

— = kD

——

[ ]

: By(x)
1: A(1.9)

e

R { 1 : form of Lagrange error estimate

1 : reasoning
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BC Only: Polar Coordinates

A. The polar coordinates (7, 8)of a point are related to the rectangular coordinates (x, y) as follows

X
X =rcosé y =rsiné r? =x?+y? tané?:;
B. If fis a differentiable function of 8 (smooth curve), then the slope of the line tangent to the graph of r = f(60) at the
point (r,0) is
dy dy/d8 r'sinf+rcosf f'(6)sinf + f(6)cosb
dx dx/df  r’'cos@ —rsin@  f'(8)cosf — f(6)sind

C.If r = f(60) is a smooth curve on the interval [, ], where a and £ are radial lines, then the area enclosed by the
graph is

1 (F 1 [k
Area = — j r2do =— j [f(8)]%d6
2 2 /.

[e4
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]

0

Let R be the region in the first quadrant that is bounded by the polar curves r = @ and 6 = k.

where k is a constant, 0 < k < =, as shown in the figure above. What is the area of R in terms of k ?

3 3 . .
®) & © £ ) £ B &
k. ©
[ 3 — ‘Lk-3
_ L GE&Q:L“"‘ E}] R P
R“ 2 G )
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_ . . . .
What is the slope of the line tangent to the polar curve r = cos @ at the point where @ = r3 ?

1% omb . @6 ~ (05
2 \
1,J—’r%‘\§{ '%FJTT 2
by 2 = —= 5 G -
= = ﬁ_ﬁ_l rf-"—-ﬁ S
¥ |p-T 17 2 T iy
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I

0

+
| )

Let R be the region in the first quadrant that is bounded above by the polar curve r = 4cos @ and below by the
line & = 1, as shown in the figure above. What is the area of R ?

A) 0317 BPo465  (©) 0929

C:”f =3 [esd]) 40

(D) 2,618

(E) 5.819
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What is the slope of the line tangent to the polar curve r =1+ 2sin@ at 8 = 07?

©0 (D -+ (B -2

—

d’J‘/l‘ _ 2wsP omY + Qf.:{smﬁ) Cos©

be VoSO (eSO — C I -t-lsamé) smb

O + |
&‘i‘f\@:o - )

1
A~ O 2
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The figure above shows the graphs of the polar curves r = 2cos(36) and r = 2. What is the sum of the areas of
the shaded regions?

(A) 0.858 (B) 3.142 (C) 8.566 9.425 (E) 15.708

C;,Qaﬁﬁ:ﬂ/\: T 5
T2y -5 [lws(.se)} ab

l

Aver
& Carele

V=72
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L

| Ge=0

The graph above shows the polar curve r = 26 + cos @ for 0 < @ < 7. What is the area of the region bounded

=T

by the curve and the x-axis?

(A) 3.069 (B) 4.935 (C) 9.870 (D)17.456 (E) 34.912

Coedator: )
_;L [20+eso | dB
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The graphs of the polar curves » = 3 and r = 3 - 2sin(28) are y
shown in the figure above for 0 < 8 < 7.

(a) Let R be the shaded region that is inside the graph of r = 3
and inside the graph of » = 3 — 2sin(2#). Find the area of R.

(b) For the curve r = 3 — 2sin(28@), find the value of % at

- X
0 <"

(c) The distance between the two curves changes for 0 < @ < %

Find the rate at which the distance between the two curves is changing with respect to @ when @ = %

(d) A particle is moving along the curve r = 3 — 2sin(2@) so that L 3 for all times ¢ = 0. Find the value

dt
dr 9=~
ofdt alﬁ'—ﬁ.
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(a) Arca = '}T"’f +% {ff‘(3 —2sin(26))* d6 1 : integrand
— 9.708 (or 9.707) 3:4 1:limits
1 : answer
(b) x=1(3-2sin(28))cos O 5. 1 : expression for x
E = -21366 1 : answer
de 6’=}rf6
(¢) The distance between the two curves is 5 [ 1 : expression for distance
D =3 —(3-2sin(28)) = 2sin(28). " | 1:answer
dD
ar =2
dg 3=JTJ|'r3
dr _dr df _ dr : :
(d) 740 a0 5 1 : chain rule with respect to ¢
dr _(2)(3) = -6 1 : answer
dtlg-z /6 - -
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The polar curve r is given by r(€) = 36 + sin @, where 0 < 8 < 2.

(a) Find the area in the second quadrant enclosed by the coordinate axes and the graph of r.

(b) For % < # < x, there is one point P on the polar curve r with x-coordinate —3. Find the angle & that
corresponds to point P. Find the y-coordinate of point P. Show the work that leads to your answers.

(c) A particle is traveling along the polar curve r so that its position at time ¢ is (x(¢), ¥(¢)) and such that
dé

T 2. Find % at the instant that 8 = ZT?T, and interpret the meaning of your answer in the context of

the problem.
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1~ 2 _
(a) Area = ﬂm(r{a)) dd = 47.513

(b) -3 =r(@)cosO =(30+sind)cosd
0 =2.01692

y = r(6)sin () = 6.272

(¢} v =r(0)sind = (36 + sin B)sin &
dy
dt

- “5‘?‘"”} ~ 2819
6=2x/3 ‘:a’(} dt Jg 2213

I'he y-coordinate of the particle is decreasing at a rate of 2.819.

3:

| : integrand
1 : limits and constant
I : answer

3:

1 : equation
1 : value of &

1 : y-coordinate

1 : uses chain rule
1 : answer

1 : interpretation




