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Section 2.1  Seguences

30 . / o
Log, =27 2. a, - (/3, a, = (_E)
ol
a, =21 =12 _im3 o =(—-1—)1=_.£
Q== SRR TR 1={73 2
a=2=28 ‘ a_3_2_2 a—(_l)z_l
. = ~(2) -1
a4:24:]5 ) > |
3 27 9 s |
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2.6 k+ 1
10. an:10+;+$ / 1Ly =3,4,,, =2(g, — 1) 12)a1—4,ak+1—( 2 )ak
4, =10+2+6=18 = -1 m(1+1) Ca
3 25 =23-1)=4 A
=10+1+>==
a=l0+i+5=5 ay = 2ay ~ 1) (2+1)
a={—7Ja = 6
=2{4-1)=6
“3=10+%+%=33_4 woy 341
a, = 2as — 1) a4=( > )a3=12
a=10+l+§ﬂg =2(6—1)~_~10
4 2 8 % NLEIAT
as = 2(ay — 1) =\ g as =30
0+2. 6 266
as 5 T573 =210—-1)=18
! )l
B.oa =32, =54 14, 6,0p4, = 3ak 15. g, =——Ta=4a=7
1 1 , 1 decreases to 0; matches (f).
= 5 = 5(32) =16 a; = 5a 5(62) =12
1 1 1 1
ay = 50, = -2"(16) = a5 = 5‘122 = 5(122) = 48
1 1 1 l
ay = 5ay = 5(8) = a, = §a3 3 3(48%) = 768
11 1,1
s =, = —2—(4) =2 ag = —a’ = 5(768)2 = 196,608
n
6. g, = MS_n_’ a, =4,a,= E, 17. a, = 0.5 L, a, = 4,a, = 2, 18. a_ = 4—,a1 =4, a, = 8§,
tontl 3 dn to 0; matches (e) b
increases towards 8; matches (a). ecreases 10 5 ’ eventually approaches 0; matches (b).
a(—1)a = —1,a, =1, a; = —1, etc.; matches (d) 20 _ e = -1 S R h
A , @) 8, = 1,a; = —1, ete; . S8, =T = 1O = 5,83 = 3,etc.,matc es (c).
21. 8 22. 4 - 23. 18
& L]
ﬂ.
..0 ee“"'.. .
°? - ’ 12 -1 &y B o 12
el 12 ® ° °
-1 iy -10
az—z-nnii 10 a:Z“inx 10 16(-05)"n=1,.. .10
n 3 £l LI ERE H n: LN ]
24 o (25\1ﬁ3n~1 (26.%:”;6
- s
a5 =30} = 1-14 L_5+6_1
-1 12 a,=36) — 1 =17 3 2
- Add 3 to preceding term. 6+ 6
dg = ) =6
4 == n =12, ..,10
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The graph seems to indicate that the sequence diverges.
Analytically, the sequence is

{a,}.=1{0,-1,0,1,0,—1,. . .}

Hence, lim «, does not exist,

n—roo
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- \ 1 3
27, a,,, =2a,4, =5 28,‘an = Tp%u T 1 29. a, = oy
ag = 2(40) = 80 ' 1 1 3 3
ag = 2(80) = 160 BT % T3 SET T 16
5 (-2F 32
Multiply the preceding term by —3.
3 B ! ag W10 BU9)(1O 251 231(24)(25)
30, g, = *Ea,,_l, a, =1 { 311@ = 8] 32. wo T om
_ 81 o — 243 = (9)(10} = 90 = (24)(25) = 600
. as 16" % Y :
(+ 1) allr+1) oA allnt D+ 2) (2n— 1)1 _ (2n — 1)!
BT T T Tt 34 o nl 35. O+ 1! 2a— D@02+ 1)
=(n+ Dn+2) _ 1
2n(2n + 1)
@n +2)! - @npn + D(2n + 2) s . 1y
36. et o )l 37. nlggo—nz T2 38. nlg]go 5 ol B 5—0=35
=(2n+ 1D2r + 2)
21 2 2 ; 5 5
{lim e = i ——= T = 40. lim m === =5
M e T w1 N R e v B
‘ . 1 . 2
41, Hm sinj—] =0 42, lim cos|—| =1
n—reo n A—¥on n
43, 3 44, 2
[
- P®eseosces ® )
-1 12 i nase 12
-1 3
The gfaph seems to indicate that the sequence converges The graph seems to indicate that the é:equence converges
to 1. Analytlica]ly, to 0. Analytically,
. I T b S L . I W S
dme,=tm——=lm——=mi=t A e, = lim Som = lm 53R =0
45, 2 46. 4

TIIIIT]
a®®

-1 12

Vo

The graph seems to indicate that the sequence converges
to 3. Analytically, .

lim a,

H—3co n—oe 2"

- 1im(3—l)=3—0=3.
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236 Chapter 9 Infinite Series -
n y ' S—n+4 3
/47, Hm (—1)" . 48. +{—1)r D lim e —e—— 1 =
[ ,,_,OO( ) (n T 1) R]fjlolc[f (=1} 49. lim = > Converges
does not exist (oscillates between g(frf dnzo)t Z’jf;; (:lternates between
—1 and 1), diverges. : ' £ges.
n . 1+3.5---(2n—1)
/ 50_;4520 Tas 1l 1, converges 5L a, Gy
1.3 5 2221 1
2n 2n 2n 2n 2n

Thus, lim g, = 0, converges.
K0

52. The sequence diverges. To prove this analytically, we use mathematical inductiott to show
that a, = (%)"_l. Clearly,q, = 1 = (%)0 = 1. Assume that g, > (%)k—l. Then,

. =1-3-5..-(2k—1)(2k+1)=a2k+1>(§)k—1(2k+1)
k1 (& + 1)1 e+1 T2 k+1)
Since

2%k+1 3

k+1 =2

we have g,

= (), converges

+ — rn
53. lim 1——(~_~1~)—~ = (}, converges
R—00 n
3
55 fim 200, 31000
nooe 2 n=oo2 n
.31y )
= nlg'l; Z(n) = 0, converges
{(L'Hépital’s Rule)
N
57, lim (3) -0
7 m G \ conve?gcs
—
60. lim =2t _ lim ————
noeo Al nsco an - 1)

2 n

. H }
62. ,,]H&(zn +1 2n-1

)=

converges

—2712

n—oo 4?‘12 - 1 -

= @)k, which shows that a,, = (%)"ﬁi for all »,

1+ (=1

§4. lim — -

H=oo

= 0, converges

e
/56, fim Iy Y2000
{ — oo n n—oo n

RS

= Hm 1 = (), converges

n—co 20
{L’Hbpital’s Rule)

+ 1M ,

58. lim {0.5)" = 0, converges 59. lm u = lim {n + 1)
n—roo n—oa n: o0 .
= oo, diverges
. frn—1 ISV
61'::]5;12:( # n*l)_n-l-)rgo wn — 1)
1i—2n

= lim

nsos BE — B

1

N i
5 63, lim — = 0, converges

oo @

{(p>0,n22

= 0, converges
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64. a, = n,sinl
n

.1

Let f{x) = x sin -

H —_ 2
lim rsint = qm S0A/A) o GV cosU) cos% =cos0=1 (L'Hopital’s Rule)

x—doo x x—ro0 l/x X —1/x2 xX—oo
of,
g S0/ S0) )y eore Tim msint - 1.
Ao I-/x y=0* Yy n—oo n
k n
65. a, = (1 + ;) 66. lim 24/ = 20 = |, converges

where u = k/n, converges

67. tim o7 = lim (sin ny> = 0, 68. lim 7" = 0, converges 69 g, =3 -2
o0 11 n—oo /] oo s )
converges (because {sin r) is
bounded)
o , L _ (=t L L ntd
70. anlu 4n—1 L 71/4 a,=mn-—12 72 a, 2 73. a = w2
(=1t o +12n+1 6 \= +2”—1 _ n
4. a, = T 75. a,=1 " . 76. a,=1 > 7. a, = —m_—(n TR 2) -
i - g
T
1 . (=11 eS|
78, =— o, = . =
= L T T DY 80 @, =5 -
_ (=1
(2n)!
8L a, = (2n),n=1,2,3 82. a4, = 2n— Dhn=1,23 83 g =4t ea-——t -4
® 'n g PR/ P 1 vy gy Ly -. ] n 7 . n +1 n+1?

monotenic; |a,] < 4, bounded

:
84./Lot £(x) = ?’35‘5 Then /() = G—‘S_Z)Z

* Thus, f is increasing which implies {g,]} is increasing.

la,| < 3, bounded
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N ? n+1 o
83 nt32 2 S+ 1)+2 /86. a, = ne~"?
T i =
2 B 22y + 1) a; = 0.6065
9 =
2nEzn+ 1 @ = 07358
. a; = 0.6694
. Ine <
Hence, n> 1 Not monotonic; |a,{ < 0.7358, bounded
2Znzntl
273p = 20 :p 4+ 1)
R nt+1
ar+2 = oln+1)+2
8, = Gy
True; monotonic; |a,| < §, bounded
Lo (e = {-2Y AL A e
8’7.}0.'" ={-1) (n) 88. a, ( 3) 89. a, = (3) > (3) =Gye;
a =—1 _ 2 Monotonic; |a,| < 3, bounded
a, 3
=1
@ =5 i
2
_ 1 ’
BT 73 8
4 =5
Not monotonic; }a,| < 1, bounded '
Not monetonic; |a,| < %, bounded
EN YN ~ sinf?T = coo{ ™7
96. a, = (2) < (2) =a,,, 91. a, = sm( 3 ) R. a, = cos( 3 )
Monotonic; lim a, = co, not a; = 0.500 @ = cos =0
bounded " 2
a, = 0.8660
a; = cos = —1
a, = 1.000
a, = 08660 az = cos{ 5} = 0
Not monotonic; |a,] < 1, bounded Not monotonic; |a,| < 1, bounded
93. o, — 22 04, g, = S0
R n
a, = 0.5403 a =-%(1) ~ 0.8415 Y= S”L(‘*) = —0,1892
ay = —0.2081
a; = —0.3230 ay = i“;{—?') = 0.4546 a = i“mlg@ ~ —0.1918
a, = —0.1634 . _ .
_ sin(3) ‘ _sin(6)
Not monotonic; |a,| £ 1, bounded a4 =3 ~0.0470 =" 0046

Not monotonic, |a,| < 1, bounded .
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95, {a) a,,=5-i-l
n

s+
o on

£ 6 = {a,}, bounded

i . 1
=5+~ +
@ =3 n>5 ntl

=a,,, = {a,}, monotonic
Therefore, {a,} converges.

(b) 2

(]
2%gunesce

-1 12

< % = {a,}bounded

oy iy, i
a4y = 3(1 3n) < 3(1 3u+l)

=a,,, = {a,}, monotonic

Therefore, {a,} converges.

(b) 04

99, {a,} has a limit because it is a bounded, monotonic
sequence. The limit is less than or equal to 4, and greater
than or equal to 2.

2< lima, <4

n—roo

¥ ]
101. A, = P(l + 12)

(a) No, the sequence {A,} diverges, lim A, = oo.
N0
The amount will grow arbitrarily large over time.

96. (a) aﬂ=4—g
n
3
144 P < 4 = bounded
3 4 -
a, = 4~ <3 _m= a,,, = mMonotonic

Therefore, {a,} converges.

& e

se.oe@e
00

-1 12
o

lim (4—§)=4
H—3oo n

98, (a) an=4+%
14 + 51; < 45 = {a,}, bounded

1
a, = 4 +l§; >4 +-2n+1

i

=q,,; = 1a,}, monofonic
Therefore, {a,} converges.

by o

®eeevesoon

-1 - 12

. 1y
nlggo(4+2n)m4

100. The sequence {,} could converge or diverge. If {a,}
is increasing, then it converges to a limit less than or
equal to 1. I {a,} is decreasing, then it could converge

(example: a, = 1/n) or diverge (example: a, = —n).
(b) P =29000,r = 0035, A, = 9000(1 + 0—?32)

A, = 904125 Ag = 9250.35

A, = 9082.69 ;= 9292.75

A, = 912432 s = 933534

A, = 9166.14 Ay = 9378.13

Ag = 920815 Ay = 9421.11
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102. (a) A, = 100(401)(1.0025" - 1) 103. (a) A sequence is a function whose domain is the sct of |
A-o -0 positive integers.
4, = 10025 () A scqu.cncc converges if it has a limit. See the
definition.
Ay = 20075 (c) A sequence is monotonic if its terms are nondecreas-
A, = 30150 ing, or nonincreasing.
A, = 40251 (d) A sequence is bounded if it is bounded below
{a, = N for some N} and bounded above (g, < M
As = 503.76 for some M).
Ags = 605.27 ;
(b) Ag = 6480.83 (c) Ay = 32512.28
104. The first sequence because every 108, g, = 10 — 1 106. Impossible. The sequence
other point is below the x-axis, " converges by Theorem 9.5.
197, g, = 4n3$ 1 . Impossible. An unbounded sequence diverges.
109. (a) A, = (0.8)*(2.5) billion . P, = 16,000(1.043)"
(b) A, = $2 billion P, = $16,720.00
A, = $1.6 billion Py = $17,472.40
Ay = $1.28 billion P, = $18,258.66
A, = $1.024 billion P, =~ $19,080.30
(c) nl_ianolo (0.8)"(2.5) =0 P =~ $19,938.91
1L (a) a, = —6.60n* + 151.7n + 387 - (a) a, = 244.2n + 3250
500 70.00
- S VR S A 13 2 i3
500 0
(b) In 2008, » = 18 and a,, =~ 979 endangered species (b) For 2008, r = 18 and a,; = 7646 million.
113.a=M a=1+1n-
N ) " n
10° a; = 2.0000
(a) Qg = Qg = —9"—
’ a, = 2.2500
1,000,000,000 -
=T 362,880 @ = 2.3704
_ 1,562,500 9y 24414
567 as =~ 2.4883
(b) Decreasing ag =~ 2.5216

(c) Factorials increase mare rapidly than exponentials.

lim (1 +l) = e
n—oo n
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115, {a,} = {{'/;_1} = {ni/n} 116. Since .
a1 =1 Jin o= >0,

a, = /2 = 1.4142
a4y = Y3 =~ 1.4422
ay= Y4~ 14142
a; =3 =~ 1.3797 |
ag = ¥/6 =~ 1.3480

Lety = lim nl/n,

n—oo
Iny = Lm (11“): tim 2 = i 12— g
oo \R h—oo R n—oo R
Since Iny = 0, we have y = &° = 1. Therefore,
lim &n = 1.
R=Yco
117. True 118. True

B2 a4, = a, T ay

i

/

S @ oa =1 a=8+5=13
a; =1 ag=13+8 =121
a,=1+1=2 ay =21+ 13 = 34
a,=2+1=3 G, = 34 + 21 = 55
ag=3+2=5 a;, = 55+ 34 =89
ag=5+3=8 4, = 89 + 55 = 144

®) b, = %ﬂn > 1
1 13
by = T =1 b = ?
2 21
b, =1= 2 b, = G
: 3 34
by = E by = '2—1“
5 55
by = E by = ﬁ
8 29
by = 5 by = 35
_ _1 [ S
122, x, = 1, x, ——Exﬂul + Z,n =1,2,...
x =15 xo = 1.414214
x, = 1.41667 x, = 1414214
x, = 1.414216 xg = 1414114
x, = 1.414214 x, = 1.414214
x; = 1.414214 X0 = 1414214

there exists for each £ > 0,

an integer N such that |s, — L| < e for every # > N.
TLet e =L > 0 and we have,

ls,—Li <L, ~L<s, —L<Loal<s, <2L

foreach n > N.

119. True 120. True
1 1
=1+
(C) ! brifl ! an/an-l
=1+ 8
+
- a4y T 4y = 4+l = bn
a a

F

. —_— 1 1 =
(d) Ifnli)ngo b_'n =P then n]ﬂ-ga (1 * bn—l) -

Since lim b, = lim b, _,, we have

n— o0 A—oo
L+ {1/p) = p.
ptl=g

0=p*—p—1
_1x/T+4_1+.5
2 2
+

Since «,, and thus b, is positive, p = 145 = 1.6180.

2

The h‘mit“o‘f the sequence appears to be /2. Tn fact, this sequence is Newton’s Method applied to f(x) = x* — 2.
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123. (a) g, = V2 =~ 1.4142

ay, = /2 + /2 = 18478
a; =2+ /2 + /2= 19616
a, = \/2 + 42+ 2+ V2= 1.9904

a5=J2+J2+\/2+1/2+ﬁ%1.9976

{c) We first use mathematical induction to show that a, $ 2; clearly @, < 2. So assume ¢, < 2. Then

+2<4
Va, + 252

Gy = 2.

Now we show that {a,} is an increasing sequence. Since a,,

(a,— 2)a,+1) <0
a’—a,—-2<0
el <a, +2

Va, +12

ay < Gyine

1A

a4y

A

b a, =

V24 a,y, n22a =

2 0and g, < 2,

Since {a,} is a bounding increasing sequence, it converges to sorme number L, by Theorem 9.5.

lzma*L=>\/2+ L:>2+L I? = 12 -

= L-2L+1)=0=1L=2

124. () a, = /6 = 24495
ay = /6 + /6 ~ 2.9068

a, =6+ 6+ /6=29844

a—\/6 6+ /6 + 6 =29974
\/6+\/6+ 6 + 6+f~29996

(c) We first use mathematical induction to show that a, < 3; clearly a,

6+a, <9
V6 t+a, 53
) 3.

A

Q11

Now we show that {a,} is an increasing sequence. Since a, 2

(@, — 3Wa, +2) < 0

al—a,—6<0

1A

Gpys1-

Since {g,} is a bounded increasing sequence, it converges to some number L.

VO+L=L=6+L=[R=[*~-L~-6=0

) a, =

= L-3{L+2)=0=L=3 (L+-2)

L-2=0
L+-1

6+a,_;, n=2a =

3. 8o assume a, < 3. Then

Oand g, < 3,

n—=oo

lim g, = L. Thus,

N2

/8
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125. (a) We use mathematical induction to show that

<l+,/1-i—4k

a, 5

[Note that if k = 2, then a, < 3, and if k = 6, then
a, = 3.] Clearly,

.a‘=\/—csx/1+4k£1+‘/1+4k.
; 2 2

Before proceeding to the induction step, note that .

