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Differential Equations

A differential equation is an equation involving an unknown function and one or more of its derivatives
d R R
ﬁ =f(x,y) » Usually expressed as a derivative equal to an expression in terms of x and/or y.

To solve differential equations, use the technique of separation of variables.

. . : jon 22 =X
Given the differential equation —— = 2+1)

Step 1: Separate the variables, putting all y’s on one side, with dy in the numerator, and all x’s on the other side,
with dx in the numerator.

X

- 4
xZ+1)

1
—dy
y
Step 2: Integrate both sides of the equation.
1 —
In|y| = Eln\rxz +1+C

Step 3: Solve the equation for y.

y=Cyx?*+1
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. : . dy e .
A student attempted to solve the differential equation —— = xy with initial condition v = 2 when x = 0. In

dx
which step, if any, does an error first appear?
(L
Step 1: JTd\ —jxdx (A) Step 2
s @ Step 3
X©
Step 2: In|y| = 5+ C (C) Step 4
2 (D) Step 5

I
+
A

Step 3: |y = e*

(E) There is no error in the solution.
Step 4: Since y =2 when x =0, 2 =¢” + C.

Step 5: }'=e"':/2+l 91yl }i_-t-c.
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. . . . dv | 2,
Consider the differential equation — = | 1- = |(»—1). where x 2 0.
\ h

dx

Let y = f(x) be the particular solution to the differential equation with

initial condition f(1) = 2.
(a) Find the slope of the line tangent to the graph of f at the point (1. 2).

(b) On the axes provided, sketch a slope field for the given differential
equation at the nine points indicated.

(¢) Find the particular solution v = f(x) to the differential equation

dv _I"l_i'

= = |(y - 1) with initial condition £(1) = 2.
A

*

[S=F 2
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av 2)
(@) — 2[1—:(2—1):—1
(?r.‘\ (.\'_ .1.,.'=(1- 2] ] ]
(b)
y
A
N N -
—— 14+ — —_—
o o S
1 0 1 2
dv 2
(c) E:l-,l_.\?.‘h -1)
" dh (2.
I v—1 :J'I-\l_,\?|m
. 2
In|; —l|: + — 1
X

]11|2—1|=1+1:+C S

2
Inj]y-1l=x+=-3

x
Note that v —1 > 0 since the solution curve
includes the point (1. 2).

2 3
In(v-1)=x+=-3

T

x—g_ —3 h

v=[f(x)= e( ’

+1

Note: This solution is valid for x = 0.

1 : answer

[ 1 : zero slope at each point (x. v) where v =1

L.
]_ 1 : remaining slopes
1 : separation of variables
2 : antiderivatives
6: : constant of integration

: nses initial condition

— = =

: solves for v

Note: max 3/6 [1-2-0-0-0] if no constant
of integration

Note: OI/ 6 if no separation of variables
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At time t = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal
temperature of the potato is 91 degrees Celsius (°C) at time ¢ = 0, and the internal temperature of the potato

is greater than 27°C for all times 7 > 0. The internal temperature of the potato at time  minutes can be

dH 1
modeled by the function H that satisfies the differential equation o " _I(H — 27), where H(t) is

measured in degrees Celsius and H(0) = 91.

(a) Write an equation for the line tangent to the graph of H at t = 0. Use this equation to approximate the
internal temperature of the potato at time t = 3.

2

(b) Use —5 to determine whether your answer in part (a) is an underestimate or an overestimate of the
dt=

internal temperature of the potato at time f = 3.

(c) Fort < 10, an alternate model for the internal temperature of the potato at time f minutes is the function
: . : . dG 2/3 : . :
G that satisfies the differential equation ? = —(G — 27)°/ -, where G(1) is measured in degrees Celsius
and G(0) = 91. Find an expression for G(t). Based on this model, what is the internal temperature of the

potato at time f = 3 ?
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(@ H'(0)=-1(91-27)=-16 1 : slope

H(0) =91 3: ltmgemhe
1 : approximation
An equation for the tangent line is y = 91 - 16¢.

