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I. If lim a,, # 0,then Za diverges.
e NthTerm n—e " &

II. If lim a, = 0,then the testis inconclusive.
Tn—oo

If the terms of a sequence do not converge to 0, then the series must diverge.
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Given the series

® Sequence of
Partial Sums

Zanzal—l—a2+ﬂ3+"-

Si=a, S,=a,+a, S;=a,+a,+ag

The sequence of partial sums for the series is

Sp=a, ta,+az++a,

If li_l)l’l Sp = S, then Z a, converges to S.
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P —Series

The form of a p — series is

nP
I. If p > 1, then the series converges.

II. If p < 1,then the series diverges.
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Geometric Series

A geometric series is any series of the form

(¢ o]
E ar™
n=0

. If |r| < 1, then the series converges toli *Series must be indexed atn =0
—-Tr

IL. If |r| = 1, then the series diverges.
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If fis positive, continuous, and decreasing for x = 1, then
= et ¥ = £(w)
and d
e Integral Z o AN fl f(x)dx
n=1

either both converge or both diverge.
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Alternating Series

D Dra, or ) (-1,
n=1 n=1

The series’ converge if both of the following conditions are met

/p"-v
ﬁn+l < a, foraln — Tesms clmea-&@

Iy lima,, =0
n—oo

A series, containing both positive terms, negative terms, and a,, > 0,

of the form
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¢ Direct Comparison

When comparing two series, if a,, < b, for all n,

I If Z a, diverges,then Z b,, diverges.

IL If Z b,, converges,then Z a,, converges.

*The convergence or divergence of the series chosen for comparison should be known
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Limit Comparison

If @, = 0and b, > 0and lim ? = L, where L is finite and positive, then the series

n—ow Un
Ya, and 2 b, either both converge or both diverge.
*The convergence or divergence of the series chosen for comparison should be known

*When choosing a series to compare to, disregard all but the highest powers (growth
factor) in the numerator and denominator

n2n

Z4n3+1

n=1

&
5

3

n |
Frmte Q. »= _( | /}J,L
P“’S'hm W — 0= n‘*—l—'[ £ o -




Day 7 Review Topics.gwb - 9/40 - Wed Apr 25 2018 08:18:46

a
LIf lim [—

n—coo a

mn

Upt1
a

¢ Ratio IL.If lim

— 00
n T

IILIf lim

n—co

a'ﬂ.

Given a series ), a,

]

H < 1,then Zan converges.
> 1,then Z a, diverges.

= 1, then the ratio test is inconclusive.

*This is a test for absolute convergence
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= o2
The infinite series Za,\_ has nth partial sum §, = (-1 )"*! for n = 1. What is the sum of the series Za& 7

k=1 k=1
(A) -1 .
Ri’m sﬂ = Uﬂ’w
(B) 0 N — 80
|
(C) 3
(D) 1

@'hc series diverges.
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o0 [_2 ].'i )

,n+1
n=l| €

What is the sum of the series

iy =" ]
(A) —— . (C) €+&7 (D) . i 5 (E) The series diverges.
e —2e “+2e 2 2
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Which of the following series converge?
-1
L 1+(-)+1+ - +(-1)"+- =7 @) e
| A PRI S SN Z —— s -{-M Hoeroovic

3°5 2n—-1 " In-1
1 | 1 n lc
— L
ML T+gt+ gttt — 3 3(3) WW
(A) Tonly
(B) II only

@11 only

(D) II and III only
(E) L. 11, and I11
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If 0 <b, <a, for n = 1, which of the following must be true?

(A) If lim a, =0, then Zb” converges.

n—»o2

(D) It iaﬂ

(E) It ib”

n=1

n=I1

. converges, then lim b, = 0.

n—>»00

, diverges, then lim a, = 0.

n-—>eco

(==
diverges, then ) b, diverges.

n=1

==
converges, then Eau converges.

n=1
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S ()
What is the value of Z -

n=| 5”
. 15 9 3 7 Y
(A) =2 (B) T (C) 3 (D) 3
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Which of the following series converge?