242/ + 4+ 4=2+2/1+ 4k + 4k

1+\/I+4k+k=l+2\/1+4k+l+4k
‘ 2 4

1e JIEE {1+J1+4k}2
2 2 |

1+‘/1+4k-ll-k=1+‘/1+4k

2 2

1+ J/1+4 "21+4k Then

So assume g, <

1+-./1+4k+k
2

a, + k=

g + k< 1+ 1+ 4k

4
2 + k
<1+\/1+4k

a.-z+1 = 9

{a,} is increasing because

(a RSV M)( 1T & M) <0

2 2

al—a,— k<0

(b) Since {a,} is bounded and increasing, it has a limit L,
(¢} lim a, = L implies that
=30

L= Jk+L = L?=k+L
= L[2-L—-k=90

2
Since L >0, L = l—t—zl—ii@

126. (2) a, = 10, b, = 3
“ 2 2

ay

+b ‘
a, = -—-2-——1 = 59886

a, + b

4= = 2 2 59777

+b
ay = %———3 ~ 5.9777

+b
a5 = % ~ 59777

=a0+b0=10+3ﬁ

al<a, +k
a, < a, +k

ay = B+1e

b, = Vaghe = /1003) =~ 5.4772
by = b, = 5.9667
by = Jagh, ~ 59777

b, = Jab, ~ 59777

by = Jab, ~ 59777

The terms of {a,} are decreasing, and those of {b,} are increasing. They both seem to approach the same limit,

—~CONTINUED—
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126. —CONTINUED—

{b) For n = 0, we need to show a; > a; > by > b, Since ay > by, 20, > ay + by => 4y > %bo =aq,
Since (ag — by)* > 0,
ag’ — 2aghy + by > 0 = ay® + 2agh, + b2 > dab,

= (ap + By > dagh, => ag + by > 2Vagh, = a; > by ‘
Since ay > by, aghy > b2 = ~/aghy > b, = b, > by, Thus, we have shown that a, > a; > b, > b,
Now assume a; > @y, > by > by Since agy | > by,

Gy by =a
2 +20

2 > Gy F by = @y >
Since (@41 ~ B * > 0,
Qo = 20 ybyy H b P20 = ay P Qg b B P> day b
= (o1 + Bt > dap by
= Gy F by > 2V0 By
=> @iy > by
Since @y > briys Gaibrar > Beay® = V@b > by =2 by > By

Thus, we have shownthat @,., > @, > b > By

(c) {a,} converges because it is decreasing and bounded below by 0. {b,} converges because it is increasing
and bounded above by a,.

() Let lim a, = Aand lim b, = B.Thend = 2+ 2 4= p.
nsco n—oo 2
127. (a) f(x) = sinx, a, = nsin% 128, a, = nr"
’ j— ? — * p— .l = _]Z 5 = -B'-u
f(x)“COSX,f(U)—l (a)r—z. an—n(z) —2n—>0
lim @, = lm nsins = lim Si“(1/")~1:f’(0) (&) r=1: a, = n, diven
e L (i/n) d ¢ Gy = R, QIVEIEES
3 3V
(b) ff(o) = lim f(O + h) f(o) . (C) r= 2. a, = n(z) N leerges
h—0* h
d) If = 1, diverges. If |r| < 1,
. _f_@ (@) |r| 4 | I
rS0" R . oo
nrt = n ;
_ o S/ | -
noos (1/n) _)__1..___=___rn_>0
—r"h(r) In{y) )
= lmn (;) The sequence converges for |} < 1.
= limg
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129. (a)

(c)

3 ®

" +1
J-hlxdx<h12+1n3+---+lnn fﬂ Inxdc>n2+mIm3+---+Inn
q

1

=l -2-3- - -an] =In!) , = In(n!)

J’lnxdxzx]nx*x+c

n
‘[lnxdx:nhlnfn+1:]nn"-n+l

1
From part {2): Inn* — n + 1 < In(n!)
et —e+1l o

rd .
< nt

en—l

n+1
J Inxdr=(r+ D+ -—E+D+1=Ink+ 1) —n
1

From part (b): In{r + 1)"*1 — 1 > In(n!)

R+ =n o g

(n+ By +en1)n+l > nl ‘
' (n + Dyt v
—,,_—1<RI<T (e) n=20 2—()%0'4152.
. + ] (n+1)/n . 50y !
T < YAl < b ST 2 | n = 50: S%O ~ 03897
I ST o Vs T
ei—(]/n] < " < ne : » = 100: 100 =~ (,3799
, 11 1
5, T \ PR
1+(1/n) 1/n
1im(n+l) =lim(n+1)(n+1)
oo ne n—eo ] e
1 1
~t-!
e ¢
Yn! 1

By the Squeeze Theorem, lim =,
fi—tac R e
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2 1+ (k/n)
(a) al':l—_h:%x 0.5
= %[ +1(1/2) 1 - 1]=%[§ - %] = 172 0.5833
“ %[ 1+ 21/3) 1T }2/3) 1 Jlr 1] Zg 0.6167
M 3[1 + 1(1/4) i+ 22/4) T 1(3/4) ] i J = S~ 06345
s %[1 + 11/5) i 1(2/5) T 13/5) e 14/5) ge: 1] = Ja2g = 06456

, R (|
(b)nlinc}oa”_nlggon,gll+(k/n)_£1+x

131. For a given € > (, we must find M > 0 such that

1

la, — L| = Gl<e

whenever # > M. That is,

1 (1)1/3

w>=orn>|—| .
& &

So,lete > 0 be given. Let M be an integer satisfying
M > (1/€)Y3 For n > M, we have

)"
n>|—
£

133. If {a,} is bounded, monotonic and nonincreasing,

thena, 2 a, 2a,2+:--2a,2 -.Then

@ £ ~a, S —g, %< —q, <+ -isa
bounded, monotonic, nondecreasing sequence which
converges by the first half of the theorem. Since {—a,}
converges, then so does {aq,}.

1
dx = In|1 +x§] =2
0

132. For a given £ > 0, we must find M > 0 such that

la, — L| = |[r"|e whenever a > M. That is,
nln|r| < Infe) or
lllrll(l |) (since ln|r{ < O for [r] < 1).

So, let £ > 0 be given. Let M be an integer satisfying

In{e
>
For n > M, we have
. In(e)
7 Tlr]
nln|rf < In{g)
Injr|* < In{e)
[r|* < &
[r" = 0] < &

Thus, lim r» =0for—1 <r < I.
n=¥o0

n+1 + An—1

X,
134, Define a, = 2512 5> 1
%n
2 _ =1 = 42
Xn+1 XXy, =1=x, Xy—1Xpe1 =

xn+1(xn+i + xn—}) = xn(xn + xn+2)

Ana1 + *n--1 — Ln+2 + Xy

Xn Xn+1
a, =4,

Hence,a, = a, =. . .= a Thus,

Apt1 T GpXy T Xy T WX T Xy
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135. T, = n! + 2

We use mathematical induction to verify the formula.

To=1+1=2
T,=1+2=3
T,=2+t4=§

Assume T, = k! + 2 Then

Ty =+ 1+ 4T, — 4k + DT + 4k + 1) — 8T,
= (k+ 5)k + 26] — 4k + D((k — D! + 2871 + (4k — 4)((k — 2)! + 2+7?)
=[k+5)®E 1) — 4k +DE-D+4E - DI — 2+ T+ 54— 8+ 1) + 4k — D42
=12 + 5k~ 4k — 4 + 4}k ~ 1)} + 8 - 26~2

= {k+ 1)l + 261,

By mathematical indué'tion, the formula is valid for all s,

Section 9.2

1§ =1
S, =1+ 3= 12500
S, =1+%1+}~13611
Sp=1+3+35+15~ 1.4236
Ss=1+3+5+&+%=~14636
3.5 =3
S,=3-9=—15
§,=3-5+%=525
S,=3-3+E 8- _4875
Ss=3-§+T -8 422103125
5.8 =13

8, =3+32 =45
S, =3+3 42 =5250
S;=3+3+3+3=5625

Ss=3+5+3+3+ 1= 58125

» S

Geometric series

rﬁ%‘;-l

Diverges by Theorem 9.6

Series and Convergence

2. 8, = § =~ 0.1667
S, =%+ 3=~ 03333
L Sy=h it 5~ 04833
Sy=3+t+5+5~06167
S;=ttttat+ &+ 307357
4.8 =
S, =1+4%=~13333
S;=1+1%+1%~15333
S,=1+5+i+1i=16762
S;=1+5+3+2+5=17873
6. 5 =1
§=1-3=05
S, =1-1+1~06667
S,=1—3+%- 3~ 06250
S;=1—%+4%— 2+ 75 =~ 0.6333
I (=] 4 n o
. "20(5) 9, 201000(1.055)"
Geometric series Geometric series
r=g>1 r=Lm5>;
Diverges by Theorem 9.6
. Diverges by Theorem 9,6
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[==] ” (==} n o0
10. n202( 1.03) 11. HZI p— 12. n21 3
Geometric series R 1£0 lim _ 1 £0
7] = 1.03 = 1 neopt + 1 a0 2n+3 2
Diverges by Theorem 9.6 Diverges by Thearem 9.9 Diverges by Theorem 9.9
L n u $ L
.n=1n2+1 .n:l\fn2+1
. _ . n _ '
nlgl.}o'nl+1 1#0 nll)nc}o =7 nl —_—(1/) =1%0
Diverges by Theorem 9.9 Diverges by Theorem 9.9
=] 271 + 1 =) ﬂ
15. Z] e 16. 2‘2_
2+ 1 t+27™m 1 o
nooo APT1 B n—eo . - 5 #0 n—u;go L * .
Diverges by Theorem 9.9 ]jiverges by Theorem 9.9 '
& 91\ _9f, 1.1 ] & (2) 2. 4
Y S+ -+ — . >t = e
17 204(4) 4[1 TR 18 ;03 1+5+3
9¢ 9,548 o _9 21 15 =28~
50—4,51—4 ) 16’S2_4 16~2.95, S =115 3,.5'2 2'1.1""'
Matches graph (c). Analytically, the series is geometric: Matches graph (b). Analytically, the series is geometric:
3’:(2)(1)": 9/4 __9/4 i(%)”z_l,_:ng
= \4/\4 1—1/4 3/4 “\3 1 - 2/3. 1/3
& 15/ 1y _ 15 1,1 wl(s)n_n[ 8 64 ]
e 1y Ly Lo 200 Y A=} =—|1—-c+—>— "
»- 2 4( 4)' 4[1 4" 16 ] 23079 97 81
15 45 17
== e Sy =—=,8 = 063,5 = 5.1
So= 75 = 1o S~ 305,. 0
Matches graph (a). Analytically, the series is geometric: Matches (d). Analytically, the series is geometric:
i g(_i)n 15/4  15/4 _ 4 . i g(_§)": 17/3  _17/3 _ .
“ 4\ 4 1—(-1/4) ~ 3/4 A3\ 9 1—(-8/9). 17/9
x 17 1w 17 11 ' @ (2 2,4
. ) = = e = . 2] = — 4 -
2. 23 ( 2) 3 [1 2 '3 ] 2 ,,30(5) L5533
17 17 7
S =35 =5 So=158 =2
Matches (f). The series is geometric: Matches (e). The series is geometric:
iﬂ(_l)"zﬂ_l__zﬂzzﬂ E(Z)"_;ﬁé
=3\ 2 31-(-1/2) 33 9 A \S 1-02/5 3
= 1 & (1 1 1 1 1 1 1 1 1 1
s Y e = - - ={1—= ol I S ] R =1-
23 ol + 1) gi(n n+ 1) (1 2) * (2 3) (3 4) + (4 5) 0 S=1 n+ 1
= 1 1
Zn(n+l) nl]_1)1;108~nll>ngo(1 n-l-l)—l
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24. %

n=}

1 =i
e +2) n§1(5;“: -

1

)b o) o) o) ()

= lim Sn=1im[l+l L !
R—boo R—roo

_,,21 nln +2)

2. § 2(3)"
-2
Geometric series with r = % <1

Converges by Theorem 9.6

27. 5 (0.9

g

o]

i

A

Geomelric series withr = 09 < 1

Converges by Theorem 9.6

&, 6 > (1
29. (a) Emzzg(;“—

n=1

100
3.6078

®) n 5 10 20 50
3.1643 | 3.3936 | 3.5513

S, | 27976

"

(d) The terms of the series decrease in magnitude slowly. Thus, o "

the sequence of partial sums appreaches the surn slowly.

S __ 4 _x(l__1_
3. @ Zn(n-i—iln)7”2:1(1’1 n+4)

DD et

1
2 4_2(n+1)"2(n+2)]=5

oo 1”
26. ,,Z“o 2( 2)
Geomelric series with |r] = |*%| <1

Converges by Theorem 9.6

28, S (-o6p
n=0
Geometric series with | = |- 0.6] < 1

Converges by Theorem 9.6

c) &

.s.qosﬂ
[:]

Del-f B

i .1 ,1 25
1-+-2+§+4 12~2.0833
® 5 10 20 50 100 © ¢ -
. . 2 ® @
b 1.5377 1.7607 1.9051 2.0071 2.0443 "’ °
{d) The terms of the series decrease in magnitude slowly. Thus, o : 1
1]

the sequence of partial sums approaches the sum slowly.
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o oo 2
n—1 o= =
31. (a) ,21 2(0.9) ,202(0‘9) =09 = 20 (©) =z
) [ 5 10 20 50 100 vet®®
a 4 °
8, | 8.1902 | 13.0264 | 17.5685 | 19.8969 | 19.9995 olte? "
. 0

(d) The terms of the series decrease in magnitude slowly. Thus,
the sequence of partial sums approaches the sum slowly.

S 32. (a) 2 30.85y 1 = l——é()ﬁ =20 {(Geometric series) (c) =
n=1 -~ -

®r, 5 10 20 50 100 0o’
s | 11.1250 | 16.0625 | 19.2248 | 19.9941 | 19.999998 o "

n

(d) The terms of the serics decrease in magnitude slowly, Thus,
the sequence of partial sums approaches the sum slowly.

10 40
P g} i5
T-o0m-3 " 13.3333 . (c)

33. (2) 210(0.25)"-1 -

(b)
5 10 20 50 100

18, | 13.3203 | 13.3333 | 13.3333 | 13.3333 | 13.3333 o 1

(&) The ieros of the series decrease in magnitude rapidly. Thus,
the sequence of partial sums approaches the sum rapidly.

=0 7 1yt _ 5 _ _Ié- _ . . ,
34. (@ ,,.21 5(““3) = W—)' =4 375 (© |

® 5 1 10 20 50 100 Jrasessca

S, 3.7654 3.7499 3.7500 3.7500 3.7500 "

n )

(&) The terms of the series decrease in magnitude rapidly. Thus,
the sequence of partial sums approaches the sum rapidly.

n=2 n=2

Yyl ]

S
I (N S P (R

O e e R [ IR R R PR B

& 1 & 1/2w1/2)m1°‘°(1 _ 1)
35’,2:2112‘1—2(14,—1 ) Rl )] P

3.

- zmzéi(znif%iﬂ‘%[(%‘é")*@%)+(§w%)+. . ]=%(%
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{1y 1 & (4) 6 </ 1V 1 2
N - = —— = 3 - = ——— 4%, —_ =—. =
» ,Zfo(z) /"’ 4 ,,206(5) @m0 E( 3 =1 -1/ "3
(Geometric)
& 2\" 2 6 o 1\ 1 - 10 & (3\ 8
. ) = — =2 . e | = e L . -] = =132
“ 202( 3) T (=2/3 "5 & ,,20(10) I-G/10 "9 4 ,,208(4) R CYZ)
& 1y 3 9 & 1\ 4 8
. = == 4 —=) = —— =
45 ,2103( 3) t—(-1/3) 4 4 ,,20 ( 2) 1-(-1/2) 3
47~i(i—i)-i(1)"—§(l)" a § o+ o0r1- 53] + 5 -2
a=0 2 3" =0 2 n=0 3 n=1 =0 10
1 -
-(1/2) 1-(1/3) 1—(7/10) " 1~ (9/10)
31 _10 34
=2-5=2 =3 t0-2=-=
49. Note that sin(1) =~ 0.8415 < 1. The series i[sin(l)]” is geometric with » = sin(1} < 1. Thus,
i[sm(i)]n - sm(l)z[sm(l ﬂ(l)— ~ 53080,
e ~ sin(1)
- 1 _ 1
50. 5, = 21 Ok + 3k —2 ,El (3k — )3k + 2)
g
Alok—3 ok+6] 3411 k<2
{1 1 1 1 1 1 1 1
"5[(§"§)+(§*§)+(8_11) +(3n—1—3n+2)]
- 1{1_ 1 ]
3{2 3n+2
. 1f1 1 7.1
Jm S, = nliﬂé3[2 B+ 2] =%
. = 4f1\ = 9 9 9
. 4 = — = . G Ze el L,
51, (2) 04 "2010(10) 52. (@) 09 = &+ 1o+ Toms
(b} Geometric series witha = 1—% andr = Tla BoflYy 92 &(1Ww
= E 9l — Z 2 =
< "\10 10 4~ 410
g = a 4/10 4 " ‘ "
T1-r  1-(1/10) 9 9 1 .
® 09 =157 (1/10) !
[++) L3 I —_— = 1 L 1 2] 1 n
= @ 77 - § 355(im) 54. (@) 00T = HZI(@) - 105 3,(1%)
(1) Geometric series with @ = ;8-0% and r == %5 _ - () 00T = L 1 _ .y 100 _ 1
o__a__ 8110 _s1_9 100 1 —(1/100} 100 99 99
1—r 1-(1/100) 99 11
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55, (8) 0.075 f; ( ) S6. () 0215 = = + §—3~»( )
2= 400100 : ) 5 A&,2000100
(b) Geometric series witha = and = 71)7) {b) Geometric series with a = 00 and r = ﬁ
s a_ _ 3/40 _ 5 S=l+ a =l+3/2(}0 L
1—r 99/100 66 5 1—r 5 99/100 330
= n+t 10 T _ntl
58.
ST, "21 10n + 1 ﬂgl 2n—1
n+ 10 1 nt+1 1
. _ L L
A ot 1107 0 M =1 27
Diverges by Theorem 9.9 Diverges by Theorem 9.9
1 1 1 1 1 1 1 1 1 3
- - ={1-= = ———t+ |- —]+ =1+==5
59 ,;2:1(” — 2) (1 3) + (2 4) (3 5) ( 6) 1 5 = 7 converges
& 1 1 3/l 1
60 ,;1 nn+3) 3 ,,Z:l(n n+ 3)
1 1 1 1 1 1 1 1 1 1 i 1
=11 -= R A R I e R et o o I I
10 4) B (2 5+ s 6) (4 2+ 5-3) (6 9) #or]
DY IS S
= 3(1 + 2 + 3) BETY converges
& 3n—1 & an
61. E} Sy 62. "Zl =
-1 _3 3 (ln2)3
}LIEQZn-E-I_Z#O n}ggonwng?o 3n?
Diverges by Theorem 9.9 . (ln2)*3" (In n)?3"
= lim~———= ——=
noee  BR v

1

o 4 o [T\
. 63 —=4 -
55-450)
Geometric series withr = 3

Converges by Theorem 9.6

6s. S (Lo7sy
n=0

Geometric series with r = 1.075

Diverges by Theorem 9.6

. i
67. Since n > In{n), the terms a, = 0D
do not approach 0 as n— oo, Hence, the series

n=72

ln

(by L'Hépital’s Rule); diverges by Theorem 9.9

L
1

Geometric series withr = 3

Converges by Theorem 9.6

66 o0 211
) ,,21 100
Geometric series with r = 2

Diverges by Theorem 9.6

6. 5, :kglm(l) 3~

~0-In2—I3—- -

. . & LA .
Since n]inolc S, 1verges,n:§ 1ln(n) iverges

« —In(r)
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& . J{fly . . o
69. Fork + 0, 76, ngle "= 121(;) converges since 71. nlgglo arctan n = £y #0
) E\n Javy a3 it is geometric with '
1 + 57 = g £ &
el (1 - n) ril—l{gc[(l + rz) ] Hence, Y arctan n diverges.

