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B. Relative Extrema

I. Relative Maximum: The y-value of a function where the graph of the function changes from increasing|

o to decreasing. Another way to define a relative maximum is the y-value where derivative of a function
‘;ﬂ-‘ J changes from positive to negative.
\ e—

Il. Relative Minimum: The y-value of a function where the graph of the function changes from
decreasing to increasing. Another way to define a relative maximum is the y-value where derivative of a
function changes from negative to positive.
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Point of Inflection

Let f be a functions whose second derivative exists on any interval. If fis continuous atx=c¢, f “(c) =0 or f “(c) is
undefined, and f “(x) changes sign at x = ¢, then the point (c, f {c)) is a point of inflection.

‘pn(x‘):,o

"(x)<o
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Graph of f’

The graph of f’, the derivative of the function f, is shown above. Which of the following statements must be
true?

I. f has a relative minimum at x = 3.
[I. The graph of f has a point of inflection at x = -2.
I11. The graph of f is concave down for 0 < x < 4.

(A) Tonly (B) II only (C) III only (D) Iand II only @l and III only
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If f/(x)=+vx*+1+ x> = 3x, then f has alocal maximum at x =

(A) -2.314 (B) —1.332 (D) 0.829

(E) 1.234
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Graph of

The graph of f’, the derivative of f, is shown in the figure above. The function f has a local maximum at x =

(A) -3

(B) I

C(C)l /

(D) 3 (E) 4
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The function f is defined by f(x) = sin x + cos x for 0 < x < 27. What is the x-coordinate of the point of

inflection where the graph of f changes from concave down to concave up?

T . Sr I Or
(A) 4 (C) 4 (D) 1 (E) 2

{:u = -(Su\x—l— C.Dﬁx.)

) = cosx -sinx - SMY-CoSY, = D
oS - * -
" _ - -5 = ! }
(‘\ (x)= —Sm¥% cos X w X o o - 2
v 4
= —SwA —osSX _ = T v
/~ N\
4 ™
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Second Fundamental Theorem of Calculus

If a function f is continuous on the interval [a, b], let u represent a function of x, then

d'fi‘ffld'_ A V(X) \

A ax|), f(t) t_ =f(x) > __{ J -:-(‘k)o\’c _ J;(V(.X\X-V'(x) —Hv'(ﬁ e
_ _ A INEN

B. % ' fgt.)dt = —f(x)

d T u[x/-l N
C — f(t)dtl = f(u() - w'(x)

X
t

(_f_ Jt &v\ (sm(m)) d | = Rm (%M(W)) « 3B — %(,Sm(dqb2+2t))-zz
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Graph of f

The graph of a differentiable function f is shown above. If h(x) = ,[:1 f(t) dt, which of the following is true?

6]<h’(6}<h“[6] h[/t{§= f:—[—‘@)o\t _ 5

(B) h(6) < h”(6) < h'(6)

(C) h'(6) < h(6) < h”(6) \/\‘;\UB" _‘)'(,(-95 = O
(D) h”(6) < h(6) < h'(6) V\u('*@\ - @‘Lu} = O

@h”(ﬁ) < h’(6) < h(6)
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The figure abexe-shows the graph of f. If f(x) = lq g(t) dr, which of the following could be the graph

off v = g(x)[T |
)
Ob»(ﬂ'-’ JE (%) l ® 3

o

Graph of f (B i B 3
(8] —t 0
© v
[ 1
>
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Let g be a function with first derivative given by g’(x) = J:e_’_ dt. Which of the following must be true on the
interval 0 < x < 27

w2 [ dt
is increasing, and the graph of g is concave up. 0& x)=
0o

(B) g is increasing, and the graph of g is concave down.
TEL g is decreasing, and the graph of g is concave up.

Praove Y-RKIS
m\q 1s decreasing, and the graph of g is concave down.