[ z‘sm:ﬂ I Z"-n I ri+ 2
n=l N~ n=1 i n” +n

(A) Ionly
(B) Il only
(C) II only

Iandllonly lslwl'\| < ___l_z +P"$w
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o0 n
Which of the following statements are true about the series zan, where a, = L ?
n="1 JH + (—1)"
I. The series is alternating.
I1. ‘amllé|an|forallr122 Y. E 4 __;l._ + | o \/
+1 - W +1
L lima, =0 2 3 -1 1
n—soo
(A) None lanl = | G |
(B) Ionly 1 . I [
>

) T'and IT only

Wl Var -
@I and TIT only

(E) L II, and III
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Which of the following series converge?

n (0]
LYy IL. le—c:o . Z n

(n)(n+2)(n+3)

(A) I only (B) II only (C) UI only I and IIT only (E) 1,11, and 111
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For wh

(A) =2 < p <2 only

(B) —% <p <% only

— —

1
©L<r<2amy

1
(D) P<>5 and p > 2

(E) There are no such values of p.
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o0

If the series Z(I” converges and a, > 0 for all n, which of the following must be true?

n=|

aﬂi]‘z 0

n

(A) lim

n—os

(B) |a,|<1 forall n

(C) ia” =0

n=1

(= =]
(D) 2 na, diverges.

n=1

[==]
al!

E —, converges.
!

n=1
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BC Only: Power Series

A. Power Series Structure and Characteristics

Z apx™ = ag +ay1x + az,rz + -+ apx™ + - » power series centered atx = 0
n=0
oo
Z an(x—c)"=ag+a;(x —c)+ax(x —c)?* + -+ ap(x —c)" + - » power series centered at x = ¢
n=0

A function f can be represented by a power series , where the power series converges to the function in one of
three ways:

I. The power series only converges at the center x = c.
Il. The power series converges for all real values of x.

lll. The power series converges for some interval of values such that |x — c| < R, where R is the radius
of convergence of the power series.

B. Interval of Convergence: Find this by applying the Ratio to the given series.
l. If R = 0, then the series converges only at x = c.
Il. If R = o, then the series converges for all real values of x.

1. If the Ratio Test results in an expression of the form |x — ¢| < R, then the interval of convergence is
oftheformc —R <x < c+R.

*The convergence at the endpoints of the interval of convergence should be tested separately.
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0
What is the interval of convergence of the power series Z

(A) 1<x<5

]Sx<5

(C) 1£x<5
(D) 2<x<4
(E) 2<x<4
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n— o=
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What are all values of x for which the series Z( )

3 n
(x + E) converges?

5 1 9’" “|“"(,’“':§k
(A) _E‘ix{_i
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(D) ——<x <=
2 2
)
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What is the radius of convergence of the series Z (x ;14 J ?
n=0 -
}
(A) 243 ®3 @3 D B (E) 0
2004) n
[\ CEa)) I —
— m
0N 8o 341 (x4
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The power series Z”n (x —3)" converges at x = 5. Which of the following must be true?
n=0

(A) The series diverges at x = 0.

(B) The series diverges at x = 1.

(C) The series converges at x = 1. > comderdd € X =3
@ The series converges at x = 2.

(E) The series converges at x = 6.
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The function f 1s defined by the power series

f(x)=1+(x+1)+(x+l)2+---+(x+1)"+---=i(x+l)"
n=0

for all real numbers x for which the series converges.

(a)
(b)

(c)

(d)

Find the interval of convergence of the power series for f. Justify your answer.

The power series above is the Taylor series for / about x = —1. Find the sum of the series for f.

Let g be the function defined by g(x) = I II f(t) dt. Find the value of g(—%) , if it exists, or explain

why g(—%) cannot be determined.

Let & be the function defined by A(x) = f (.\'2 - 1). Find the first three nonzero terms and the general

term of the Taylor series for 4 about x = 0, and find the value of h(%)
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(a) The power series is geometric with ratio (x + 1).
The series converges if and only if |x + 1| < 1.
Therefore, the interval of convergence is -2 < x < 0.

OR

n+l
lim % =|x+1|<1 when 2 <x <0
n—eo| (x 4

At x = -2, the series 1s Z(—l]". which diverges since the
n=()

O
terms do not converge to 0. At x = 0, the series 1s Z 1,

n=0
which similarly diverges. Therefore, the interval of
convergence is =2 < x < 0.