1 =
b0 =<t i

il

For k=0, lim (1++0)'=1%0,

Hence, 3 [1 + ﬂn diverges.

n=1

72. S"zé:’lm(HTl)

=]n(%)+ln(%)+- -_a+1n(”';1)

=2 —in1)+@3-m2)+- -+ {n(+1) - Inn)
=In(r + 1) ~ In{1) = In{n + 1)

Diverges
73. See definition on page 606.

74. lim g, =5 meané that the limit of the sequence {a,} is 5. 75. The series given by

n—roc

==} o0

¥ a,=a;+a, + -+ - =5 means that the limit of the Ya'=atar+at+-cctan+ o, g#0
=1 ' ) n=0

artial sums is 5. - . . . . . .
P is a geometric series with ratio r. When 0 < |r| < 1,

the series converges to a/(1 — r). The series diverges if

|r| = 1.
6 - ' ’ & .
76. If lim a, # 0, then ngia,, diverges.
n+1 oo
7. a=— 78. (a) a,=a +taytay -t
n=1
. . or+1 oo
nlggc a, = n]ggo — = 1 {{a,} converges) _ (b g]ak =a tata+- -

These are the same. The third series is different,
unless @) = &, = + - = ¢ is constant.

b8

a, diverges because lim a, # 0.
R—oo

i

n=1

[

(2]
(c) Eak=ak+ak+---
n=1

=) x’! [+2) x 13 x o x n - , [+.=] f=o]
w 5= 3G) -1 5 | 0. § o = 603 oo
Geometric series: converges for % <lorlxd <2 Geometric series: converges for |3x] < 1 = |x| < %
EATEAY (30 S (3 = 1 3 1
0-33(5) 760 = 695 6o = oy - 2 <
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81. E(x—-l)”— (- 1 Sx—l)”

Geometric series; converges for (x — 1} <1 = 0<x <2

£ = (e — 1)§Gx—1)"

1 x—1

1—(5:—1):2—:;’ O<x<2

=(x— 1)

[=.=] [+
83. E(—l)”x" = 2 {—x)
n=0 n=0
Geometric series: converges for
|-x| <1 = <l=-1<x<l

= 20(*17)”: 1 ’:—_x, —-l<x<l

n=0

<.1

' e .
Geometric serles: converges if |-
‘ X

= |x|>1 =x<—lorx>1

flx) = i(i‘)n=1—_l(~l—7x_)ﬁx—%,x>lorx<ml

n=0

87. (a) Yes, the new series will still diverge.

(b) Yes, the new series will converge.

89. (a) x is the common ratio.

(B Lbx+ati-- = Sa= < 1
W=0
90. (a)( )15 the common ratio.
%2 x2 _ =] X n
1
1—{-x/2)
2
24X ]x|<2

(=} x —
2 54

3)«

Geometric series: converges for

x;3 <l = Ix-3<d=>-Ta<x<7
& fx— 3y 4
9= SaF2 -
=35 -
4 16
gversiryy7ink gt S
sa. S (-1 = S(-x
n=0 n=_0
. Geometric series: converges for
[-2 <l =—-1<x<l
=3 - —rm - 13
,,ZO FEETES 1+
o0 12 n xl oo xl I
86 ,,Zl(xl+4) _x2+4,,20(x2+4)'
Geometric series: converges for Zia < |

= x <

fl) =

x? + 4 =5 converges for all x

¥ i T .

2+ 4 |- 2 P+ 4 4 4
2+ 4

88, Neither statement is true. The formula

1

x—

1

holds for —1 < x < L.

1

& »n= g

¥o=85=1+x+x*

—l4+xtat+e--

yo=8s=1+x+x*+ 5% +x*

) y =
Yp =53
¥; =S5

2
2+x

-1.5

-5

~l<x=<1

5,

-5
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‘

91. flx) = 3[11__%?] . [=8 92 flx) = 2[11——_—%] . [oo]
Horizontal asymptote: v = 6 / Horizontal asympfote: y = 10 =
33(3) . o 54 . .

3 a 2 - ‘
SSrmam e ST
The horizontal asymptote is the sum of the series. The horizontal asymptoie is the sum of the series.
F{n) is the nth partial sum. fln) is the nth partial sum.
23, m < 0.0001 94, 51; < 0.0001
10,000 < #% + n 10,000 < 2"
0 < n* +n— 10,000 ' This inequality is tree when n = 14,
P L 724(1)(7 16,000) (0.01)* < 0.0001
10,000 < 107

Choosing the positive value for  we have n = 99.5012.
The first fersm that is less than 0.0001 is n = 100,

1\ ‘
(8) < 0.0001

10,000 < 8"

This inequality is true when n = 5. This series converges
at a faster rate.

This inequality is true when n = 5. This series converges
at a faster rate.

- 800001 — (0.9)%-D+5]

09 96. Vi{z) = 225,000(1 — 0.3)" = (0.7)4225,000)

V(5) = (0.7)5(225,000) = $37,815.75

n—1
95, E 8000(0.9) =
=0

= 80,000{1 — 0.9"), n > 0

a1 . 100[1 — 075w 0+ =l . 100{1 — 0.67]
97. 100(6.75) = | = ——
230 (0.75) =073 98. ,20100(0.60) Y
= 400(1 — 0.75%) million dollars _ = 250(1 — 0.6") million dollars
Sum = 400 million dollars * : Sum = 250 million dollars
9. D =16 109. The ball in Exercise 99 takes the following times for
h fall. ‘
D, = 0.81(16) + 0.81(16) = 32(0.81) cac i
T m , 5 = =162 + 16 8 =0ifr=1
= 162 + ) =Qifs = 0.
D, = 16(0.81)% + 16(0.81)2 = 32(0.81)2 527 167 1 16(0.81) 5= Qi =09
53 = —161% + 16(0.81) 53 = 0ifr = (09)?
= 2 e ' : .
D =16 + 32(0.81) + 32(0.81)* + s, = — 162 + 1600811 5 =0ift=(0.9) 1
=—16+ N 32(0.81)* = —16 + _32 Beginni_ng'with 5,, the ball fakes the same amount of
1 - 081 :
n=0 : ’ time to bounce up as it takes to fall. The total elapsed
== 152.42 feot ‘ time before the ball comes to rest is

t=1+2 5090 =-1+2 5 0oy
n=1 n=0

2
I -09

= —1 + = 19 seconds.
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1/1\ AL = 1)" X 1(1)"
== == 103 S A M
101. P(n) 2(2) 102. P(2) 3(3) ® ,,21(2 2,22
/1> 1 /2y 4 1 1
= - = = = = —| — = — = s e = |
ie 2(2) g v =53) =5 | X))
i 1(1)" _ 12 . : 5’3 1(2)” __ 13 (b) No, the series is not geometric,
= 2\2 1-(1/2) 23\3) 1 (2/3) w (1\
@ Sl -
1,1 1 I'gfly 1 4
. B == == ==
104. Person 1 5Tt 2,;20(8) 21— (1/8) 7
1 1 1 1 &1y 1 1 2
Person 2: 22+25+23+.“m4n20(8) A1-0/8 7
1 1 1 1&/y 1 1 1
==t — == ] = —— =
Person 3: > + 2% + % 3 "ZO(S) 81— (1/8) 7
4 2 1
Sum 5 + 7 + 7= i

105. (2) 64+ 324+ 16+ 8+ 4+ 2 =126in2

oo 1\» _ 64 _ .
®) HZO 64(5) =1—a2 ) = 128 in.2

Note: This is one-half of the area of the original square!

Y 1/2
106. (@) sin 6 = % = |¥y,| = zsin 8 (b) Ttz = 1 and 6 = 7, then total = _/(1/2) -1
_ | 1y1| = 2
in 0 | = |xy,| = |¥Yy|sin 6 = zsin? 9

in @ = % = lx1y2| = !xlyll sind = zsmse

sin @

Total: zsin @ + zsin? @+ zsin* 9+ - + » = z———
1 - sin @

2 1\ 5000038/ 1\
107. RQISO’OOO(1.06) 1.06 ,25(106)

50,000[ 1 — 1.06~% -
T 106 [1 - 106—1]’ [n = 20,7 = 1.0671]
=~ 573,496.06
108. Surface area = 44(1)2 + 9(417(%)2) + 92 - 471‘(%)2 +oc=4mrmgt o ]=o00
= _001(1 ~ 27) .
109, w Z, .01(2) = 1= = 0.01(2% — 1)

(a) When n = 29: w = $5,368,709.11
(b) When n = 30: w = $10,737,418.23
(¢) When n = 31: w = $21,474,836.47
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R e R

P(l — (er/u)uz) _
1-— er/ll

Ple — 1)
- er/li! -1

2 r/l2

111. P=50,r = 0.03,7 = 20

(20)
{a) A= 50( 12 )[(1 + w)u e 1] = $16,415,10

0.03 12
50(6003 20) 1)
by A= Yy $16,421.83

113. P = 100, = 0,04, t = 40

12(40)
(a) A= 100(0 04)[(1 + %) - 1] = $118,196.13

100(e0%4140) — 1)

(b) A= g ~ $118,393.43

115. (a) a, = 3484.1363(1.0502)" = 3484.1363£004897

8500

116. T = 40,000 + 40,000(1.04) + - - - + 40,000(1.04)%

112. P=75,+ = 0.05,¢ =25

(a) A= 75( 12 )[(1 + 005)12(2,5) 1} ~ $44,663.23

0.05 12
0.05(25) _
by A= E(OET/E———H == $44.732.85

114. P = 20,r = 0.06,¢ = 50

12{50)
(a) A= 20(0 06)[(1_ + %) - 1} #~ $75,743.82

20{3006(50) _ 1)

) A="Cgm— = $76,151.45

(b} Adding the ten values a5, &y, . . ., &y, you obtain

12
E a, = 50,809, or $50,809,000,000.
r=3

12
(©) 2 3484,1363£004%97 = 50,803, or $50,803,000,000
n=3 .
(Answers wiil vary.)

1 =1
117. False. nh_x)rolo == 0, but - diverges.

n=1

£ 1—1.04%
2 40,000(1.04)" = 40,000 T-104)” $3,801,020 _
118, True 119, False; S ar = ( 2 ) ~a 120, True
n=1 1 - r
The formula requires that the geo- lim n _ 1 £0
metric series begins with n = 0, n—ce 1000(n + 1) 1000
121. True 122. True
0.74999 =07‘4+i+i+
' o S 10t 10t
9 Bf1hn
=074+ (l )
9 1
=0T TS (1/10)
_ 2 1
=074 + TR

1
=074 + 100 = (.75
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123. By letting S, = 0, we have
=3 a E ;- Thus,
=1 e

2 a (Sn - Sn—])
n=1

I
b

1

-]
1

8

(S, — 8, ,+c—o¢)
|

n

[le=8, ) —{c=5)]

I
b8

E
i

125 Let Sa, = S 1ana N, = S (-0,
n=0 n=0

Both are divergent series.

S, )= S+ -0l = §l-1]=0

127, Suppose, on the contrary, that 3, ca, converges. Because

c#F 0,

() -3

converges. This is a contradiction since £ ca,, diverged.

Hence, 2 ca, diverges.

1 i Qpi3 " Gpyy
129, (a) — =2 .
Ipt19p42  Qnaafptz Gps1Gnp429+3
. T I
B+ 1%+2% +3
_ 1
Gpe1lpys
n
®) 8= 23—

F=0 % +1%+3

[ 1 ]
Dpr 192 “k+ 20 +3

:[ ]+[WL*MLW]+...+
a,a a2a3 Gy datly

_ 1
ity Qa8 13
1
] -
an;%—lan+3

&= 1

— =1lim §,= lim |1 -
a=0 Gy 1% 43 0 n300 a

124. Let {8,} be the sequence of partial sums for the

convergent series

(=]

2 a, = L. Then lim §, = L and since
= n—es
Rn E dy =
k=n+1
we have

h_{nR Iim(L—S,,)
=limZL-lim S, =L—-L=40,

o0 n—oo

126, If 2 (@, + b,) converged, then £ (g, + b,} — T a, =

% b, would converge, which is a contradiction. Thus,
= {a, + b,) diverges.

128. If X a, converges, then lim q, = . Hence,
n—oo

ﬁmlio,

-0 an

which implies that £ 1/a, diverges.

n+20n+3

1 :I
D280 43



Section 9.2 Series and Convergence 259

130, 8, = 1 + 20+ 2+ 28 + - - - + 32 + 2]
=(I+at+xt+- - -+ + Qe+ 23+ -+ 2
H n
= E(xz)k + QxE (x2)t
£=0 #=0
As n— oo, the two geometric series converge for |x| < 1
1 1 1+ 2x
1i - + =
dim S =152 s{r) = o <
1,1 | = 1/} . Lo
BL-+5+5+ = E —|{= 132, The entire rectangle has area 2 because the height is 1
ror Ao FAY and the base is 1 + 3 + 4+ + - = 2. The squares all
_ 1/r lie inside the rectangle, and the sum of their areas is
Lo P
1 ( ) 1 ) 22 32 42
= since |~ < 1
r—=1 r 1
. L . . Thus, 2 =<2
This is a geometric series which converges if P
1
< le >0
-
133. Let H represent the half-life of the drug. If a patient receives n equal doses of P units each of this drug,
administered at equal time interval of length £, the total amount of the drug in the patient’s system at the time
the last dose is administered is given by T, = P + Pel’ + Pe? + - « « + Peli =M where k = - (In 2)/H.
One time interval affer the last dose is administered is givén by T, = Pe¥ + Pe?® + P& 4+« « 4 P,
Two time intervals gffer the last dose is administered is given by T, , = Pe? + PP 4+ Pt 4 .+«  peliti
and so on, Since k < 0,7, ,— 0 as s oo, where 5 s an infeger.
134. The series is telescoping; 135, fF(1) = 0,7(2) = 1,f(3) = 2,7(4) = 4,. . .
u 6% ni/4 neven
S, = I L = ’
= AT ENF = n general: f(s) {{nz — 1)/4, nodd.
_ ﬁ; ¥ _ 3! (See below for a proof of this.)
&= I — 2k Je+1 — k1 ’

3)1+1

=3

T gnHl _ gatl

lim S, =3—-1=2

A—roo

x + yand x — y are either both odd or both even. If both
even, then

G P
4 4

S+~ fla—) .

If both odd,

Gayf-l E=yr-t
4 4

fa+y) —fla-y) =

= xy.

Proof by induction that the formula for f(n} is correct.
It is true for n = 1. Assume that the formula is valid for
k. I k is even, then f{k) = %¥*/4 and

L S
fle+1)=fl)+5="2+7
_ Ptk
4 4 )

The argument is similar if k is odd.
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Section 9.3  The Integral Test and p-Series

2

1
n+1

L HZI
1

Let f{x) = T T

.fis positive, continuous, and decreasing for x = 1.
oo 1 oo

J; P 1dx~—[ln(x+l)]l =00

Diverges by Theorem 9.10

n=1

Let f(x) = e
fis positive, continuous, and decreasing forx = 1.

J-we—"xdx=[_e—x] - =
1 1 e

Converges by Theorem 9.10

1

5 o0
) ,,21 n 1
1
Let f(x) = o
[ is positive, continuous, and decreasing forx = 1,
L | * T
L 11 [arctan x]] n

Converges by Thecrem 9.10

= In(e+ 1)

7.
= ontl
_Inlx+ 1)
Let f(x) = 1
[is positive, continuous, and decreasing for x = 2 since
1 —In{x + 1)
1 — =
F(x) o+ 1) < Qforx 2 2.
“In{x + 1) de = [[ln(x + 1)]2]°° _
; x+1 2 1

Diverges by Theorem 9.10

=]
2
.H:I

2
n+5

2
Let = .
&) =53
[is positive, continuous, and decreasing for x = 1.

w2 2 °°
J; 3x+5dx—|:3]n(3x+5)]1 = oo
Diverges by Theorem 9.10

=)
4, E ne a2
r=1

Let fx} = xe /2,
J[is positive, continuous, and decreasing for x = 3 since

i) :gwg/'—? < Oforx = 3.

Ze
fooxe*"/zdx = [—Z(x + 2)3“*/2] = 10732
3 i 3 )

Converges by Theorem 9.10

1
2n+1

6. S
A=1

: 1
Let f(x) = =T
fis positive, continuous, and decreasing fdr xz 1.

jm 1 dx=[ln«/2x+1]oo=oo
1 2x+1 1

Diverges by Theorem 9.10

& Inn
8. —
P!ZZ n
Inx _, 2—Inx
LEtf(x) - \/;, f (x) 2x3/2 .
[ is positive, continuous, and decreasing for x > €2 = 7.4,
de = [2&(1:‘13: - 2)] = oo, diverges
2 Va 2

Hence, the series diverges by Theorem 9,10.
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=] 1 = n
A — 10.
,,21 n(n+ 1) ,,21 n? o+ 3
1 1+ 2/ x
Let =—7, )= ~———F—F——3 < O. Let flx) = .
A V- R AT W W=
F is positive, continuous, and decreasing for x = 1. . flx) is positive, continuous, and decteasing for x = 2
oo | ‘ o since
— e dx = [2 ]n(\/;c + 1)] = oo, diverges _ .2
fl ‘/;(‘/;C + 1) ! )= (22 +x3) < Qforx = 2.

Hence, the series diverges by Theorem 9.10.
o0 =]
j = [m\/xz T 3]1 = oo
1

x4+ 3

Diverges by Theorem 9.10

o ]

= n
12. ——=
r;l ~rt+ 1 ,EZ n?
-1 nx ... _ 1—-3lx
Let f(x) = J_ filay = 2t I < 0. Letf(x) = = Y
F is positive, continuous, and decreasing for x = 1. fis positivc, continuous, and decreasing for x > 2.

= 1 _ = . =Inx _(2Inx+1)]°°
J; mdx = [fox + 1}1 = oo, diverges J; —= dx [ |

Hence, the series diyerges by Theorem 9.10. _2lm2+1

16 , CONVErges

Hence, the series converges by Theorem 9.10.