The intemal temperature of the potato at time = 3 munutes is
approximately 91 —16-3 = 43 degrees Celsius.

d*H 1dH 1y 1) o1 : ] : )
(b) Ry ={'3]('1.|'[H' 27) =E1H-2?} 1 : underestimate with reason

H>Yfrt>0>LE - Lig_2)>0frt>0
dr* 16
Therefore. the graph of H is concave up for ¢ > 0. Thus, the

answer in part (a) is an underestimate.
(c) L:s = —dt [ 1 : separation of vaniables
(G-27) 1 : antidenvatives
J‘L‘s= _['['“df 5- 1 : constant of integration and
(G=277 ’ uses initial condition
(G-2M3 ==+C 1 : equation involving G and ¢
301-271 =0+C = C=12 L 1:G(r) and G(3)
33 _ 19
3G-mT =12 ! Note: max 2/5 [1-1-0-0-0] if no constant
Gtr>=2?+|'—133"§ for 0<t <10 of integration

Note: 0/5 if no separation of variables
The internal temperature of the potato at time 7 = 3 nunutes is

27+ (223}’ = 54 degrees Cetsi
2 T) = grees Celsius.
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Exponential Growth and Decay

When the fateofehangeoravariableyisdirecthypropertional tethenaluesofy the function y = f(x) is said to
grow/decay exponentially.

A. Differential Equation for rate of change:

B. General Solution: r= Cekt

-

l. If kK > 0, then exponential growth occurs.

Il. If k < 0, then exponential decay occurs.
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of ffor selected values of t are given in the table above.

for f(1)?

E%IHS \{ = C,e,w: \\ - L*E;ld-

ich of the following is an expression

ZIn9 o 12 = L}Q_Zk'
(B) 2 +3 4= Ce 1
(C) 20> +4 Y=, 3= L
(D) 41 +4 Q,,‘?_) = 2l

< 0.3=k
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Bacteria in a certain culture increase at rate proportional to the number present. If the number of bacteria doubles
in three hours, in how many hours will the number of bacteria triple?

e e

3In3 l .

In2 \\ = (e
o= C

A R )
- R
(3 W) — 200=-Qe
D) In 22—7 L= e
E) In g] laﬂ"u)zl“LM .
(+, ) — 30 =@’ >
3 = Lo (Dt
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BC Only: Euler’s Method for Approximating the Solution of a Differential Equation

Euler's method uses a linear approximation with increments (steps)@for approximating the solution to a given

differential equationkj—i = F(x, y),iwith a given initial value.

Vv

t

Process: Initial value (x,, y,)

Xy = Xg + h Yi=Yo t h 'F(xm}"o) = \\Q +\’\'i—%°\t"‘w 1‘3

X, =x;+h Y, =¥, +h-F(xy,y;)

X3 =Xy +h Vs =Y+ h-F(x3,Y,)

* This process repeats until the desired y — value is given.
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X f'(x)
1 2
1.5 0.2
2 0.9

The table above gives values of f’, the derivative of a function f.If f(l) = 4, what is the approximation to
f(2) obtained by using Euler’s method with a step size of 0.5 ?

(A) 2.35
=\
(B) 3.65 )
@1.35 $0-8) = O+ 0.5 £ '
: T
(D) 4.70 ="l+%"§1§=4+%§‘"ro
(E) 4.80

) = f0s5)+ 0.5 40 .
- l‘ﬂ’ 1.4 _ 4! + l = 'i:S__'l_ = 2
o v MY

- o0
P (O ""f o I
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Let y = f(x) be the solution to the differential equation &y

i 2x + y with initial condition| f (1) = 0.|What is
x | I

the approximation for f(2) obtained by using Euler’s method with two steps of equal length, starting at x = 1?
(A) 0 (B) 1

(©) 2.75 (E) 6

ti)=0
fOs)= $0)+

L é‘_‘Ll —J

= | AX [ (r)0)
= 0+ 3 [:.Ltthoj = |
‘;(1\,; |+ -!5’ ;ff\ (;.5,1)‘_]

1t 3 a9 ) =3
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LFY
(=1
I

\ 1 [ 11121
filx) | 8 10 | 12 | 13 | 145

The function f is twice differentiable for x > 0 with (1) =15 and f”(1) = 20. Values of f’. the derivative of

f. are given for selected values of x in the table above.