(b) Since the series is geometric,

f(x)= S (x+1) =|—{1T1)='% for 2 < x < 0.

n=0)

==
“=In2

x=-|

© s(-4)= [ F-Lac= i

X

(d) h(x):f[_rz_1):1+I2+I4+_“+x2n+"

W3)-1(-3)-3

1 : identifies as geometric
3:41:|x+1|<1
| : interval of convergence

OR

1 : sets up limit of ratio
3 : 4 1:radius of convergence

1 : interval of convergence

1 : answer

7. 1 : antiderivative
"1 1:value

1 : first three terms

3. | : general term

1 : value of h(%)
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BC Only: Taylor and Maclaurin Series (specific power series)

If a function of f has derivatives of all orders at x = ¢, then the series is called a Taylor Series for f centered at c. A Taylor

series centered at 0 is also known as a Maclaurin Series.

A. Maclaurin Series

f(x)=1(0)+ f(0)x + f”(O) + fm((]) -|- -4 f{?l}(g)_ + . Z f(n)(ﬂ)%
B. Taylor Series
f(JC) f(c)+f(c)(x—C)+f”(C)( ) -|—f”’( )( _C) _|_f(n)(c)( _C)

(]

n=0
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BC Only: Common Series to MEMORIZE

Series

Interval of Convergence

1
1—x

X
E. In(1 =X ——+—
n(l+x)=x 2+3+

x? x5

F. arctanx=x—-——+—+
— 3 5

=1+x+x2 4+ x" 4=

x?2 x"
® e*=1+x+=+- e

21
@ . x2+x4
ycosx=1——+4—

2! 4! (211)7
O 3+x5 x2n+1

sinx =x ——+— —_—

3! (]ZﬂJrl]1

— 2 x3 (

(_l)nx2n+1
2n+1

oo

Zx" --—"t""" =
g V&%
oo xn
n!
n=0
z( 1 (Zn)'
x2n+1
Z( D (211+1)'
1)"

i( s
= 2n+1
- Z(_l)n 2xn+ 1

n=0

l-'f."*)

ZQ—:&\ -1<x<1

— o< x < o
— oo < x < 00
—mw<x <

—1<x<1

— 00 << x < oo
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.Let P(x) =3 - 3x? +I 6.\“4| be the fourth-degree Taylor polynomial for the function f about x = 0. What is the

value of j'm (0)?

(A) O (B)

1
4

() 6 (D) 24 @144

>LLI
Lx = #4\(03 ' —L‘—,

. - —,ﬂ[‘l' ‘_[\bﬂ(o>
L4 = ()
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Which of the following is the Maclaurin series for e 7
2 3 4 z 3
X X X » X
A IT+x+ + + +--- - _ X
(A) 1+ x+ 5+ 57+ 6-1+x+21‘+?+..
2 3
L2781 243y ) (¥
(B) 3+9x+ 5 + 3 - 1 +--- &:&*: '| +(S>O+'(2,' + =
L9 27x7 8l
(C) 1-3x+ R TR
2 33 3.4

RE 3.
(D) 14+ 3x+ 5 - A + 1

9x? 27x°  8Ix?
l+3x+——+ T 10 +

+




Day 7 Review Topics.gwb - 31/40 - Wed Apr 25 2018 08:42:12

. - .. ; . .0 .
What is the coefficient of x“ in the Taylor series for sin“x about x =07?

(A) -2 (B) -1
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What is the coefficient ot"in the Taylor series for

a9

3x~
about x =07

1 8l 9 9 27
N B @7 o3 ®F
* XL ";(S
£ by X b g
2! 3.
z 32
a3 _ 2\, (3xY) | (3x*)
= g
e |+ @x*) v
3)"?‘ % z,z'
ﬁ —_ l-{-— %‘}_ +’(3X) +
N 2 2 a2

L

A1 L
I;LX
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Which of the following is the Maclaurin series for % ? 4 [ l t’ |
(1-x) —X (l—;()
(A) 1=x+ x> =x> + .-
| o 3
5 3 — = | +x+X +X + -
(B) 1—=2x+3x" —4x +--- ) =X
@1+2x+3x2+4x3+--- l z 0! H’VH'X-J_X + j
x>

(D}]+x2+x4+xﬁ+--- 2
> 3 4 L2

X )
X+ o+ Tt
(E) x 5 3 4
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(=4 (=4 (x=4)

The third-degree Taylor polynomial for a function f about x = 4 1s 512 a1 1 + 2. What
is the value of f"(4)?
1 1 ] 3 81
R R (0 2GR
Gamursd T
3 3
m( 3 Q(‘-q) _ @—q>
f 30 sz
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Let f be a function having derivatives of all orders for x > 0 such that f(3) =2, f'(3) = -1, f”(3) = 6. and
£7(3) = 12. Which of the following is the third-degree Taylor polynomial for f about x = 3?