13, —— 14,
,,Zl n* 2 n/Inn .
Inx ,,, 1—2Inx _ 1 vy 2lnx 41
Letf(x) = ;2—’ f (x) = P . Lth(x) = xms f (—I) - sz(ln x)g/z-
£ is positive, continuous, and decreasing for x > e'/2 = 1.6, [ is positive, continuous, and decreasing for x = 2.
—(lnx + 1)] | [ ]“’ .
W = =12-/In = oo, d
j x2 T ) = 1, converges v dx x|, = iverges
Hence, the series converges by Theorem 9.10. Hence, the series diverges by Theorem 9.10.
2 arctan n
15 12'1 nt+ 1 _ 16. 2f'r,hln]n]nn)
arctan x 1 — 2xarctan x 1
= ) =~——— < 0f > 1. —
Letf_(x) A W+1g - Let /00 = o nlm )
} £ is positive, continuous, and decreasing for x = 1. £ = ~[(Inx + 1) In{ln x) + 1]
' 210 2)*(In(In x))?

f * arctan x [(arctan x)2]°° 3q?
dx = = —_—, COnverges
i '

2 +1 2 32 f is positive, continuous, and decreasing for x = 3.

dx = []n(ln(ln x))] = oo, diverges
3 .

Hence, the series converges by Theoi‘em 9.10, i 1
‘ , xlnxn(lnx)

Hence, the series diverges by Theorem 9.10.
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o ~2n [+ n
. « 18.
17 ,zfln2+1 ,g‘ln“+1
2x 1 — %2 3x*
= = Let ) = = 1.
Let £(x) poaney Fx) 2(2+1)2<0f0rx>1. flx) = 4_'_l,f(x) (4+1)2<0f0rx>
[ is positive, continuous, and decreasing forx > 1. fis positive continuous, and decreasing for x > 1.
® 2x ' PN , 1 o7
1 Tl dx = [ln(x2 + 1)]1 = o0, diverges x“ n 1 > arctan(x2)] = > converges
Hence, the series diverges by Theorem 9.10. Hence, the series converges by Theorem 9.10.
o gl X _
19. 20. nke—n
Pyl 4+ c ngl
I Lot /(2
= x) = =
Let f(x) o

[ is positive, continuous, and decreasing for [fis positive, continuous, and decreasing for x > k since

x > ¥cllk = 1Y since 1k — x)

(x) = ==ttt = O for x > k.
f() Xk z[c(k—l—x]<0 Fix) e X
k 2
&+ ‘ We use integration by parts.
forx > ¥elk — 1), : - o -
j xke i dy = [—x"e*"] + kJ xhlemx gy
oo xk—l i A 1 1 1
dx=|=In(x*+c)] =eo
1 k 1

¥+

- 1
_L R ME-D M

Diverges by Theorem 9.10 e e e e

Converges by Theorem 9.10

21. Let f(x) = ) , fn) = a,. 22. Letf(z) = e *cosx, f(n) = ay

The function f is not positive forx = 1.
The function f is not positive for x = 1.

23, Letf() = 2550 gy = g, 24, Letf(x) = Wﬂmwa
The function f is not decreasing for x = 1, The function f is not decreasing forx = [.
2 n_ 26. nzl W
Let /() = . Let f(x) =
x3
fis positive, continuous, and decreasing for x = 1. [ is positive, continuous, and decreasing forx = 1.
w1 17 1 = 1 3 an|”
.. == = x2/3 =
J; dex [ 2&{2]1 2 J; x‘/3dx [235 ]1 o°

Converges by Theorem 9.10 : Divcrges by Theorem 9.10
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27. %

29.
| 32

35,

38. i
=1

41.

o

1
n=1 \/;1-

Let f(x) = %, Flx) = % < Oforx = 1.

f Is positive, continuous, and decreasing for x

[2\/_ ] = oo, diverges

=1
R

Hence, the series diverges by Theorem 9.10.

30.

& 1 = 1
nglﬁznzl—nl-fg

Divergent p-series with p = % < 1

33

b8
3, —

Il
f,

n

Convergent p-series withp = 2 > |

1
104

" 36.

il 3%

1

Convergent p-series with
p=104>1

@ 1
2“5

Letf(d) =, f

= 1.

DOl B

P X

[_

’x)=:32<0forx2 1.
x

£ is positive, continuous, and decreasing for x 2 1.

1]""
X

= 1, converges

Hence, the series converges by Theorem 9.10.

2 7

n=1

Convergent p-series with p = - > 1
& 1

2, pm

Convergent p-series with p = % > 1

1.
"
| B

N

L

Convergent p-series with
p=m>1

5 =2 8 =2

S, =3 8§, = 2.6732
8, == 3.6667 8, =~ 3.0293
8, = 4.1667 8, =~ 3.2560

Matches (f), diverges

$-2--%5
N 3/
S =2

S, = 27071

S, = 3.0920

S, ~3.3420

Matches (d), converges

Matches (b), converges

MNote: The partial sums for 39 and
41 are very similar because
w/2 = 3/2.

& 2

42. ;1 e
$,=2
S, =25

S, =~ 2.7222

34.

37.

§; =~ 4.0066
S, = 4.7740
Matches (¢), diverges

40. 2;:17275
8 =
§, == 3.5157
8, = 4.8045

Matches (a), diverges

Matches (e), converges

Note: The partial sums for 39 and 41 are very similar

because wi2 = 3/2.
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43,
@M T 5 [0 22]s0] 100 T
S, | 37488 | 375 | 3.75 | 375 | 3.75
R e [ XX RN EX]
The partial sums approach the sum 3.75 very rapidly. a o 11
’ 0
®r, T s 10 20 so | 100 -
S, | 1.4636 | 1.5498 | 1.5962 | 1.6251 | 1.635
guevenssse
The partial sums approach the sum 72/6 = 1,6449 o »

slower than the series in part (a).

44.%1=1+1+1+1+ +t=>M
&R 2 3 4
(a) (b} No. Since the terms are decreasing (approaching Zero),
M 2 4 6 8 morte and more terms are required to increase the partial
4 31 227 1674 sum by 2.
45. Let fbe positive, continuous, and decreasing for x = 1 46. A series of the form i # is a p-series, p > 0.
n=1

~and a, = f(n). Then,
The p-series converges if p > 1 and diverges if

> a, and fmf(x)dx : 0<ps .
n=1 1 .

either both converge or both diverge (Theorem 9.10}).
See Example 1, page 618.

47. Your friend is not correct, The series 48. No. Theorem 9.9 says that if the series converges, then
w1 1 1 the terms a, tend to zero. Some of the series in Exercises
E - = + .- 37-42 converge because the terms tend to O very rapidly.
a=tioor 10, 000 10,001 : g

is the harmonic series, starting with the 10,000 term,
and hence diverges.

49. The area under the rectangles is greater than the area under the y
graphof y = 1//x,x 2 1.

b f“dx

1
Since J- —dx = x] = oo diverges, the series 2 diverges.
\/_ \/_ 4 1 2 3 43 n
s, & 1
. = > ‘ A S
50 "ZI f(x) dx Za 51 ’Zz i
y If p = 1, then the series diverges by the Integral Test.
Ifp+#1,
oa _ (]Il x)—p+l:|oo
—_ p = i Sttt S
J; x(lnx)p f (In ) dx [ -p+1 2’

Convergesfor —p+ 1 < 0 orp > 1

1 2 3 4 5 6 7
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& lnn

If p = 1, then the series diverges by the Integral Test. if p # 1,

—p+1
= [-1+(~p+1) hlx]] . (Use integration by parts.)

> Inx @
B = —P = | —————r| —
L Y dx L xPlhxdx [(—p Ez

Convergesfor —p + 1 < Oorp > 1

& n
53. ,,21 T

fp =1, ,.2’1 1 fn2 diverges (see Example 1). Let

f(x)=(f“fx2—)‘,,,1”"=1

7 = R

=]
2

For afixed p > 0, p # 1, f'(x) is eventually negative. f is positive, continuous, and eventually decreasing.

Fﬁ = I[(xz e I)Pii(z - 2p)r

For p > 1, this integral convergcs.' For 0 < p < 1,it diverges.

54.. in(l + n%)F
n=1

Since p > 0, the series diverges for all vatues of p.

= 1
56. HZZ in )7 converges for p > 1.

i .
73 diverges.

=) 1 =)
H =
e, n§=;2 n¥/ (In n)? 122 n(in n)

= 1
58. .
’gz ol 7 COnverges forp > 1
= 1 &, 1
H'cnce",,gz nln(?) &, 2nlnn
1 1 dilver €5
2 & () O

1

55. % ol )7 COnverges forp > 1.
n=2

& 1
Hi —, di .
ence, ;::2 i diverges

oo

57. 122 ol e Comverges forp > 1.

= 1
Hence ———, converges.
,ngznﬂniﬂz .

59. Since fis positive, continuous, and decreasing for x = 1
and a, = f(n), we have,

=] N o0
Ry=8-Sy=>a~-2a= 2 a>0

n=1 =1 n=N+1
Also,
Ry=8—58y= 3 a,Say,* Sfx) ax

PET S N1

< | flodx
N
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. : R B R R S
60. From Exercise 59, we have: : _ 61, Sﬁ_l+§;+§+g+§;+§~l.0811
OSS—SNSfmf(x)dx | = 1 [ 1]““
< —di=|——=| =
N Ro< | qde=|=35|, =~ 00015
<s<s,+ |0 o
5= S _L,f{x)dx 1osit < S L < 10811 + 0.0015 = 1.0826 -
. s WO
N N o .
> >oa,+ | flx)dx
= n=1 N
1,11
62.S4=1+'2—5'+¥+1331.0363
R, < w}*dx=[— 1]00 ~ 0.0010
L R 4
}
10363 < 3 % < 1.0363 + 0.0010 = 1.0373
’ n=1n

i 1 1 1 1 1 1 1 1 1
63.S10— +5+10+T;7"+26+37 §6+65 §—+101~0.9818

[arctan x:! =T arctan 10 =~ 0.0997

By = x2 4 1 10 2
0.9818 < E L < 09818 + 00997 = 10815
An?
7R N S S | +---+———1—~1'9521
T 2(m2y | 3(n3) | 4(tn 4 U{m11)
Ry |” 1 dx=[— ! ]w -1 o070
Y7 o &+ Dln(x + DP in(x + NPl 211
= 1
< < ==
1.9821 < g‘l o Dt £ 75 1.9821 + 0.0870 = 2.0691
1 2 3 4 1 1 1 1 _
65'S4:Z+E+§+;1€;=0'4049 66.S4=;+;2‘+§+E=50.5713
R,y < | xe¥? L el"_e ’ R<f°° dx [ ]w 0.0183
< - =] — g gt —x =] —e™x == ().
4_J;xe dx {Ze L 5 5.6 x 10~ 4_48 € .
0.4049 < E ne™™ < 04049 + 5.6 x 107 0.5713 < f e < 05713 + 0.0183 = 0.5896
oo | 1™ 1 (=1 2 e 2
S0sRys | Sdi=|—== 0SS RyS | SmEdr=|——5] =—=<0.
67. 0 < R, L —dx [ 3x3]N 73 < 0001 68. 0 < RN< JN S [ xlﬂ]N < 0.001
—1/2
N% < 0.003 N~Y2 < 0.0005
© /N > 2000
3
N7 > 333.33 N > 4,000,000
N > 693

NzT
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oo i ° g N o [ ]Oo 2
. Ry = gy = | —— e =— . R 2y = | =272 = —— 001
69. Ry Le dx [ se ]N — < 0001 70 RNSLe dx e?| = < 00
1 : 2
g < 0.005 P < 0.00f
e > 200 M2 = 2000
5N > In 200 g §>h1200{)
N> In 200
5 _ N> 21In2000 = 152
N > 1.0597 ' Nz 16
Nz2
71. R Sfm—l—dx = [arctanx]m | 7i. R < m—l2—dx =12 larct;an e -
N ‘ N "yt +S /5 V3 v
T
= 7~ arctan ¥ < 0.001 | - %(g - arctan(:-%)) < 0.001
—arctan N < —1.5698 ' - N _
‘ -~ — arctan| —= } < 0.001118
arctin N > 1.5698 , 2 NG
N > tan 1.5698 : 1.56968 < 'arctan(%)
. N =z 1004 :
' % > tan 1.56968
N = 2004
| - L & 1 . .
73. (a) ngz BTN This is a convergent p-series with p = }.1 > 1. nzz s divergent series. Use the Intcgrgl Test.
fl = L is positive, continuous, and decreasing for x = 2.
xinx
Tl = [1n|lnx|:|m = oo
, xlnx 2
6,1 1 1 1 1 1
()] ,,22;1? = F + a‘]‘ + m + -STT -+ —6—1—1 = (,4665 + 0.2987 + 0.2176 + 0.1703 + 0.1393
st L L L L L9013 4 03034 + 01803 + 0.1243 + 00930
“ynlar 2In2 33 4mnd4 5InS° 6Iné ' ; ‘ '
For n = 4, the terms of the convergent series seem to be larger fhan those of the divergent series!
1 |
© 21 < nin
nlan < g
Inn < Ot
This inequality holds when n = 3.5 x 10%, Or, n > &, Thenlne® = 40 < (¢*)°! = ¢* =~ 55.
= 1 FTPF e l 1 1
4. _ = | — — = —_— b _ —
4. @ J;o xpdx |:—p + 1]10 (p — 11077V P >‘ 1 (b) /) x?
(c) The horizontal asymptote is y = 0, As n incréases, the Ri(p) = i 1
error decreases, 10tP n=dy 1

< Area under the graph of f over the interval [10, oo)

.
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75. (2) Let f(x) = 1/x. fis positive, continuous, and decreasing on [1, co). y
. .
s.—1< [ La i
e
S,—1 <Inn 1l
Hence, 8, < 1 + Inn, Similarly, \]"‘:i\
n+1 1 ol ‘\_:1 n-i-l ¥
S, = Sde=h(n 1) l
L
Thus, In{n + 1) < .S',1 <i+hn
(b) SinceIn(n + 1} £ §, < 1 +Inn, wehave In(n + 1) — Inn < §, — Inn < 1. Also, since In x is an increasing function,
In{n+ 1) —Inn > 0 for n 2L Ths, 0= S, ~Inn < 1and the sequence {g,} is bounded.
ntl 1 1
(C) an_an+1Z[Sn_kln]—{sni-lwm(n-'_1):!: i ;dx_n+120

Thus, a,, 2 a,,, and the sequence is decreasing.
{d) Since the sequence is bounded and monotonic, it converges to a limit, .

(&) @ = S — In 100 = 0.5822 (Actually v =~ 0.577216.)

) 2 n+1 WEZ[]n(n+1)+]n(n-l)721nn]

76. Z ln(I ——) 2 m(

=la’3’+ln’l'72!n2)+(Ia’4+h12—2&n6’)+(h¥5+]a6’—2h1ﬁ)+(ln’6+]ﬂ’4*24m'5)

+ (I7 + oS — 2h6) + (ur§ + lo6 — 2hr7) + (le¥ + laT - 2ho8) + - o= —In2
77, § sar
n=2
(ayx=1: i 1on = i 1, diverges {c) Let x be given, x > 0. Putx = ¢ 7 ¢ Inx = —p,
n=2 n=2
oo In oo o . ns —plnn — -0 = _
n=2 n=2 =2 .

. . 1
This series converges forp > 1 = x < pe

78, £0) = S = i#

'C.onvcrges for x > 1 by Theorem 9.11

2

79. ,glzn—l ‘ . 2

nvnt — 1
Let f(x) = ——. Let A(x) — %Lm_
1 A1
S is positive, continuous, and decreasing for x > 1. [is positive, continuous, and decreasing for x = 2.
- 1 dx=[!n Qxfl]m=oo c‘C)—l——cix*[arcsec TG=E—-7—T
1 2x—1 1 s xxE— 1 xz 2 3

Diverges by Theorem 9.10 Converges by Theorem 9.10
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83.

85,

87,

89.

90.

& 1

=2

n=1

82.

a. 3
=1 M
p-series with p = 3

Converges by Theorem 9.11

o)

Geometric series with r = §

>

n=0

Converges by Theorem 9.6
X n
—r 86.
,,Z] ~/ nt+ 1
fim —=2 e = lim ——— = 1 # 0
rooe SRt + 1 naoo /] + (1/112)

Diverges by Theorem 9.9

(-2

n=1 n

(1 +‘l)" —e#0
n

Fails nth-Term Test

lim
n—roo

Diverges by Theorem 5.9

84.

88.

32 #7085

A=t
p-series with p = .95
Diverges by Theorem 9.11

S o7y
n=2

Geometric series with r = 1.075

Diverges by Theorem 9.6

$Gw-25

n=1 n2 .
Since these are both convergent p-series, the difference
is convergent.

S 1n(n)

lim In(n) =

H—o0

Diverges by Theorem 8.9

2 n(ln n)? )
Let.f(x) = ———.
x(In x)?
fis positive, continuous and decreasing for x = 2.
oo (Ilnx)~ 1 ]"" 1
3 =1 =
L x(ln 2 b= j (in )~ [ ] [ 2Anx2l  2(n2)?
Converges by Theorem 9.10. See Exercise 51.
g on
=2 Yt?’
Let f(x) = Inx
. . . . . , 1—3nx
fis positive, continuous, and decreasing for x = 2 since f (x) = Y < Oforx = 2.
= Inx In x [* 1 °°1 In2 1= W2 1 . .
—dx === = Zde=—=+}|——| =—0+= .
L e dx [ szl + ZL xadx g [ 4962}2 2 16 (Use integration by patts.)

Converges by Theorem 9.10. See Exercise 30.
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Section 9.4  Comparisons of Series

& 6 6 6
1. (a) §1n3/2_T+2_W5+ ;8 =6
= 6 g 6 g = 3
HZI O R T2
i 6 = 6 + 6 +...-S=—.6 =~ 4.0
ny/r? + 05 1J/15 243 U VisT
{b) The first series is a p-series. It converges ( p= % > 1).

(c) The magnitude of the terms of the other two series are less than the corresponding
terms at the convergent p-series, Hence, the other two series converge.

(d) The smaller the magnitude of the terms, the smaller the magnitude of the terms
of the sequence of partial sums,

= 2
2(a)n§1—n=2+:/_5+ -5, =2

= 2 2 2

=4 -8 =4
,,zlx/ﬁﬁos 05 . /2-05 t
& 4 4 4

= + +0 .8 =33
,2‘1 n+05 J15 /25 !

(b) The first series is a p-series. It diverges (p =1< 1).

{c) The magnitude of the terms of the other two series are greater than the comresponding -

terms of the divergent p-series. Hence, the other two series diverge.