(a) Write an equation for the line tangent to the graph of f at x = 1. Use this line to approximate f(1.4).

(b) Use a midpoint Riemann sum with two subintervals of equal length and values from the table to
14 14
approximate L 7'(x) dx. Use the approximation for L £'(x) dx to estimate the value of f(1.4). Show
the computations that lead to your answer.

(c) Use Euler’s method. starting at x = 1 with two steps of equal size, to approximate f(1.4). Show the

computations that lead to your answer.

(d) Write the second-degree Taylor polynomial for / about x = 1. Use the Taylor polynomial to approximate

f(1.4).
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(S ]

(a) f(1)=15 f(1)=8 _ { 1 : tangent line

. L 1 : approximation
An equation for the tangent line 1s|

v=15+8(x—1).
£(14) =15+8(1.4—1) = 18.2

(b) *[11'4;”'{.«;) dx = (0.2)(10) + (0.2)(13) = 4.6

[ 1: midpoint Riemann sum
3 : ¢ 1 :Fundamental Theorem of Calculus

f(L4) = f(1)+ J‘:':‘f’(;;) v | 1:answer

f(14)=15+4.6=19.6

(¢) £(1.2) = f(1)+(0.2)(8) = 16.6 . { 1 : Euler’s method with two steps
“ [ 1: answer
£(1.4) = 16.6 + (0.2)(12) = 19.0
() T(x) =15+8(x = 1) + == (x = 1)] .

{ 1 : Taylor polynomial

1 : approximation
=15 +8(x 1) +10(x - 1)’ PI

F(14)=15+8(1.4-1)+10(1.4—1)* =19.8
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BC Only: Logistic Growth

A population, P, that experiences a limit factor in the growth of the population based upon the available resources to
support the population is said to experience logistic growth.

A. Differential Equation: % = kP (1 — 9
B. General Solution: P(t) = ——
. General Solution: (t) = P
P = population k = constant growth factor L = carrying capacity t = time,

b = constant (found with intital condition)

Graph

Characteristics of Logistics

I. The population is growing the fastest where P = %

Il. The point where P = 2 represents a point of inflection

1. }1_32 P(t)y=1L
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The number of antibodies vy in a patient’s bloodstream at time 7 is increasing according to a logistic differential

equation. Which of the following could be the differential equation?

dy
— =0.025
(A) il 0.025¢
dy
(B) — = 0.025¢(5000 — 1)
dt
dy
) — = 0.025v
(C) i 0.025y

(D) % = 0.025(5000 — v)

dy
—_— = 7 ) —_ 1
@ 2 = 0.025¥(5000 - )
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The rate of change, ﬂ of the number of people on an ocean beach 1s modeled by a logistic differential

dt

equation. The maximum number of people allowed on the beach is [m At 10 A.M., the number of people
on the beach 1s|200)and is increasing at the rate of {00 people per hou lWhich of the following differential

equations describes the situation’ l L

4P 1 P
(A) Z- = 255(1200 - P) + 200 %
f‘:"z_DD
) B
(B) <= =(1200 - P)
200
dP 1 _ | - ==
- . o0 = V-(loo)( 1200
=<5 P1200 - P) 4
=
dP 1 2= e (2)
(D) T = 5= P(1200 - P)
.
®) 4P _ 400p(1200 - P) °
dt |2 o
ap _ 2p() - e
Ak
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A population y changes at a rate modeled by the differential equation % = 0.2y(1000 — }m

measured in years. What are all values of y for which the population is increasing at a decreasing rate? L1060

(A) 500 only J,
(B) 0 <y < 500 only

o5chee 3|
@500 < y < 1000 only G"’“f“‘ kows j”i‘}:‘\"&iﬁo’* ‘1‘

(D) 0 <y <1000

(E) y > 1000 EB
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Let f be a function with f(4) = 1 such that all points (x, ) on the graph of f satisfy the differential equation

ﬂ
dx

=2v(3 - x).