40x) =
\(Ek ¢ 1s decreasing, and the graph of g has a point of inflectionon 0 < x < 2. ﬁx’-
o
N wens f"""‘nw

6% udn a B oduass oSN
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2012 Question 3 (non calculator)

Let f be the continuous function defined on [—4, 3]

whose graph. consisting of three line segments and a
semicircle centered at the origin, 1s given above. Let ¢

X

be the function given by g(x) = L f(r)dr.

(a) Find the values of g(2) and g(-2).
(b) For each of g’(=3) and g”(-3). find the value or
state that 1t does not exist.

(¢) Find the x-coordinate of each point at which the
graph of ¢ has a horizontal tangent line. For each

A
(-2, 3)
(-4, 1)
(1,0
—— S
NN
(3,-1)

Graph of f

of these points. determine whether g has a relative minimum., relative maximum, or neither a mmimum nor

a maximum at the point. Justify your answers.

(d) For —4 < x < 3. find all values of x for which the graph of g has a point of inflection. Explain your

reasoning.




Day 3 Review Topics.gwb - 11/22 - Wed Apr 18 2018 08:00:50

(@ g(2)= J-l.!ﬂ,) dt = —%{1)(%} = _%
5(—3]=.f1_2f(r)dr:—.|_jf{;}dr
_(3_m\_x_3
“\2 272 2

®) g(x)=f(x) = g(3)=f(-3)=2
g(x)=f(x) = g(3)=r1(3)=1

(c¢) The graph of g has a horizontal tangent line where
g(x)= f(x)=0. Thisoccursat x =—1 and x = 1.

g'(x) changes sign from positive to negative at x = —1.
Therefore, g has a relative maximum at x = —1.

g'(x) does not change sign at x = 1. Therefore, g has

neither a relative maximum nor a relative minimum at x = 1.

(d) The graph of g has a pomt of inflection at each of
x=-2, x=0, and x =1 because g”(x) = f'(x) changes
sign at each of these values.

(S ]

[SS]

:{

1

3

1:g(2)
1:g(-2)

1:g'(-3)
1: g"(-3)

1 - considers g'(x) = 0
l-x=-landx =1
1 : answers with justifications

1 : answer
1 : explanation




Day 3 Review Topics.gwb - 12/22 - Wed Apr 18 2018 08:01:09

2016 Question 3 (non calculator)

The figure above shows the graph of the
piecewise-linear function /. For —4 < x <12,
the function g 1s defined by

X
g(x)=[ f)adr.

(a) Does g have a relative minimum, a relative _4
maximum, or neither at x = 10 ? Justify

your answer.

(b) Does the graph of g have a point of
inflection at x = 4 ? Justify your answer. (-4, -4)

(¢) Find the absolute minimum value and the
absolute maximum value of ¢ on the
mterval —4 < x < 12. Justify vour answers.

(d) For —4 < x <12, find all intervals for which g(x) < 0.

Graph of f

(8,-4)

|

(12,-4)
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(a) The function g has neither a relative minimum nor a
relative maximum at x = 10 since g'(x) = f(x) and
f(x)=0for8<x<12

(b) The graph of g has a pomnt of inflection at x = 4 since
g'(x) = f(x) 1s increasing for 2 < x < 4 and decreasing

for 4 < x <8

() g'(x) = f(x) changes sign onlyat x = -2 and x = 6.

x g(x)
4 4
-2 -8
6 8
12 -4

On the mnterval —4 < x < 12, the absolute minimum
value 1s g(—2) = —8 and the absolute maximum value
15 g(6) =8.

(d) g(x)<0for 4<x<2and10<x <12

1. g(x) = f(x) in (@), ®), (©), or (d)

1 : answer with justification

1 : answer with justification

1:considers x =-2and x =6
.- as candidates
"1 1:considers x = —4 and x =12
2 : answers with justification
2 - intervals
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Riemann Sum (Approximations)

A Riemann Sum is the use of geometric shapes (rectangles and trapezoids) to approximate the area under a curve,
therefore approximating the value of a definite integral.