(d) The larger the magnitude of the terms, the larger the magnitude of the terms of the
sequence of partial sums,

L _1

3.0<n2—+“1—-<n2

Therefore,
p
converges by comparison with the
convergent p-series

n2+1

1
nt

ibe

411

Tapt +2 32
Therefore,
2 3:12 +2

converges by comparison with the
convergent p-series

1
_2

I Mg

1
3,

5.

w
}
—

e

s

#

-]

a

$
3

>l>0forn22
B

n—1
Therefore,

& 1
n=2n_1

diverges by comparison with the
divergent p-series

P

al'-*




Section 9.4 Comparisons of Series 271
I 1 ] 31’: 3 n
. > ~=forn = 2 7. 0< < L <=
N 3413 ‘84n+5<(4)
_ Therefore, Therefore, Therefore,
> 1 oo 3?:
n=2 R~ 1 ,;0 3" + 1 2 41 4+
diverges by comparison with the converges by comparison with the converges by comparisbn with the
divergent p-sen'es convergent gcomctric series convergent geometric series
N L = (1)" o0 (3)!1
2 \/— rZO 3/ AZO 4/
In # I 1 1 1
9.F01n23,n+1>n+1>0 10._rf‘\/"—ﬁ<m 1].F0rn>3,—2>ﬁ>0.
Therefore, Therefore, . Therefore,
0 =3 [e=] 1
n—ln’+ 1 2: n3 +1 MzﬂE
diverges by comparison with the converges by comparison with the converges by comparison with the
divergent series convergent p-series convergent p-series
= 1 & 1 & 1
121 n+ r n=1 nS/Zl HZ:I nT
o 1 .
Note: nZI P diverges by the
Integral Test.
1 1 1 1 4n 4
L > — < = 14. =
124\3/Hél>4<‘/r_: 13. 0 < el 17 3
Therefore, Therefore Therxefore,
== 2 =] 411
n=1 4\3/;; -1 B a
i i i b i ith th
diverges by comparison with the converges by compa}nson. with the d}verges y comparison wi e
R . convergent geometric series divergeni geometric series
divergent p-series
! . o (1 n =) ( 4)::
==} —_— -
1§ 1 5" GE
4n=1 % n=0 n=1
r:/(n2 + 1) n” . 2/(3 —5) 2-3" _
15! n—%oc l/n n]i{{-lg i’12 + 1 1 16‘ nl—ic:v 1/3" nﬂrgc 3" - 5 2
Therefore, Therefore,
=2
En2+1 JZISrI_S

diverges by a limit comparison with the divergent p-series

b
3=

E]
3

S6)

converges by a limit comparison with the convergent -
geometric series
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1/ 4+ ) n. 3//nt— 4 3n
7. = = L lim T = B e =
1 nh—ilc;lo i/n niggo../n2 41 1 18 nlfgo 1/n nlggo nt—4 3
Therefore, ' . Therefore,
=] 1 o]
2 n + Z n2 -
diverges by a limit comparison with the divergent

diverges by a limit comparison with the divergent p-series
harmonic series

s
31—
s
ERS

n=1
2n? — 1 ‘ S5n—3
I+ 2n+ 1 n - 2 . —2n+5 5n2 —- 3n
R - = =1 = = . 1i = 1} =35
19 nli)rgc 1/?‘13 A—co 3!25 + 2?1 + 1 3 20 ”h‘{l;l“ l/n nlg?o nl -2t 5
Therefore, Therefore,
2, 2n? — E Sn—3
A3+ 2nt 1 ' A P—2n+5
converges by a limit comparison with the convergent diverges by a lHimit comparison with the divergent p-series
p-series
{1
i ._L n=1 P‘l'
= n
n+3 1
. aln+2) nt+3n, . ot + 1) "
21, = — = ‘ . = -
nll)nulﬂ i/n e 2 + 21 L 2 nlggo 1/ Ao R+ n
. Therefore, ) Therefore,
=] n+ 3 2]
= nln + 2) Zl n{nz +1)
diverges by a limit comparison with the divergent p-series converges by a limit comparison with the éonvergent
) p-series
$ 1
n=1 n ’ ' ’ N i
ngl n*
) 1 2 + 2 + 20— 1
2. lm LY ED 24, 1ig 2O DT ro—q
h—00 l/n n-oo /12 + 1 n=co 1/(2" ) ﬂ%oon'f‘l
Therefore, Therefore,
i’: n
= (n+ 1)2n!

converges by a limit comparison with the convergent

Ms

h B~/ n2 +1

converges by a limit comparison with the convergent
geometric series

p-series
. = /1 n—1
SG

n=]

=
=1
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Section 9.4
k—1) /(HE + « )

5. hm(n )/ (# )_ kn -1 zﬁ-ﬁmS/n-l-\m +4=lim Sn _5
n-oo 1/n oo HE + 1 n—seo 1/n nseop + o /nE+ 4 2
Therefore, . Therefore,

oo nk—] oo
"Zlnk+}‘ zn+\/n2+
7 diverges by a limit comparison with the divergent

[t
3 [

£
I
—

(—1/53 cos(1/n)

sin(l/n) ~
= lim
1/

27. RS I l/n n—o0
1
= lim cos( ) =1
R—Yco

Therefore,

5 snf;)

diverges by a limit comparison with the divergent p-series

8
3=

=
1

-l
-

-5

n=1

N
3Me

Diverges

p-series withp = 3

—

= 1
32 ,24 302 — 27— 15

Converges

[+ +]
Limit comparison with E —2

= 1 1 1 1
3. ,z‘l(n+17n+2)—(2*3

Converges; telescoping series

« n
B L@
Converges; Integral Test

diverges by a limit comparison with the divergent p-series

harmonic series

a=1

(—1/n%) sec*(1/m)

. tan(l/n)
28! nlgl;lo l/n _n—}ua -—l/nz
. 1
= lim sccz(—) =1
n—oo 13
Therefore,

o

3 w(3)

diverges by a limit comparison with the divergent p-series

i 1
=
30. § 5(—1)" s § L
n=0 5 n=1 3 + 2
Converges Converges
. N ey _ 1 oo
Geometric seties with r s Direet comparison with (5)
n=1
S n
3. ,2-11 2n+3
Diverges; nth-Term Test
. n_ 1 ‘
w3 270
1 1 1 1 1
)+(3*4)+(4*5)+ 72

2 3
36. ,,Eg"l nin + 3)

Converges; telescoping series

5G-+5)
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37 I}am 1a/”n hm na,. By given conditions lim na, 38. Ifj < k— 1,thenk — j > 1. The p-senes with
iy e p=k—j converges and since

K

. 41,

43,

45

47,

49.

51

is finite and nonzero. Therefore,

[NoCR

ay

L]

n=1

diverges by a limit comparison with the p-series

1,2 3 4 5 R n
S AR I ,
=+l

25 10 17 26

which diverges since the degree of the numerator is only
one less than the degree of the denominator.

& 1

IEZ] n3 +1

converges since the degree of the numerator is three less
than the degree of the denominator.

) n? L n 1
n, ”(5n4+3)_n152e S#i3 570
. o nS i
Therefore, ;1 A3 diverges.

1 1 1
700 v300 "0 b

&1
= 2 o0

diverges, (harmonic)

A U S SO SR S
201 204 209 ' 216 A= 200 + n?
converges

Some series diverge or converge very slowly. You

cannot decide convergence or divergence of a series
by comparing the first few terms.

See Theorem 9.13, page 626. One example is

! diverges because lim Yvn—1
l/f

-1 ] n—tco

8

—land

El
i
[~

dlverges (p-series).

b8
SF:

=
Il
5

P =P
Jm, % =L > 0, the series ngl b%%

converges by the Limit Comparison Test. Similarly, if
j 2z k—1,thenk — j < 1 which implies that '

i P(n)
= On)
diverges by the Limit Comparison Test.

Io1,1 11 & 1
—_ —_— —_ + e o=
AT Y BT -t — 1

40.

which converges since the degree of the numerator is two
less than the degree of the denominator.

& n
42.2n3+1

diverges since the degree of the numerator is only one less
than the degree of the denominator.

. n__ .1 _
4. nll}llclclnn_nhjlclol/n_n—)oon o #0
Therefore, E dlvergcs
PP T T SRS R B
" 200 T 210 T 220 24700 + 10m
diverges

1 1 1 1
Bt T T2 Tt

_2200+n

COnverges

50. See Theorem 9.12, page 624. One example is

1 because S < “1_ and
lconvergcs ec I m

3

2

=
+

1

E]
Ii

S converges (p- senes)

b8
=

£
Ll
—

52. This is not correct. The beginning terms do not affect the
convergence or divergence of a series. In fact,

1 1 [s.2) 1 . .
1000~ 1001 = ";1:000 u diverges (harmonic}
d 1+5 1 ta : +- A i lconver es (p-series)
o 49 T &nt ges (p .
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For0 < @, < 1,0 < a,> < g, < 1. Hence, the lower terms are those of X a,2.

& 1

1

: -3 b

@ D -1 2] O T s 10 20 50 | 100
converges since the degree of the numerator is S, 11,1839 | 1.02087 | 12212 | 1.2287 | 1.2312
two less than the degree of the denominator. :
See Exercise 38, Y 2
( ) @ S Lo -T 5 ~o00mn
o 1 a2 01226 o 20 — 1) 8

© nga Gn-1¢ g 70

: 1 1 o )
55, False. Leta, = = and b, = s 0 < a, £ b, and both 21 % and E %converge.
ne= =1

56. True 57. True

58. False. Let a;! = 1/n,b, = 1/n,c, = 1/r* Then, 59. True

fead
a, < b, +c,but Ezc" converges.
i

60. False. 2 a, could converge or divesge.

n=1 n=1

o

=2

n=1

=] 1
For example, let % b —=, which diverges.
;z; " \/E

1 == I n=1
d 2 - diverges, but

0<l<—
n \/; A=l

Ot
series a,.
0 < 1 < ! and i 1 T, 2 '
g — — converges.
N A A

i=1

[=+] [=.=) oc
62. Since Y, a, converges, then ¥ a,a, = > a,°
n=1 n=1 n=1

converges by Exercise 61.

2
64. >, -35 converge, and hence so does E(}%) =3 %

3G -3

4 .
65. Suppose lim —* = 0 and X b, converges.
oo B,

that b, < 1 forn > N, Thus, a b

1

61. Since E b, converges, lim &, = 0. There exists N such
H—roo

< a, forn > Nand

nn

E a, b, converges by comparison to the convergent

63. E % and Z # both converge, and hence so dpes

From the definition of limit of a sequence, there exists

M > 0 such that

G _

b

0

<1

L

whenever n > M. Hence, a

‘< b, for n > M. From the

L '}

Comparison Test, X a, converges.



276

Chapter 9 Infinite Series

66. Suppose lim % = oo and X b, diverges. From the definition of limit of a sequence, there exists M > 0 such that
n—oo h

67. (a) Let Y a, = 3, (ﬂJr;lB’ and ¥ b, = %, converges.

68. (a) Let 2 a, = 2 ln_n@, and E b, = E %, diverges.

69, Since Ilm a, = 0, the terms of Z sin(a, } are positive for

71

4y,
— > 1
b >

Ld

for n > M. Thus, a, > b, for n > M. By the Comparison Test, Z a, diverges.

1+ 17 .
,}5‘;:; =M A AR

. & 1
By Exercise 65, "21 s 1P converges.

n=3c0 b o 1 n R0
n

By Exercise 66, »19;2 diverges.
A=1

sufﬁcmntly laxge n. Since

lim sinfa,)

n—=oo

=land ¥ a,

. converges, so does 2 sin(an).

n(n +1)/n

The series diverges. Forn > 1,
n < 27

nl/n

A
[

1
nl/n

W
- -

1

v
Fe]
=

1 13
Since Y, 2, diverges, so does > PR

=0

') Letza ”2\/‘ ,andEb —E 1 , converges.

vim %~ 1im 1/('\/7_171'") ]Jm———l—

n—reo b n—eo 1/(1}'") - n—oo V/ﬁ =0

] 1
By Exercise 65, Z ~ converges.
n=1

() Let Y a, = ﬁ and ¥ 5, = i, diverges.

lim 2 = lim "~ = oo
A—o0 b n—oo IN R

By Exercise 66, E ﬁ diverges.

= 1 = 1
0. n211+2+- . -+n='n§1[n(n+1)]/z

= nln + 1)
Since = 1/r converges, and

2/n(n + 1)] 20
E Y[ M A e

1
2152 Tin

=12,

converges,

72. Consider two cases:

and

1 1/n+1) -
Ifa, )

1 . 1
2n+1,thcna Lin+1) 2 (2n+1 5,

a
ann/(n+1) = aw—ll(:H) < 2a,.
n

1 )n/{n+1)

1
Ifa then a,7/¢+ 1) < (2n+1 and

n = 2n+1’

=L
2
combining, ¢ #/@t P < 24+ %

1 X niln
Since 2 (Za + 2n) converges, so does nzlan /l+1) by

the Companson Test.
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Section 9.5  Alternating Series

% 6 @ (=116 % 3
b ngl n2 & RZI n2 ’ > "21 J
S5 =6 ‘ 5 =6 5, =3
8y =715 8, =44 S, =45
S3 = 8.1667 ' S, =~ 5.1667 S,=50
Matches (d). Matches (f). Matches (a).
= (1) 13 g |10 & (=110
4. RZ] I’L! ) =1 ,7211 6. ngll nzu
S, =3 8 =5 $=5
§, =15 8§, =625 S, =375
5y =20 Matches (e). Matches (c).
Matches (b).
ool(__l)nul _a
7. 2} S =~ 07854
@ T 2 3 4 5 6 7 8 9 10

1| 0.6667 | 0.8667 | 0.7238 | 0.8349 | 0.7440 | 0.8209 | 0,7543 | 0.8131 | 0.7603

(c} The points alternate sides of the horizontal line that represents the sum of the series.
The distance between successive points and the line decreases.

(d) The distance in part {c) is always less than the magnitude of the next term of the series.

oo (_.l)n-l B 1

8 2 G e 0367
@0, Til27 3 4 5 6 7 8 9 10
S 1|0/ 05] 033330375 03667 | 03681 | 0.3679 | 0.3679 | 03679

® 2

] 11
0 .

{c) The points alternate sides of the horizontal line that represents the sum of the series,
The distance between successive points and the line decreases.

(d) The distance in part (c) is always less than the magnitude of the next series.
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o (_ l)n—l B ﬁ ~
9. HZI =1~ 08225
@ Tl 2 | s 4 5 6 7 8 9 10
S 11| 075 08611 | 0.7986 | 0.8386 | 0.8108 | 0.8312 | 0.8156 | 0.8280 | G.8B180
® w
a
- L] 5 Y
(] 411
0.6
{c) The points alternate sides of the horizontal line that represents the sum of the series.
The distance between successive points and the line decreases.
(d) The distance in part (c) is always less than the magnitude of the next term in the series. '
10 i LD Gin(1) =~ 0.8415
C A (2 — (n— 1) )
@ Ti] 2 3 4 5 6 7 8 9 10
8, | 1§ 08333 | 0.8417 | 0.8415 | 0.8415 | 0.8415 | 0.8415 { 0.8415 | 0.8415 | 0.8415
(b) 2

g .

13.

0

(c} The points alternate sides of the horizontal line that represents the sum of the series.
The distance between successive points and the line decreases. ‘

(d) The distance in part (¢} is always less than the magnitude of the next series.

s
A= n
i
1 i
Gpyy = <—-=4g

i(_l)n+l

e 2n— 1

a - 1 < ! - &
1T o+ 1)—1 2n—1 "
. |

nlgchn—l_O

Converges by Theorem 9.14

14.

i (__1)n+1n
“ In—1

Him -1
n—oo 200 — 1 2

) ( l)n
; In(n + 1)

1 i
1T Iy +2) " In(n + 1)

Hm ———!——-
n—oco ].n(n + 1)

Converges by Theorem 9.14

=a,
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00 (_ l)n ne o0 (_ l)n tlp
15, "21 Z 6. ;1 pra
. r . ' n+1 n
nlihnr;lonz +1 1. Thus, nl_n}l;a" # 0. Gpe1 = n+12+1 SwEr1 O
Diverges by the nth-Term Tcét . 7
lim -~ =0
oo BT 1 1
Converges by Theérem 9.14
(g 1)1: ( 1)n+1n
17. St 18.
ia=1 \/ﬁ ,21 2 + 5
Qyyq = S < L a li . i
n+i '/n + 1 \/E n ,,EED nz + 5 B
lim 1 0 Diverges by nth-Term Test
Ao 21
Converges by Theorem 9,14
w (— n+1(n + 1) = (—‘ l)"”'ln(n + I)
2 eA— D
. n+1 . 1 Infln+1)+1] Ink+1)
lim ———— SR S +1) = =
e T D) AR am ) = R EE T T
Di by the nth-Term Test
iverges by the rth-Term Tes lim In(n + 1) im 1/in+1) _ 0
. n—bco H T n—ce
Converges by Theorem 9.14
o0 2n— 1w ® 1 . n— 1 2 {(—1)nt?
R ot B 2. § LG 0e)_ 5 €O
n=1 R n=1 n
Diverges by the sth-Term Test Convergcs; (See Exércise 11,
ko) =] o0 o f—F o0 "
3. Ecosrmzz(fﬂ" 4. El os 1 =E( 1) E 1)
n=1 n=1 n=1"7 n=1 o =
Diverges by the nth-Term Test Converges; (See Exercise 11.) 1 1
’ dni1 (n + 1)| < al = 4,
lim — =0
n=ac n'

26. 5
,;o (2’1 + 1)l
o = 1 < 1 =
P T T T
1

lim =0

n—co (2}’1‘. + 1)'

Converges by Theorem 9,14

27.

= (—1pt+1 o (— 1)+l
§ (it 2 § G
& ont2 A=1 In
S+ 1 n'/?

= - i = l 176 =
Gn+1 (n + I) +2 r:l—lflgo n1/3 nlingon e

YA P SN Diverges by the nth-Term Test

n+2

v 0

Converges by Theorem 9.14
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oo (.__ 1)n+1n!
29,
,i; 1 - (2n — 1)
B (n+ 1) _ nl -n+1=a(n+1)<a
Gnen T3S - ant+ D) 1-3°5---@n—1) 2n+1 “Mam+1)
i - i nt l 4
e T BT 3 5 n- 1)
. +2+3:n
=Hm T3S, (2n -1
3 4.5 n 1
‘,,15&2[3 57 2n—3] w1 °
Converges by Theorem 9.14
& +3+5-(2n—1}
—1)n*1
S&E;( “4+7-- (3 -2)
_1+3: (2n - DZn+ 1) (2n+1)<a
1T 14 Grn-20Gn+ 1) “3p+1) "%
57 9 wm-11 1
Am a, = lim 3[2 ‘77100 - 5]3;: -2
" Converges by Theorem 9.14
oo (— n+i(2) o 1)n+1(26n) oo 2(,1)n+1 8 (.._l}n+l(26n)
31.; 2 T 32‘,121e"+eﬂ*,,;1 o
Let f{x) = T Then Let f(x)
—2&% (¥ + 1} e (1 — &)

() = —2€ e 1) o ) =220 . p¢ 0.
F) @ — 17 ‘<0 FAEY) (?x+) < Oforx >
Thus, f(x) is decreasing. Therefore, a,., < 4,, and Thus, f{x} is decreasing for x > 0 which implies

— lim b . -1_:0 Gptq < Gy
ng.g:- 82" - 1 nl)oozezn ni{gue". ' h,m 1 26" = lim _L= 0
e € + 1 nlen 26 noeo "

,,,,,,
.,

35.