(A) 2 —x+6x7 +12x° \
(B) 2—x+3x% +2x° " (}!\—5)2 ; (X-S)
V). %- L) P 3}
(©) 2= (x—3)+6(x— 3 +12(x —3) "]i(x\z '{:(55{—#(5) Q{ 3\4-‘?(3 o "2‘( 3T
, s 3 L 3
2 —(x=3)+3(x-" 4(x = — — (% - X- 3
(D) 2—(x=3)+3(x=3)* +4(x—3) E(J()_ 2L - (w3)r 3 3) +2(X-3)

2 (-3)+3( -3 +2(x - 3)
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2 4 6 2n

For x > 0, the power series 1 — % + % — % +---+ (—l)”ﬁ + --- converges to which of the
following?
in x _ 2 _ 2
(A) cosx (B) sinx @ h":.'x (D) e —e* (E) 1+¢" —¢"
?_n‘l-l
SNK = ZL N |
@mfh_
Z_M

smx |
== 243 ot
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Let f be the function given by f(x) = 6e/* forall x.

(a) Find the first four nonzero terms and the general term for the Taylor series for f about x = 0.

.
(b) Let g be the function given by g(x) = jo f(t) dt. Find the first four nonzero terms and the general term for the Taylor

series for g about x = 0.

(¢) The function h satisfies h(x) = k f'(ax) for all x, where a and k are constants. The Taylor series for h about x = 0
1s given by
2 3 n

X
+_ R — ==
ST TR T

h(x)=1+x+

Find the values of @ and k.




Day 7 Review Topics.gwb - 38/40 - Wed Apr 25 2018 08:54:27

(a) f{x‘)=6{l—%+£—;2—% +%+}
=6—2x+§—%+...+7ﬁ(;:;xﬂ+
() g(0)=0 and g'(x) = f(x), so
g(x) = { 16' 3:;- ;_; +%+}
i n+l
© f(x)=-2¢"" s0 h(x)=-2ke™/?
h(\.)_1+1+r2+§3|+-..+%+___=ex

—Zke"“‘” - &

'—3“=1and-2k=1

1

OR
5
fl(x)=-2 +§.1'+---ﬁ S0
h(x) = kf'(ax) = —2k+%ah+~--
h(x)=1+x+---

—2k =1 and %akzl

k=—%anda=—3

|
!

pl
X

1:-twoof 6. —2x. —
37 27

1 : remaming terms
1 : general term

1) missing factor of 6

1 - two terms

1 : remaining terms

1 : general term

1) mussing factor of 6

1 : computes k f'(ax)
1 : recognizes h(x) = €,
or
equates 2 senes for i( x)

| 1: values fora and k
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2x
—.

14+ x°

Let f be the function given by f(x) =

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 0.

(b) Does the series found in part (a). when evaluated at x = 1. converge to f(1) ? Explain why or why
not.

N . < 2x .. :
(¢) The dernivative of 111(1 - xz) 15 —. Write the first four nonzero terms of the Taylor series for
1+ x~

111(1 - .\'2) about x = 0.

(d) Use the series found in part (¢) to find a rational number 4 such that

q
A - 111(:)| < ﬁ Justify
your answer.
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(a)

(®)

(c)

(d)

1 _ 2 n
=l+u+u +---+u +---
1—u
7 73N
! 5 :1—x‘+x4—1’6+‘--+(-x‘] + ---
1+ x°
2x 3 5 7 7
_ = 2x— 2% 42 2% 4+ ()2 4
1+ x°

No, the series does not converge when x = 1 because when

x =1, the terms of the series do not converge to 0.

X

dt

1+ 2?) = [ 2

=
0o 1+1°

= f;(zr—zr” +20 -2t +--)dt

-

u(5)- (1)=& (8T 48 208+

v a=(2f -

Since the series 1s a converging alternating series and the
absolute values of the individual terms decrease to 0,

6
¢ i) i(i) _1 1 1
4 1“(4|<3 2] |T3 & “To0

b

1 : two of the first four terms
1 : remaining terms
1 : general term

- answer with reason

[ 1:two of the first four terms
11 remaining terms

) 1
l_uses_L-E

1 : value of A4
1 : justification