If the interval [a, b] is partitioned into n subintervals, then each subinterval, Ax, has a width: Ax = b;““.

Therefore, you find the sum of the geometric shapes, which approximates the area by the following formulas:

A. Right Riemann Sum )

Area ® Ax [f(xo) + fxy) + f(x2) + -+ f(xp-1)]
B. Left Riemann Sum )

Area ¥ Ax [f(x1) + f(x2) + f(xa) + -+ f(xn)]

oy
C. Midpoint Riemann Sum '

Area ~ Ax [f(l’uz) +f(x3/2) +f(.1'5/2) 4o +f(,t'(2,,_1)/2)] .

D. Trapezoidal Sum . I b
% i % i . i
it I fit ] Ax

1
Area ~ 3 Ax[f(xg) +2f(x)) + 2 f(x2) + -+ 2f (xp—1) + f(x,)]

Properties of Riemann Sums
A. The area under the curve is under approximated when
LA Left Riemann sum is used on an increasing function.
1l. A Right Riemann sum is used on a decreasing function.
11l. A Trapezoidal sum is used on a concave down function.
B. The area under the curve is over approximated when
I.A Left Riemann sum is used on a decreasing function.
II. A Right Riemann sum is used on an increasing function.

11l. A Trapezoidal sum is used on a concave up function.
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Let f be the function given by f(x) :@ If four subintervals of equal length are used, what is the value of the

i

s
right Riemann sum approximation for IU flx)dx? by = 2=° _ 3
y

(A) 20 (B) 40 (D) 80 (E) 120

o ARt
AR AR A R
= % [ﬂIMJr‘fA’f A%, 4 |
["’lwﬁi 29"+ 2.9 7, O}]

(—, \

5
S
<

g: 1 =| e
je)‘cbk:— e’
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3 5 3
t (hours) 4 7 12 15
R 65 | 62 | 59 | 56
(liters/hour)

A tank contain_ Oil is being pumped into the tank at {F& R} where R(r)

is measured in liters per hour, and f is measured in hours. Selected values of R(f) are given in the table above.

with three subintervals and data from the table, what is the approximation of the
at are in the tank at time f = 15 hours?

(A) 649 (B) 68.2 @114.9 (D) 116.6 (E) 118.2

S+ j;gi(t)df = 50+ {3.R_(ﬁ)+5-2(11)+3-12{|$'ﬂ
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A left Riemann sum, a right Riemann sum, and a trapezoidal sum are used to approximate the value of

1
_[0 f(x) dx, each using the same number of subintervals. The graph of the function f is shown in the figure

1
above. Which of the sums give an underestimate of the value of ~[D flx)dx?

I. Left sum
II. Right sum

I11. Trapezoidal sum

-t

- (A) Tonly

y :f{x)?‘ // (B) 1 only
(C) I only

/ COD1 and 111 only

(E) II and I11 only

AJ

0 ) | !

Lot ﬂﬁu Teap
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2 z ran
— )
X 0 2 4 f
f(x) 4 k 8 12

The function f is continuous on the closed interval [0, 6] and has the values given in the table above.

6
The @@REEBIpproximation for [ 'f(x) dx found with G TBRISHAISBRSGRAMNEHE is 52. What

is the value of k ?

A2  BE  (©7 (E) 14
[
[“eooa - L[5 2 s 00 IO = 52

U + 2k + lb+ 12 =52

2k = 2o
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Calculator Active

t (minutes) 0 4 8 12 16

H(t) (°C) 65 | 68 | 73 | 80 | 90

The temperature, in degrees Celsius (°C), of an oven being heated is modeled by an increasing differentiable

function H of time t, where ¢ is measured in minutes. The table above gives the temperature as recorded every
4 minutes over a 16-minute period.

(a) Use the data in the table to estimate the instantaneous rate at which the temperature of the oven is changing
at time t = 10. Show the computations that lead to your answer. Indicate units of measure.