% s
. Sﬁ =

The series converges by Theorem 9.14.

— 1)+l
% = 2.4325

)

n=1

04325 — 0.0612 < § < 24325 + 0.0612

3
Ry = S — S < ay = 55 = 0.0612

23713 £ § = 2.4937

5 2(_ 1)"

= (7333
n!

Sg =

=0

0.7333 — 0.002778 < § < 0.7333 + 0.002778

2 0.002778

IRG{ 6!

1§ 8| < a;, =

0.7305 = § = 0.7361

36. S,

(a4

The series converges by Theorem 9.14.

& 4(_I)n+1
Yy == —_—
Fe= = n(n + 1) 27067
Ry| = 1S ~ S| < @y = — ~ 1.9236
6 &l = Ing

0.7831 < § < 4.6303

= 0.1875

6
- 1
IRe|l = |5 - S| < a, = 57 ~ 0.05469

0.1328 < § < 0.2422
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3. i (.n!)ri

(a) By Theorem 9.13,

1

|Ry| € ayyq = m < 0.001.

This inequality is valid when N = 6.
{b) We may approximate the series by
1", 1 1 i

(1

—_

& .
=] — 1o —
,,20 r! =1 2

6 24 120 720
== ().368.
" (7 terms. Note that the sum begins with n = 0.)
o) (_ l)n

3. ,,20 (2rn+ 10

(a) By Theorem 9,13,

1
< S —
Byl < a1 = Gv 7+ 13

This inequality is valid when N = 2.

< (}‘001._

(b) We may approximate the series by

L (= 1 i
,,ZU(Zri T 1T e 08

(3 terms. Note that the sum begins with » = 0.}

(_ 1)n+1

a §
=1
(a) By Theorem 2,15,

1
Rl < ay.y = g < 0.00L

This inequality is valid when N = 1000,

(b) We may approximate the series by

iO(I)(._l)ri+l 1 1 1 1
A o] S e ——
& n 1-3%37% 1000
= (),693,
(1000 terms)
oo (_1)n+l
43. 3 3

By Theorem 9.15,

1
|Ry| < aye, = m < 0.001

= (N+1P > 1000 = N+ 1 > 10.

Use 10 terms.

Z’ Z”nl
(a) By Theoram 9.15,
1 .
IR,| € ayey = m < (.001.

This inequality is valid when ¥ = 4.
(b) We may approximate the series by

~ L Loeom.

1
YT w s

=1 1
Y 270l 2
(5 terms. Note that the sum begins with r = (.}

ocl (ﬁ, l)n
40.

,,Eu (2! _

(a) By Theorem 9.15,

i
|Ry| € ayyq = W < 0.001,
This inequality is valid when N = 3,
(b) We may approximate the serles by
1,1 1
@n)t 2t 94 "7 = 0540

(a) By Theorem 9.15,

1

|RN| Say = m < 0.001.

This inequality is valid when N = 3.

(b) We may approximate the series by

3 1)n+l 1 1
Z _Z* g = 0224,
(3 terms)

oo n+1

) ”
By Theorem 9.‘15 ,
1
Byl € ayyy = W17 7 < 0.001

= (¥ + 1)2 > 1000 = N = 3L

- Use 31 terms.
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( 1)n+1
45. E 208 — 1

By Theorem 92.15,

1

W < 0.001.

IRNl Sy =

This inequality is valid when N = 7. Use 7 terms.

oo (_ 1)n+1

47. 1—(n+ Dz

n=

1 .
( 12 converges by comparisen to the p-series

I MS

H

1
E.

|

Il
—

n

Therefore, the given series converges absolutely,

The given series converges by the Alternating Series Test,
but does not converge absolutely since

b
&l

n=1

is a divergent p-series. Therefore, the series converges
conditionally.

l)r:+ i n2

g (-1
Z’ {n+ 1)2

n‘).‘
n]ingo (?’l + 1)2' =1

Therefore, the series diverges by the nth-Term Test.

The given series converges by the Alternating Series Test
but does not converge absolutely since the series

s 1
E nn diverges by comparison to the harmonic series

& 1
E - Therefore, the series converges conditionally.

converges by a limit comparison to

n =1
o8l .
the convergent p-series E —. Therefore, the given series
n=2 4

converges absolutely.

o (—1ytl
46. ( 11
n=1 H
i
By Theorem 9.15, [Ry| < ay+ = TR < 0.001.

- This inequality is valid when & = 5.

The given series converges by the Alternating Series Test,
but does not converge absolutely since the series

diverges by the Integral Test. Therefore, the series
converges conditionally.

(_

1)n+l
1 n\/g

b8

50.

n

= 1 _— .
E P which is a convergent p-series.

?Mg

Therefore, the given series converges absolutely.

oo (_ 1)n+1(2n + 3)

2.
,Z’l n+ 10
2n+3
T ?

_ Therefore, the series diverges by the nth-Term Test.

o0 (_ l)n

)
n=0 et

54.

| -

— converges by a comparison to

s

n=0

. & (1Y
the convergent geomefric series 2 (;) . Therefore, the

given series converges absolutely.

oo (k 1)n+i
56. Y, s

n=1

= 1
Z — is a convergent p-series.

Therefore, the given series converges absolutely.
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I fes) _— 1 L3
E ) 58, E _(__._)__.._
A (2n +1 P |
2 The given series converges by the Altcméting Series Test,
(Zn + 1) but
is convergent by comparison to the convergent geometric i 1
series st 4
i (};)n diverges by a limit comparison to the divergent p-séries
=0 2 oo 1
since ,,Zlﬁ
1 Therefore, the given series converges conditionally.

1
@+ D < oy forn > 0.

Therefore, the given series converges absolutely.

i lcos | =

&y ontd e+l

diverges by a limit comparison to the divergent harmonic
series,

51

rzﬁ n

|cos nar|/(n + 1)

1/n

converges conditionally.

= 1, therefore the series

oo (_ l)n

& COSs A
61. 2’1 n _nzl n

L, .
—1sa convergeint p-series.

s

143

]
-

Frd

Therefore, the given series converges absolutely.

63. An alternating series is a series whose terms alternate in
sign. See Theorem 9.14. '

65. X a, is absoluiely convergent if =a,| converges. = q,
is conditionally convergent if Z|a,| diverges, but £ a,
converges.

67. PFalse. Leta, = %ﬁ

Then ' a, converges and > (—a,) converges.

But, ¥la,| = ;1; diverges.

]

60. > (—1)"*arctan n
n=1 :

lim arctannﬁéz#ﬂ

R0

Therefore, the series diverges by the nth-Term Test.

= sin[(2n — Dw/2] & (—1p+!
62. =
r;l i :21 n
The given series converges by the Alternating Series Test,
but
S’: sm[(2n - a2l &l
fr=1 e RL

is a divergent p-series. Therefore, the series converges
conditionally.

6d. 15— S| =R, < a,.,; (Theorem 9.15)

66. (b). The partial sums alternate above and below the
- horizontal line representing the sum.

68. True. If % |a,| converged, then so would ¥ a, by
Theorem 9.16. -
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1 1 1
69. True. S = m1+§w§+- . -+100 70. False. Let
Since the next term —757 is negative, S,q, is an ' Na, = 3b, = 2 C 1)

overestimate of the sum.
Then both converge by the Alternating Series Test. But,

Yab, = 2 which diverges.

(=] 1 fe's]
a— n_
71. nzl( 1) Y 72. 2 . er
_ = o Assume that n + p # Osothata, = 1/(n + p) are
Ifp =0, then HZI( Ly diverges. defined for all n. For all p,
3 o R
Ifp < 0, then ,21(_ Lyn—# diverges. nlglgo a, = nlggo e 0
If 0, th lim-l——'O d Qpyy = ! < L <a
p> U then A we DA ML g+ l+p ntp T
_ 1 1 Therefote, the series converges for all p.
e = m < P = d,.
Therefore, the series converges for p > 0.
73. Since
5 o
converges we have lim |a,| = 0. Thus, there must exist an N > 0 such that |@y| < 1 foralln > N
and it follows that 4,2 < |a,| for all» > N. Hence, by the Comparison Test,
2 an’
n=1
converges. Let ¢, = 1/n to see that the converse is false.
oo (—1)"“] = 1 = i 2 |
74, ~———— converges, but = diverges. 75. - converges, hence so does —
2 nverges, b "Z:I , diverg ;::] 3 g ,Zl ]
frad xﬂ . .
76. (a) Z ";; 77. (a) No, the series does not satisfy a, ., < a, for all n. For
nt ' ‘ ' example, § < 3. ‘
i for —1 1
c?nverges absolutely (by comparison) for < x <1, (b) Yes, the series converges.
since
1 1 1 3
= < |x"and ¥ & R I L TR T
. . . 1 : | 1 i
is a convergent geometric series for —1 < x < 1. = {3 ot =13 + + 3
{b) When x = —1, we have the convergent alternating ' o i . .
series : = — 4. + = = 4 - —
(1 a7 zn) (l 3 3")
$ (~ 1)
Az1 R As -3 GO,
. ; . ‘ 1 3 1
When x = 1, we have the divergent harmonic series =7 = ==
® - ST T To "2 22

1/n. Therefore,

& X
2 -, converges conditionally for x = — 1,

n=1
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78. (a) No, the series does not satisfy a, . | < a,;
= 1 1 1
—1p*lg =1 —-=+——-=—+- " -and
n:l( e 8 /3 o4
1L
NEY
& 10 = 1 & 3
79. ":im = IO,Z m, 80, ;} L5
convergent p-series converges by limit comparison to
convergent p-series
1
PP
82. Converges by limit comparison to 83. Convergent geometric series
. . . 1 '
convergent geometric series », o (r _ % - 1)
85, Convergent geometric series 86. Converges (conditionally) by
(r =1/ JE) or Integral Test Alternating Series Test
88. Diverges by comparison to 89. The first term of the series is zero,
Divergent Harmonic Series: not one, You cannot regroup series
terms arbitrarily.
nn > 1 forn =3
n n
1 1 1
e =t—=-c4+-—=+-
21. s s t37% +
1 P, 1
e i = T A e
S=1 + 5 + + 9 + 11
. 1,1 1. 1 1 1 1
[ — [ — —_——— ] . [
W sm=1o5%374%57% n—1  an
1 1 1.1 1 1 1 1
= =——_ =4 = — = —_ —_
2’2 T27 476 s T 10 in—2 4n
. 1 1 1 1 1
: =8 = oottt
Adding: s,, + 25 1+ 3 5 + ) n 3

(iiy Yim s, =s (Infact,s =1n2)
n—oo
s+ Osince s > -21-

1
=s+—s:§s

. 1
5= nIl)Iilo S3n =S4y + 7 528 2 2

2
Thus, § # s.

(b} No, the series divergcé because E% diverges.
Hi

81. Diverges by nth-Term Test

lim a, = oo
A—roo

84. Diverges by nth-Term Test

lim g, = =
ﬂ—*no" 2

87. Converges (absolutely) by

Alternating Series Test

96. Rearranging the terms of an

aliernating series can change
the sum.
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Section 9.6  The Ratio and Root Tests

1 (n+ ) (nt Diwn— 1) - 2)! 5 (2 — 2)! _ {2k — 2!
" n—20 {n— 2! T2k 2k)(2k — 1)(2k — 2)!
={n+ Dn)n— 1) ‘ 1
2Rk - 1)
o . . o @2
3. Use the Principle of Mathematical Induction. When k = 1, the formula is valid since 1 = ETRRTE Assume that
_ (!
1-3:-5-- -(?,n—l)—z”n!
and show that
_ _ (2n+2)
135 2n—12r+1)= i + T
To do this, note that:
1-3-5--2n-DCa+ 1) =[1:3-5--2n— 12+ 1)
!
= %% « (2n + 1) (Induction hypothesis)
_ Q2ni2n+1) (2n+2)
2" nl 2+ 1)
_ (2n)!2n + 1)(2n + 2)
27+ gtn -+ 1)
_ (2n + 2)!
21+ m + 1)
The formula is valid for all n = 1.
: o S RS B <1 {€)]6))
4. Use the Principle of Mathematical Induction. When & = 3, the formula is valid since 1 e 1. Assume that
1 _ 2%nl(2n — 3)2n — 1)
1:3-5--+(2n—-15) (2n)!
and show that
1 2t + O2a — D2n + 1)
1:3:5-+(2n-5)2n—3) (2n + 2)! :

To do this, note that:
1 - 1 1
1-3+5- - (2m—52r—-3) 1-3-5---(2n-5 (2n-3)
ﬂZ"n!M(Zn—l). 1

{2n)! (2n—3}
_Zan—1) (@n+ D)@+ 2)
T (2t On + 1)(2n + 2)

2@+ Unl2n - 102n + 1)
- (2et(2n + 1)(2n + 2)

_ i+ DI2a - Da+ 1)
B (2n + 2)

The formula is valid for alln = 3.
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S I R 1

n=1 n=1
3 3 8§ =9

8 ==, 8, ~ 1875 8§ =8 =~ 1.03 !

o Lo Matches (f).

Matches (d). _ Matches (c).

o0 (—l)"*ld- 4 4 m( 4n )r.' 4 (8)2 = - 4
. A e e f e 9. =—+4i=] 4+ - 16. R
2 emr T2 2 253 =2t g P .

§ =2 S =2,8 =331 S =4

Maiches (b). Matches (a). Matches (e}.

(e 1R5/8p (n + 1)12 s
ariS n2(5/8)" = nlggo g=3 < 1. Converges

11. (a) Ratio Test: Hm F’ﬂ =
n—co ﬂn

n
® n 5 10 15 20 25
S, | 92104 | 16.7598. | 18.8016 | 19.1878 | 19.2491
(C) 20
5@
e®
)
gﬂ
@
®
0 12

(d) The sum is approximately 19.26,

(2) The more rapidly the terms of the series approach 0, the more rapidly the sequence of the partial sums approaches the sum
of the series.

(n+12+1
. T A S ) (n2+2n+2)( 1 -)_
12. (a) Ratio Test: ,,1520 a = nli,nolo —zr1  Mm 21 Py 0 < 1. Converges
n
® n 5 10 15 20 25
S, | 7.0917 7.1548 7.1548 7.1548 7.1548
(cy o : (d) The sum is approximately 7.15485

(e) The more rapidly the terms of the series approach 0, the more rapidly the

e CBBB OB
&
sequence of the partial sums approaches the sum of the series.

n! =
13 - 14 —
HEO 3" nED 7l
. nt1 N [ L P A y*t oon \
nlingo a, nl—)cxl 3n+1 .l nll,Ilgo a, o0 (n + 1)! 3n
T oo i -~
B n—yoe 3 niﬁolc n+ T -

Therefore, by the Ratio Test, the series diverges. Therefore, by the Ratio Test, the series converges.
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oo 3\
5. $43)
nzln 4

(n + 1)(3/4)0"!

. a’n+1 T
-'!11{20 a, nlggo n(3/4)y
~ tim 3(n+1)“2§
=200 4

Therefore, by the Ratio Test, the series converges.

R n
7. -
1 22
. Bntz| _ 1 i"l"‘l.?_'Ig
nl—nblgo a, 1}‘1—1720 2+l n
n+l 1
n—ea 2R 2

Therefore, by the Ratio Test, the series converges.

oo N
9. 35
n=1
2n+l n’Z
v ntt| _ -
nll?;: a, nlv)oo (n + 1)2 2"
n? 5

=M i

Therefore, by the Ratio Test, the series diverges.

& (12
21, ngo -

R Guiy| qu+l . n_|

nl—L?go a, r—Yo0 (n + 1)' 2

lim
oo it 1

Therefore, by the Ratio Test, the series converges.

= n!
23. nzl n3
A . (1)t n3
nl—]{{-lo a, nlggo (n+ 1)37%1  nl
= lm 2 =00
RO

Therefore, by the Ratio Test, the seriés diverges.

B I Y D (0 ) < LA
nil)rilc a, nll)Igo 2"+1 n3®

3nt1) 3
B R ——

Therefore, by the Ratio Test, the series diverges.

& nd
18. 22
. Ja"+l B .y '(n+1)3/2n+1
rilgleo a, ‘—}i}l‘l;lo n3/2"
N 2l Vi B |
=im s T2

Therefore, by the Ratio Test, the series converges.

=) )n+l(n+2)
20'2 nlp + 1)

a = n+3 n+2 —a

L+ D+ 2T e+ 1) n

lim 22 _
f—oo n(n + 1)
Therefore, by Theorem 9.14, the series converges

n+1
a,

Note: The Ratio Test is inconclusive since hm

The series converges conditionally.

(—r-r3/2)y

2 5=
| @/ 2
nh—_)tgo a, | nlggc m+2n+1 (3/2)7

- _ ¥ 3
TR Mt 2t ) 2

.Therefore, by the Ratio Test, the series diverges.

o= 1
amy1 M .
. ansa @Gr+2))
e | T A 1 Qal

L (@n+2)2n+ )
= T v 1P

n—co

Therefore, by the Ratio Tﬂst,‘ the series diverges.
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Section 9.6
oo 41'1 fore] nrl
25, HZ();!- , 26. ,121 oy | .
P L 4+t on N R N (U 1)"“ nl
o e i [ T RN s Rl (P T
- km _ {n -+ L}{n+ 1yn!
n—eo i+ 1 nooe  (n + Lnla®
Therefore, by the Ratio Test, the series converges. : . e+ 1y
= lim =e¢>1
h—yo0 I
Therefore, by the Ratio Test, the series diverges.
S or
=1
N Y D I N o V. I I o ) A (n-?-l)": (g)m
e e B T R iyl ) Bl ) Rl
: . (r+ 1\" o fr 1Y
To find nl]j‘go (n T 2) ety = nl_l{'l;lo (n T 2) .Theg,
o at1y_ . et )/m+2)] 0
]“y*nlg’;”m( +2)_,,1HEO 1/n "0
= iy LW/ )] ~ [/ n + 2)] .
Iny= ,,]EEG /) —1 by L’Hbpital’s Rule
y=¢l= %.

4

& ()2 &
2 2, G 2. ,,203" +1
[+ F | Gn)t N B I R S
noee | g, [ramv=t (Bn + 3) (n‘) C o onoee]| a, n—oo 3+l 4] 4n
_ (r+1* -0 _ 435 + 1)
AL, (Gr +3)3n + 2)Gr + 1) ‘ nooo 31HL 41
40 +1/3) 4

Therefore, by the Ratio Test, the series converges. - tm _
n—oo 3 "l“ 1/ 3" 3

Therefore, by the Ratio Test, the series diverges.

l)n 24n
30. E (Zn + 1)
. |agaal| 244 Q1) 4
nlg{-lc a, r;w)oo (2?1 + 3)' 24" ral-aoo (2?1 + 3)(2)’1 + 2) =0
Therefore, by the Ratio Test, the series converges.
= — 1)+
i ,;0 1 (2n 4+ 1)
. eetl | {n+ 1) _1-3-5---(2n+1)=. ntl 1
A T T3S s Dan F 3 l noe2n + 3 2
Therefore, by the Ratio Test, the series converges.
1 21 3!