Let g be a function with g(4) =1 such that all points (x. 1) on the graph of g satisfy the logistic differential
equation

dy

— =2y(3-y).
o= 2v(3-)

(a) Find v = f(x).

(b) Given that g(4) = 1. find lim g(x) and lim g’(x). (It is not necessary to solve for g(x) or to show how

X—oo X—0o0
. —— .
you arrived at your answers.)
(c) For what value of v does the graph of g have a point of inflection? Find the slope of the graph of g at the

point of inflection. (It is not necessary to solve for g(x).)
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dv

(a) o 2y(3 -x) 1 : separates variables
I o mia oy g | 1 : antiderivatives
3 dy =2(3-x)dx 5: 4 1:constant of integration
];1|.1‘| 6y — 24O . i I::;sle;iizlilrial condition
0=24-16+C L
C=-8

Note: max 2/5 [1-1-0-0-0] if no
N constant of integration
v=e"""F for o<y <0 Note: 0/5 if no separation of variables

In|y| = 6x— 2% -8

(b) lim g(x)=3 [(1: lim g(x)=3
X—poD 2 : \I X—o2

l 1: lim g'(x)=0
. X—soo

lim g(x) =0
X —300

2 , r. 3
© L=-anZ |Liv=3
dx~ dx 24
Because ._'f_1 # 0 at any point on the graph of g. the | dx|,_3 /-
x :

. half the carrying

1 | o

concavity only changes sign at v =

capacity.

av :,}(3](;___%
dx|, 2 \2J\7 2
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Consider the logistic differential equation % = %(6 —v). Let y = f(r) be the particular solution to the

differential equation with f(0) = 8.

v

(a) A slope field for this differential equation 1s given below. Sketch possible

. . LAV LY
solution curves through the points (3, 2) and (0, 8). VEEL AL LUV L L

- . . AR N N O N N N N VR A

(Note: Use the axes provided in the exam booklet.) N SN

: : : . . L) AP

(b) Use Euler’s method, starting at 7 = 0 with two steps of equal size. to S VI IYYY.
- : SIS
approximate f(1). SASSS SIS ST

VAV AV AV SV SV &5 S SV S i & 4
LSS NSNS
I A A A

e e

. . . /s

(¢) Write the second-degree Taylor polynomial for f about 7 = 0, anduse 1t

- d
to approximate f(1). -

. - 2 4 5.0 7 ]
(d) What is the range of f for r 2 0 ? SESSENNASNASNR
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(a)

(c)

]

)

[ &~~~

L* -

=

|

YN ANNNY N A

5 1: solution curve through (0.,8)
~ | 1: solution curve through (3,2)

0 N
-‘5\+“-\I“-\‘L"‘\\\“‘-\"ﬁ;‘\*‘\‘.“\“\t\

®) f(%] =8 +{—2}(%) =7 . { 1 : Euler’s method with two steps
f(l)z?+(—%)(%):% ~ " | 1: approximation of f(1)
2126034 i
f0) =8 £(0)=F| =36-8)=2 md | ., ::p";jﬁi:} ::3;‘5 }P"‘W’“‘ia‘
=22 It ke CRF

The second-degree Taylor polynonual for f about

t=01is 5{!]:8—2r+zr2_

oy =nm==2

5

(d) Therangeof fforr=201s 6<y<8. 1 : answer