(b) Write an integral expression in terms of H for the average temperature of the oven between time ¢ = 0 and
time t = 16. Estimate the average temperature of the oven using a left Riemann sum with four subintervals
of equal length. Show the computations that lead to your answer.

(c) Is your approximation in part (b) an underestimate or an overestimate of the average temperature? Give a
reason for your answer.

(d) Are the data in the table consistent with or do they contradict the claim that the temperature of the oven is
increasing at an increasing rate? Give a reason for your answer.
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(a)

(b)

(c)

(d)

H(12)-H(8) _80-73 _ 7
n-8 4 1

H'(10) = °C/ min

1 e
Average temperature is EJ{) H(t)dt

16
| H()di = 4-(65+68+73+80)

Average temperature = % = 71.5°C

The left Riemann sum approximation is an underestimate of the
integral because the graph of H is increasing. Dividing by 16
will not change the inequality, so 71.5°C is an underestimate of
the average temperature.

If a continuous function is increasing at an increasing rate, then
the slopes of the secant lines of the graph of the function are
increasing. The slopes of the secant lines for the four intervals in
3 5 17 10 .
the table are —, —. —, and —. respectively.
ER R 4 TeSpectively
Since the slopes are increasing, the data are consistent with
the claim.
OR
By the Mean Value Theorem, the slopes are also the values
of H’(c,) for some times ¢, < ¢, < ¢; < ¢, respectively.
Since these derivative values are positive and increasing, the
data are consistent with the claim.

[ 1: difference quotient
" | 1 : answer with units

_ 1 16
1 1¢ jﬂ H(1) dt
| : left Riemann sum
| : answer

 answer with reason

| : considers slopes of
four secant lines

: ¢ 1 : explanation

1 : conclusion consistent

with explanation
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Calculator Active

t
(hours)
v(r)
(miles per hour)

0 118 95 | 172] 163 | 16.8 | 20.1

Ruth rode her bicycle on a straight trail. She recorded her velocity (7). in miles per hour, for selected values

of # over the interval 0 = 7 < 2.4 hours, as shown in the table above. For 0 <1 < 2.4, v(7) > 0.

(a)

(b)

(c)

(d)

Use the data in the table to approximate Ruth’s acceleration at time 7 = 1.4 hours. Show the computations
that lead to your answer. Indicate units of measure.

) o . 24 . .
Using correct units, interpret the meaning of j-:} v(7) dt in the context of the problem. Approximate

24 . . . . . .
[0 v(1) df using a midpoint Riemann sum with three subintervals of equal length and values from the table.

24t + Ssin(61)
t+0.7
According to the model. what was Ruth’s average velocity during the time mterval 0 <7 <247

For 0 <t < 2.4 hours, Ruth’s velocity can be modeled by the function g given by g(#)

According to the model given in part (¢). is Ruth’s speed increasing or decreasing at time f = 1.3 ?
Give a reason fOl' YOur answer.
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(a)

(b)

(c)

(d)

v(l.6)-v(1.2) 163-172

= e ST, T
16—-12 16-12 2.25 miles/hr

a(ld) =

24 . , L
( o v(1) dt 1s the total distance Ruth traveled. in miles, from

-

time f = 0 to time ¢t = 2.4 hours.

(02'41-:;”(# ~ (0.8)(11.8) + (0.8)(17.2) + (0.8)(16.8)

-

= 36.64 miles

24
Average velocity = %[ . g(t) dt =14.064 miles/hr

h

Velocity = g(1.3) = 18.096358 > 0
Acceleration = g'(1.3) = 3.761152 = 0

Ruth’s speed is increasing at time # = 1.3 since velocity and
acceleration have the same sign at this time.

[§]

[ B

[ B

[ 1:approximation

[ 1:units

| 1 : interpretation
. ‘ 1 : midpoint Riemann sum
1

: approximation

: integral

r—
—_—

L answer

- conclusion with reason