Note: The first few terms of this series are ﬁ1+1.3 3.5 1-3.5.7
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33,

3s5.

37.

39.

41.

A25-8--(Br—1)

e |l 24 20(n+2) 2-5--(3r-1) _ m+2 2
1 = liln . = lim d
asco | @, nee |25 (B3n— 13 +2) 2-4---2n i 3n+ 2 3

Therefore, by the Ratio Test, the series converges.

. 2 24 2-4-6
Note: The first few terms of this series are 5 + 575 3758 o
2 '—7‘ .‘ 34, ,,Z[m
o 81| _ g 13 Iff T [Bnril .__1_&
nlggc a, nllfgo (n+1p?2 1 n—eo | 4, n—oo j(n + 1)V2 1
, n Y2 . ( n )1/2
ﬁn]i)Igc(n‘l'l) —_1 _nh—{lc}o n+1 =1
Ratio Test is inconclusive. Ratio Test is inconclusive,
— 36. —
r{§=:1 nt nEll 1w
o | _ o n_“ = H ( r )4 = N S R I S i (
R i B A T Jmin ) T F 0 e R4 o VRN (- 1Ry

21 (Zni 1)" | 38. iﬂ“ (n + 1)"

2n "
#, 3 i — H n
o Yl \/ i Tl = tim 3/ ()

= lim = = lim n__
n4m2n+1 2 nscon + 1
Therefore, by the Root Test, the series converges. Therefore, By the Root Test, the series diverges.

= f2n+ 1Y : & [4n £ 3V
Z’(n—l) 40',.21(%*1)

n X + n
Iml ‘"/a = lim (2nj11) hm{? = lim (;Z_i)

n—»o0 R n—o0
© f2n+ 1 o Ant+3
—n]i)lgo(nfl)_ _—n]in;:zn*lu
Since 2 > 1, the series diverges. Since 2 > 1, the series diverges.
) (_ l)n . oo( —13n )?m
,,22 (In nj" 2. ,El 2n + 1
m ¥a] = lim o L tim ¢|a,| = lim ( _3n )
n—o0 " aseo (In )" Pyl T S 2n+ 1

i

— lim —— =0 ‘ lim ( 3n )3=(§)3=2_7
_n—)oo |]nn| n—es \2n + 1 2 8

Therefore, by the Root Test, the series converges. Therefore, by the Root Test, the series diverges.
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3. S 2gm+1)

=1

hm\’/'|a hm\/ "n+1 —11m 2n+1)
To tind hmf lety = lim 2/n, Then
Iy = lim (ln&/n) = lim Slnn = lim 22 = lim
R—y0C n—oe § f=ee R n—co

=0

Thus, Iny =0,s0v = ¢° = 1 and lgn (2\%_1 + 1) = 2(1) + 1 = 3, Therefore, by the Root Test, the series diverges.

44, E en
n=0
. 1 1
lim \”/|aE*hm o — ==
e —roa ‘e" €

Therefore, by the Root Test, the series converges.

(=] n n
0 2, (Zs“aa)
am -l \/ 500

=nhi&(s—m“)=°°

The series diverges.

& (Inn\
) (T) |
lim Y/ o, = lim (-]%E)n

n—oo

= lim 2o < g

HA—3o0 P

By the Root Test, the series converges.

50 2 En:,;: E (nz)n

n=1

I
lim ¢/[a)] = Jim o/ 2 '
n—oo n-yo0 (R
. #l
= lim — = oo
n—oo #y

The series diverges.

= n
S“IHEIE
Jim Yla,| = Hm of
i a1
i 4 4

Since‘ll < 1, the series converges,
Note: You can use L'Hopital’s Ruie to show lim !/ = 1.
R—00

Inn

Lety = p!/" = Iny =
ft

tim 22 =y 12
n—os 1 H=—oo 1

Hence, lny—0 =3 y = ni/"—1,

< /1 1y
47, ngi(;mﬁ)

lim ¥|a,| = lim 7 (1——1-2‘)

r—e0 ] n M
:Hm(lfl)m0*0—0<l
n—0e \ 1 n,

Hence, the series converges.

2 inn)"
nli{go | ni (]I] f‘t)
1/ri

= lim =0
n-3c0 10 12

Since 0 < 1, the series converges by the Root Test.

oo(__.l)nirls
51‘1'121 no
_s 5.,
el Ty S
liméz()
—eo A

Therefore, by the Aliernating Series Test, the series
converges (conditional convergence).
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?:Mg
o[-

==
52 255

This is the divergent harmonic series.

“ 57

Since /4 < 1,this is convergent geometric series.

X. n
56. 22n2+1
2 _1

n/(Zn,2 + 1) n 1
n-)m l/n nh-fgo2n2 +1 2 >0

This series diverges by limit comparison to the divergent

harmonic series

bvig .
J |-

=
1
—

w S50

lO/ 3n3/2
im —L=2E
n—ao 1/ n3/ 2
Therefore, the series converges by a Limit Comparison
Test with the p-series . '

_ 10
3

& 1
nzl ;3/_2.
@ S a1
o2 (m2er . (n2r
dim e 7 T m g, T T im T

Therefore, the series diverges by the snth-Term Test for
Divergence.

= <
BT+ Dinfn+ 1) o
1
=0
By
Therefore, by the Alternating Series Test, the series
converges. _

_1_
o

|]
3M8

= 5.5

This is convergent p-series.

> ,,Z:]n-i-l

=2+#0

nl-Lauc}o n+ 1
This diverges by the ath-Term Test for Divergence.

o0 __1?:3)1—2 =) 1n3n32 «w ] 3\
7. § S 5 - 55

o%

Since |} =3 > 1, this is a divergent geometric series.
& 10n+3
9. “21 —on
{10n + 3)/m2" 10n+3 _ 10
oo 1/2” n—oo n

Therefore, the series converges by a Limit Comparison
Test with the geometric series

0}

n=0

cos n
2ﬂ

1. §

n=1
cosn
o

Therefore, the series

<1
2?1

converges by comparison with the geometric series

560

L0 n7ﬂ
63. ,21 i
e (m 17t | T
n1-1—>nolc q, e (n + 1)' n ﬂlg'go n 0

Therefore, by the Ratio Test, the series converges.
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Section 9.6
2 Ill(f’l) @ (— 3:1 1
61. S 8 2
=1 =
In») L i iy _ 4 3 oon|_ 3 0
- ﬂ3/2 rrl)ngo a, 300 (n + 1)' 3t B n—oc i+ 1 h
Therefore, the series converges by comparison with the Therefore, by the Ratio Test, the series converges.
precxies (Absolutely)
& 1
ngl ﬂ3/2
= (_, l)n kU
66,
6 nzl n2"
a 3a+i n2° 3n 3
1i ntl|l — —| =1 —_——
nl>nol° QR n—)OO (n + 1)2"+1 » ﬂll)lgo 2(}‘: + 1) 2
Therefore, by the Ratio Test, the series diverges.
oo (_3)n
67. ,,2136 v 7 (2r+ 1)
- M (~3)p*t 357 - -@n+1)|_ 3
| T ST e DG T Y (=3 =i i3 ¢
Therefore, by the Ratio Test, the series converges.
i (2n+ 1)
F 18'i (Zn -~ 1}nl
N LT . ‘3-5-7- ~(@n+ 1)@2n +3) 18"(2n — Dnt | i @nt+3)2n—-1) 1
=4 nevie | 1871120 + 1)(2r — Dn 3-5-7 @+ ) o 182a+ D2a— 1) 18
Therefore, by the Ratio Test, the series converge.
62, (a) and (c) T0. (b) and (c)
S G Vi 3 & 3)"—1
Sa-ife So oy - 206
L @6r  GIEP | @6) . _ 3 332 /3\3
5 3 T =i+o3)+3ly) + 43
71. (a) and (b} are the same. 72. (a) and (b) are the same.
i (= _L__1_. 1 _
on—1)2071 2 2.2% 3.28
i( A D S
e e 2.22 3.2
73. Replace n with n + 1. 74. Replace n with n + 2. 73. Since
= p ® nt+1 =0 i [==] 2n+2 310
—_—= = —_— et}
PR 2o 2 Zoqg) 159 X 107
use 9 terms.

9 (_3)k
2w ~0,7769
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(=3) & (—3)k 2k
D Aok D

_ 8 (6ku
T AL Rk + 1)

~ 0.40967

b |
=
o
[}
gl
.
[F%)

(See Exercise 3 and use 10 terms, k = 9.)

75, lim |anes| _ im |2n + 1)/(58 — 4)a,
oo 4, n—poo a,
2n+1 - 2

= me, a5 <!

The series converges by the Ratio Test.

80. Iim %% = lim (cosn + 1)/(n)a,
rooo| d, nyon a,
+
=&l oy
A—co n

The series converges by the Ratio Test.

82. The series diverges because lim aq, + O.
n—oo

1

a;, ==

1 1/2
(Z) "2

1\1/3
a; = (5) = 0.7937

=N

In general, @, ., > a, > 0.

34, i nt1
r=0

+ Wn +
lim ¥|a, wl I 1=]jm ntl

o0 3n n—co 3
Iim %/n + 1

H—yOQ

lim (]n"‘/n + 1)

n—co

lim Lin(n + 1)

n—oo JI

Il

o Let ¥
Iny

Il

R VR
nl]_])l;lo n T e+l

If

=0

Sincelny =0,y = ¢ =1, 50

vr+1l 1

b R

Therefore, by the Root Test, the series converges.

83. lim

7. lim ﬂ+l = lim |(4n - 1)/(3?2 + 2)0"
n—oc| 4, n—)col a,
= lim 4n — 1 i o1

n-soo 3n + 2 3

The series diverges by the Ratio Test.

(sinn + 1)/{/na,

79, lim [225L — fim
ool 4, n—oo d,
, sinp+1
_nggg n =0«

The series converges by the Ratio Test.

an+I
a

81. lim

‘(l + 1)/ {n))a,

ri—)m

lim (i + 1) =1
n—oo n

The Ratio Test is inconclusive.

£

fl

But, lim «, # 0, 50 the series diverges..
R—o0

1+ 2 nln+1)
g 3@ DEe 4 D)

Gn+1

n~to0 1-2--n
13 -@2n—1)
n+1 1

—nluggo2n+1_5<1

300 anl

The series converges by the Ratio Test,

t
4 (lnn)

85,

INGE

hm‘/|a| 1 =1hn-1“m%ﬂ

(Ill II) n—oo In n

Therefore, by the Root Test, the series converges.



Section 9.6 The Ratio and Root Tests 288

1-3-5 «-2n— 12+ 1)

| 1203 - (2a - 1)2R)20 + 1) &7 Tim %Ll — 13 2x/3)r 7!

86. nlinolc ) a, nll{lq}o ‘ 1«35 -- (2n - 1) oo 4y "]"I’l‘;lc 2():/3)“
1-2-3 (-1 | ok

2n+ 1 nsoe |3 3

PRI R

. X
For the series fo converge: 3 <l = —3 <x <3

The series converges by the Ratio Test.

For x = 3, the series diverges,
For x = —3, the series diverges.

Answer: —3 < x <3

: . x+ 11 . a (x + 1)n+1/(n 4 l)l
aflg | = n ol —
. tim </la] = tin o | 8. Jim |5 = i
Lo Jat 1l x+1 _ _
= M 17 ‘* 4 ‘ *ni'?onﬂ(x“)i"”l“rl"
For the. series to converge, For the series to converge,
+ : + — +
il | R R k+l<l=—-l<x+1<1
4 .
= —2<x<0
= -5 <x <3 oc(_ n
- . _ Forx =0, E , COMVErges.
For x = 3, > (1)", diverges. ' =t
e | Forx = - i — ( 1) = i l diverges.
= Ry &

For x = -5, E {—1y, diverges. ‘
A=0 _ Answer: —2 <x <0
Answer: —5 < x < 3

( + l)l xjn+l
n 1=
2 -1 a+i ‘ 7
9(}.Iim2m=hm~££————|—— 9L lim %21 = {im
n—veo |, H—oo le— 1| n=yoo | a, n—oo n E"
|2
= lim [ — 1] = |x — 1]
n—oo x
For the series to converge, ' = lim (n + 1)‘5‘ =
Heroo

-l <l=~l<x-1<1 The series converges only at x = (. .

= 0<x<?

Forx =2, E 2(1)", diverges.
n={_

Forx =0, ¥ 2(—1), diverges.
n=0 )

Answer: 0 < x < 2

92. lim Y lim

e+ 1jrF e+ 0 x+ 1 — o
n-roe | @y Hden (n + 1)' / B h

n! n-soo 7+ 1

The series converges for all x.

93. See Theorem 9.17, page 597. 94. See Theorem 9.18.
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1 - 1
- No. = ! —100 + = ).
95. No. Leta, = —— 0.000 _ ~ 96. One example is ;I( 100 n)

==
The series > diverges.

1
2= n+ 10,000
97. The series converges absolutely. See Theorem 9.17.

98. Assume that
lim ey /a,| =L > 1or that lim |a,./a,] = oo

Then there exists N > 0 such that |a,,;_ /a,| = 1foralln > N. Therefore,

la,oy| = |a,|, »>N= Jim a, # 0= a,diverges.

99. First, let Second, let
lim ¥|a,l =r < 1 lim &la,| =7 > R > 1.
n—oco n—eo

and choose R such that Q0 < r < R < 1. There must Then there.must exist some M > 0 such that ¥[a | > R .
exist some N > 0 such that &/[a,] < R foralin > N. for infinitely many n > M. Thus, for infinitely many n > M,
we have ja,| > R" > 1 which implies that lim a, #0

Thus, £ > 7 and si i
1.15, or n > Na,| < R"and since the geometric which in turn fmplies that
series

R

n=0

20
E a, diverges.
n=1

converges, we can apply the Comparison Test to
conclude that

o0
converges which in turn implies that E a, converges.
n=1

2 it p-series 101. Ratio Test:

. |a . n(hl ny . .
. . 1 1 lim [Fa=li = Jim = 1, inconclusive.
nlgl‘lw Yla,| = rEl;lc o= nli)ncln pryrhe 1 ‘ n—toa| &, n—»m(n + 1){In{x + 1))7
. Root Test:
Hence, the Root Test is inconclusive. i
R oin — 3 = Pl
Note: lim n I because if y = n#/*, then hm ¥la,| n(lnn rin R_m nl/"(ln AR

n—oc

lim nl/» = 1, Furthermore, let y = (In n)?/" =

n—oo
Iny = Lin (n n). tim Iny = im20 027
n A—o0 n—oo n

Iny =%]nn and%lnn.—wasn—)oo.
Hence y— 1 as n— oo,

0= hm(ln n)Fn =1,

:mexu)

Thus, lim 1

—————~ = 1, inconclusive.
ne0 g/ (In m)P/n ’
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==}

, X positive infeger
2 xn)' P g

ez
(a) x=1: 3 g%'!)— = 2 n!, diverges
(by x = 2 E converges by the Ratio Test

<1

[(m + 1)!]2 (1) (n+1)° 1
oo (21 + z)s /(2:4)! T e ntDEn+ 1) 4

© x=3 2 convcrgcs by the Ratio Test:

[(n + 1)!]2 G- (n + 1)? 7
o G+ 3l / Gl Al Br 3Gt B ) 0!

(d) Use the Ratio Test; _
[l R Oy, Gt

noeslx(n + DI Gt o {an + x)!

The cases x = 1, 2, 3 were solved above. For x > 3, the limit is 0. Hence, the series converges for all integers x = 2,

k k k
103. Forn=1,23,... e | Sa, < |g| = -DSlal < Yo = VY]a
n=1 n=1 n=1
O (==}
Taking Hmits as k— co, — 2 |a,| < Ean < E |a,| = ’Ean < Y ey
. r=1 =1 =1

104, The differentiation test states that if

30,
n=1

is an infinite series with real terms and f{x} is a real function such that (1 / n) = U',: for all positive integers r and 42 f/dx?

exists at 1Jc = 0, then

2.
n=1

converges absolutely if /(0) = f{0) = 0 and diverges otherwise. Below are some examples.

Convergent Series Divergent Series
1 I
S k) = DETOR

E(l — §03 %),f(x) =1—cosx zsm%,f(x) = sinx

105. Using the Ratio Test,

[ at {19V f(n — 1) (1_2)"*1]
i) 1)f=(7) / el \7

. {n-mrti19
s d P 1)ﬂ( 7 )]

= | 7))

By
[]

il

lim
H—>o0

n

Il

16 1
AN |
7 e<

Hence, the series converges.
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106. We first prove Abel’s Summation Theorem:

If the partial suins of > a, are bounded and if {5,} decreases to zero, then ' a,b, converges.

k
Let §, =  a, Let M be a bound for {|]}.
i=1

ab, +ab, ++ - +ab, =8b +(8 Sk, +--- +(5,—8,_)b,
Sl(bl - bz) + Sz(bz - ba) +o- 4t Sn—x(bn~1 - bn) + b,

n—l

2 S{b; — b)) + 8,8,
sl :

i

I

The series ESE(EJE — b,..,) is absolutely convergent because |Sj(bi ~ by )| < M(b, ~ b,,.,) and
=

(b; — b, ,) converges to b,.

[l

Il

i=1

o= R
Also, lim S5, = 0 because {5, } bounded and b, — 0. Thus, ¥ @,b, = lim " ab; converges.
Hoc = n—eo /24

Now let b, = ;1; to finish the problem,

Section 9.7  Taylor Polyxiomials and Approximations

Ly=-ix+1 2.y=%xt-1x2 41
Parabola y-axis symmetry
Matches (d) Three relative extrema

Matches (c)

3.y =eV(x+1)+1] 4oy=eVix— 1P - (- 1)+1]
Linear Cubic
Matches (a) 7 Matches (b)
5 f() =~ —= =412 f1) =4 6 f) === f®) =2
) Vx Ix
Q= —wor p) =2 o) = =5 78 = -3
Plx) = (1) + (D - 1) Py(x) = f(8) + f(8)x — 8)
=4+ (-2)x-1) | ' :2+(w~_1m)(xm3)
Pilx)=—-2x+6 ' 12
' -1 .8
10 ) Pl(x) = 12x + 3
RN
(1,4 8 .
f
. . .
P, is called the first degree Taylor polynomial for fat ¢. >

P, is called the first degree Taylor polynomial for fat c.
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7. 700 = secx (5)=v2 s =wnx (%)=
Flx} = secxtan x f’(g) =2 Flx) = sec?x f’(g) =2

= A(2) (e -3)

P = VI ﬁ(x - g)

-1

P, is called the first degree Taylor polynomial for fat ¢,

Py

A5)+rG)-5)
R

Pl =2+1-7

e

3

It

a

_I
2

(=1}

P, is called the first degree Taylor polynornial for fat c.

9. f(x) = % — 4 f) =4 o
fl) = ~2x7302 Ay =-2 <2
. s
) = 3x—5/2 i)y =3 -2 6
, ' f”(l) ) -2
Py =f) + fD0 ~ 1)+~ 1)
=42 - )+ S 1P

x 0 0.8 0.9 1.0 1.1 12 2

Fx} | Beror | 44721 § 42164 | 40 ! 3.8139 | 3.6515 | 2.8284

P, | 75 | 446 | 4215 | 40| 3815 | 366 | 35

10. f(x) = secx f(g) =2 4
Fx) =secxtanx f’(‘z) =2 Q
T N -3 3
Sy = secd x + sec xtan? x f”(z) =3./2
AN E AT f_’i(i/‘i)( _ 1_?')2
Pz(x)‘f(4)+f(4)(" - 4)+ 2 \*77
) W\ 2
Pox) = V2 + ﬁ(x - %T) + %ﬂ(x - %r)
X —2.15 0.585 .1 0.685 arf4 0.885 0.985 1.783
flx) | —1.8270{ 1,1995 | 1.2913 | 1.4142 | 1.5791 { 1.8088 | —4.7043
Pz(x) 15.5414 1,2160 | 1.2936 | 1.4142 | 1.5761 | 1.7810 49475
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1. f(x) = cosx
P=1- %x2
P =1 — 32 + 2x?
Pels) = 1~ 31 + 3x* - 550
(@) 2

N NI

[

12. f(x) = x%¢%, f(0) = 0

(@ JSilx) = (*+ e Flo)y=0
Fx) = (x2 + 4x + 2)e* F10) =2
Fx) = (x? + 6x + 6)e* F10) =6

W) = (x2 + 8x + 12)e* FE0) =12
2

Pyx) = % = x2

Py(x) = x2 -ﬁ-'%=x2 + 23

Plo=x2+5+ lix -x2+x3+x?4

13, flx) = e F0) =1

Fla) = —e= foy=-

e =e M0 =1
fAx) = —e* 0= -1

P& = 110) + @ + L L0

15.  f(x) = &= Ffloy=1
FE =22 f0) =2
) =4e> 0} =4
e =8 [0 =8

) =16 F90) = 16

4(Jc)~1-l-2x-|-—xz+—x3 +—=xt

= Z 4 — +_4
14+ 2x+ 2x 3x3 R

() flx)=—sinx Px) = —
fx) = —cosx. Py = —

f10) = Py(0) =
F7(x) =sinx P} = x

FNx) = cos x

F90) = 1= P90
FONx) = —sinx POy = —x

FOMx) = —cosx PO(y) = —1

PO =1

FO0) = —1 = PO(0)
(c) In general, (0} = P, "{0) for all n.

(b) 2

LALES]
I
-3

© f10) =2=PN0)
£10) = 6 = P,"(0)
JOQ) = 12 = P0)

() £#(0) = P,70)

4. fO) =e Oy =1
S =-—ex 0=~
fl)=e~ 10 =1
) = e M0 = -
SO = e o) =1
O = —e  fOA0) = —
" @
Ps(x} = f(0) + f{O)x L0 (0) x2 +f;(|0)x3 + 20 450)

16,  flx) = & floy=1
flx) =3 f10) =3
flx) =9 f1(0) =9
Fx) =276 ) =27
FO(x) = 8165 Q) = 81

P4(x)*1+3x+2x2+—x3+3—} 4

—-1+3x+§x2+ 13+2‘T7x4

X

””i“iﬁ
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17. flx) =sinx floy =0
Fix) = cosx Flo)y =1
f40) = —sinx  f0)=0

Fx) = —cosx M0y =—1

SO} = sinx F90) =0
FNx) = cosx F50)y =1
Py = 0+ (x + %xz e R LA
=X — —x3 + —12—0x5
19. . f(x) = xe* =0
Flx) = xet + &5 FO) =1

(%) = xe* + 2¢° 7o) =2
FAx) = xe* + 3¢ F0) = 3
FO%) = xet + 45 . FO0) = 4

2 3 4
P4(x)_0+x+§x2+§;x +Z|~x4

1
N S S
x+x 2x3 i

O =1

Jx) = “HE P f’(q) = -1

= 0=z

-6

Fxy = (x+ 1)° f0) = -
FO) = ﬁ S (4)(0) =24
Pl =1 —x+ %x2+3—16x3+i—?x4

=1 —x+x2—23+ x4

23. flx) = secx ' Jo =1
fx) = sec xtan x =0
Fx) = sec®x + sec x tan? x Fo=1

1 1
z(x)71+0x+§;x221+§x2

18. f(x) =sinwx F0) =
fx) = weos wx foy=m
Flx) = —w?sinwx Fi=20
Fl)=—-#cosmx O = -3

Pg()“0+7rx+—;-'-x2+—"wx3 'Irx—%ixa

20, flo) = fOy =0
Flx) = 2xe™ — x%e™> Fo) =0
()—23"—-4xe"+xzex oy =2

P = —6eF t Grer — %t f0) = —
FOx) = 12¢7% — 8xe * + x%* f(4)(0) =

P4(—’C)~0+Ox+;2~x2+w~«f+_z_?x4
1
— xB + ‘“2“1‘,4
_xt 1.— 1
2. f&)= +1 x+1 Foy=10
=1-(@x+1!
f’(x) = (x + 1)'—2 ff(o) _ 1
f”(x) = —2(x + 1)_3 | f.u(o) —_
f”’(x) = 6(]6 + 1)74 fwr(o) =6
FO(x) = ~24(x + 1)~3 ‘ Fa0) = —24
2., 6, 24
Px) =0+ 1(x) ME?CQ"'E-XS*E):“
. x2 + x3 — x4
24. f(x) = fanx FOy=0
Jx) = sec? x 70) =1
Fx) = 2 sec? xtan x £0) =0

F™x) = 4sec?xtan®x + 2 sect x =2

' 2 1
P3(x)=0+1(x)+0+-éx3=x+§x3
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2. )~ OB
FR=-%  rw=-1
M=% =2

6
fl.ﬂ x) — ﬁ;z fﬂﬂ(l) = _'6

O =2 e =24

2 —6
P = 1= (o= 1)+ 2= P+ 5 = 1)

24
+ I(x - 1)4

=1 —{(x—-1D+&-12-GE—-1P+&—-1*

27. oy =5 fy=1

) = —L_ (1) =

16 =5 NORY
= =g

AT . 3 s — g

P = g £y =3

' 15
190 =~ g = 1
=1 S0- 1) - 3 17

= 1 = 2 1

128

2. fx)=Inx A =0

flay = i =1
R LV

s =2

= —Z e = -6
P =0+ (= 1) = S 12

30— 1P - 3 - 1)

2. f() = 207 @ =5
ORI ORE
Rt e =3

frfr(x) —_— 48x—5 fm(x) — _%‘

O = 240 O =2

P = % - %(x —2+ %(x -2 - i(x P
+ 35—2(x -2
28, flx) = x1/2 f(8)y =2
FR=r @ =g

) = ~hesn g - oo

) _E—s/s Gl = s — =
S =5 F8) = 55 3 = 738

SRS SR SR 5
) = 2+ 5l — 8) — 5z lx - 8) T 20736

30. f(x) = x2cosx Am=—u
Flx) =cosx — x%sinx fAm =27
Fix) =2cosx — dxsinx — x?cosx flm) = —2+ 7°

Px) = —a? — 2alx — m + ("’22‘ iy mp
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3. fx) =tanx - @ n=3c=0

Fx) = sec?x

PB(x).ﬁ0+x+§x2+%x3=x+lx3
Fx) = 2sec? xtan x ' ) 3
Fx) = 4sectxtanfx + 2 sectx (b) n:3,c=g

F#®(x} = 8 sec? x tan® x + 16 sec® x tan x

Il
—
+
[

e
b3

|

ol
S
+
Ll N
—_——
£
INE)
R

]
—
2l
o~
|
ik
~—

FO(x) = 16 sec? x tan* x + 88 sect xtan?x + 16 secCx - )

L]
_/‘ﬁ 1+2(x_%) ( 1
pjj‘fé

It
+
[

|
a
e
[ &)
+
w oo
P
|
INE]
§T

[SIE]

32, flx) =x_2%§“f jz\&‘
Fix) ='(qu_“““2x1‘)§ @ A/ ‘ _}xi&a

2(3x% — . \
FAx) = ((:ZX-'— 1)1:;) 2

oy 24x(1 — x%)
I (x)_ (x1+1)4

24{5x% — 10x2 + 1)

f(4)(x) = (x2 - 1)5
@ n=4.c=0
Plx} =1+ 0x+%2—.x2+%x3 +%§x"’ﬁ 1 —x% 4 x?
©® n=4c=1
0 =5+ (%)(x ~)+ e S e -0 =5 - - ) + L= 12— gl - 1
33. jlx) =sinx
Px} = x
Py(x) =x— £
Py(x) = x — §2% + 754
@ 000 o025 Joso ]o75 | 100 ®) T
sinx | 0.0000 | 0.2474 | 0.4794 | 0.6816 | 0.8415 . }\\ Ajv .
P,() | 00000 | 02500 | 05000 | 07500 | 1.0000 ps \
"P,x) | 0.0000 | 02474 | 0.4792 | 0.6797 | 0.8333 . E
Pox) | 0.0000 | 02474 | 0.4794 | 0.6817 | 0.8417

{c) As the distance increases, the accuracy decreases.
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3., flx)=lhx,c=1

Pley=x—1

Pz(x) ={x— 1)~ %(x -1

Py) = (x— 1) — 3~ 12 + 3(x — 15 — Lz — 1)¢ ® 2

@ =x 1.00 1.25 1.50 L.75 2.00 , ot .
Inx |0 0.2231 | 0.4055 | 0.5596 | 0.6931 /f ;x\
Px)| 0 0.2500 | 0.5000 | 0.7500 | 1.0000 =
Pz(xj 0 02188 | 0.375 | 0.4688 | 0.5000
Px)| 0 0.2230 | 0.4010 | 0.5303 | 0.5833

(c} As the degree increases, the accuracy Increases. As the distance from x to 1 increases, the accuracy decreases.

35, f(x) = arcsin x

(@ Pilx) =x + %3 (©) y
® ‘ i h
x —075 | —050 | -025 |o|025 050 | 075
Fx) | ~0848 | —0524 | —0253 | 0 | 0253 | 0524 | 0.848
Pyx) | —0.820 | —0521 | - 0253 | 0 | 0253 | 0521 | 0.820 R i
‘ Py
Fa—
36. (a) f(x) = arctanx {c) H
P =x % -
3 £
Py
® —-075 | —050 | —025 |o|o2s |oso |o7s N I
flx) | 06435 | —0.4636 | —0.2450 | 0 | 02450 | 0.4636 | 06435 | 7 N
Py(x) | —0.6094 | ~0.4583 | —0.2448 | 0 | 02448 | 0.4583 | 0.6094 -
37, flx) = cos x 7 P, 38. f(x) = arctan x

39. £(x) = In{x® + 1) 40, F(x) = due=/4
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2 3

x2 x '
41,.f(.7€):e"‘x%17x+5*”6" 4z, f(x)lee‘xmx2713+%x4
f(l) = 0.6042 f(l) ~ 0038
2 ' 5 .

43 f=hx~@&—-1)—ix—-1?+3x-1P - };(x — 1)
FA(1.2) = 0.1823

44,  flx) = xcosx ~ —ar — 2mix — m) + (W2; 2)(}: — )

T
ML —

45, flx) = cos x; fNx) = —sinx => Max on [0, 0.3] is 1.

R0 5-5,17(0.3)5 = 2.025 x 1075
Note: you could use R.(x): f®(x) = —cosx, max on [0, 0.3]is 1.
Ry = %1—'(0.3)5 = 1.0125 x 1076
Exact error: 0.000001 = 1.0 x 1079
46, flx) = &% fO(x) = ¢* = Maxon [0, 1]is el

. .
R(x) < %(1)*5 ~ 0,00378 = 3,78 x 1072

2+
47. f(x) = arcsin x; f@(x) = %(i‘f—xz)% = Max on [0, 0.4] is F4(0.4) = 7.3340,
7.3340 B ., . )
Ry(x) < m (0.4)* = 0.00782 = 7.82 x 1073, The exact error is 8.5 x 104, [Note: You could use R,.]
24
48, f(x) = arctan x; f9(x) = %%EﬂTP 49. g(x) = sinx
‘ (n+1), < :
—Max on [0, 0.4] is F9(0.4) ~ 22.3672. g ] < Lforallx.
1
< — n+l
Ri) < 2292 0.4 ~ 0.0239 R < gy @3 < 0001
By trial and.crror, n=73
50. flx) = cosx _ ' 51. flx) = &
|F#* ()| < 1forallxandalln. . FrE) = ¢
IR ()] e+ (g)gnt1 Max on [0, 0.6] is 96 ~ 1.8221,
b+ 1! 1.8221 |
R, <~ (06)! < 0.001
(0.1)n+! (n+ 1!
< 1 < 0.001
(n ) ' By trial and error, n = 5.

By trial and error, n = 2.
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52, flx) = ex 53, fx) =In(x+ 1)
D) — o —1)p!
f () =e Fotly) = ((—_I_—l-)ﬁ% = Max on [0, 0.5] is nl. -
The maximum value on [0, 0.3] is %3 =~ 1,3499, *
1.3499 ' R LI O3 40001
|R,| = 4 1l {031 < 0.001 n S (n+ 1) n+1 '
. - By trial and error, n = 9. (See Example 9.) Using 9 terms,
By trial gnd error, i = 3, In(1.5) ~ 0.4055.
4. f(x) = cos(ma?) 55, flx) = &=, F(1.3)
. 2 4 6 2 — _
glx) =cosx =1 -~ ;-O-i-r-—%; )= qr)e“"
! ! Fltn(y) = (w_ﬂ-)nﬂe—m < {(—#=p*Y on[0,1.3]
) = glmx) ot
+1
L, @ (i, R < Gy 48 < oo
! ! !
2 # ot By trial and error, n = 16,
o Y S N
2! 4 6!

ar? at 75
Jsoe) =1 — 2—!(0.6}4 + Ty (0.6)% — E(O.G)12 +o.-
Since this is an aIternating series,

R, € a,.; = =~ (0.6)" < 0.0001.

(2 )'
By trial and error, n = 4. Using 4 terms f{0.6) ~ (.4257,

56. flx) = e 57.
) =—e~
Forlx) = (—1)*1e = < 1onfo,1]
. .
[Ral < g 17 < 0:000)
By irial and error, n = 7,
58. (x)—smxmx—g 59.
X
|R:(x)] = sz x| < |41| < 0.001
x* < 0.024
x| < 0.3936

—0.3936 < x < 03936

~1+x+_+£ x<0

76 = L

Ry(x) = S < 0,001

&xt < 0.024
|xe*/4] < 0.3936

0. 3936

|%| < < 03936, z < 0

—03936 <x <0

o) =cosx=1- xz ﬁfth degree polynomial

41’
|FeDG)] < 1 for all x and sil #.

Ryx Sixﬁé.().(){)l
3 gl

|.}lf|6 < 0,72
|| < 0.9467
—-0.9467 < x < 0.9467

Note: Use a graphing utility to graph

y=cosx — (1 — 2%/2 + x*/24) in the viewing window
[—0.9467, 0.9467] % [—0.001, 0.001] to verify the
answer.



Section 9.7 Taylor Polynomials and Approximations

307

60. flx) = e = | ~ 2+ 202 — -g-'x3

6l

63.

65,

67.

Flo) = =272 x) = de™% f(x) = —Be 2 F4(x) = 162

! —2z
Ri(x) = M(x — 0 = &x“ = %}e‘“x“ < 0.001

4t 24
e %4 < 0.0015
174
x< [9%] = (L1970e% < 0.1970, for z < 0,

Thus 0 < x < 0.1970.

In fact, by graphing f(x) = e ¥ andy = 1 — 2x + 2x2 — §x3,l yoh can verify that | f(x) — y| < 0:001
on (—0.19294, 0,20068)

The graph of the approximating polynomial P and the 62. fle) = Pye), Fle) = Pyc), and f1c) = P,"(c)
elementary function f both pass through the point {c, f(c)) _

and the slopes of P and f agree at {¢, f(c)). Depending on

the degree of P, the nth derivatives of P and fagree at

(e, fleh-
See definition on page 650, T _ 64, See Theorem 9.19, page 654.

The accuracy increases as the degree increases (for values
within the interval of convergence).

(a) flx) = e* , 88, (a) Pylx) = x — 2 + = for f(x) = sinx
q 3t 5t
1 1 1
= . R — 4 2 4
Pyx) l+x+2x +6x3+24x Ps’(x)ﬂlé%Jrz—'
gz} = xe* ‘ This is the Maclaurin polynomial of degree 4 for
Qs(x) = x + x2 T gla) = cos x.
2 6 24 [ERNE
0,() = xP¥) ) Qxy=1- > + i afor COS X |
(b) f(x) = sinx 0/ = —x + ﬁ' Pl b
EN: 31 st
Ps(x)=x-§?+§~! xz B x
(© R(x):1+x+§?+§+m
g(x) = xsinx ’ ) ’
2 2
4 (5} = 4+
Qs(x)=xP5(x)=x2—§T+§ RE=1+x+5175
‘ dny 1 2 A The first four terms are the same!

(c) g(x)=T:;Ps(x):1~3—!+5—!
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(c) No. The polynomial will be linear.
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aHx + 2)2 2y — 61
69. () Qy(x) = — —(T)— ) Ry = —1 + f—(T) :
Translations are possible at
x=—-2+ 8n

1

70. Let fbe an odd function and P, be the nth Maclaurin polynomial for f. Since fis odd, f” is even
=1,

—f(x — hy + flx) _
h —h

1) =

’ xt+h X
Flog = B
=0 k—)o
Similarly, fis odd f’”1s even, etc. Therefore, £, f*, £, etc. are all odd functions, which implies that f(O)
Hence, in the formula:
all the coefficients of the even power of x are zero

50 +f(0)x+f{0) +-

Px) =

71. Let fbe an even function and P, be the nth Maclaurin polynomial for £ Since fis even, f” is odd, f”is even, £ is odd, etc
All of the odd derivatives of fare odd and thus, ail of the odd powers of x will have coefficients of zero. P, will only have

terms with even powers of x.
[
+ a,(x — o) where g; = f (C)

72. Let P, (x}) = a, + a,{x — ¢) + a,{x — c)* + -

Pn(c) - aO :f(c)
Forl s k<n PUY(c)=aqk = (f kf"")) F9()

73. As you move away from x = ¢, the Taylor Polynomial becomes less and less accurate

Power Series -
‘4. Centered at &

Section 2.8
3. Centered at 2

2. Centéred at

1. Centered at O
. Sy 6. S (2xy
5 ,Z’o( ) Wo( )
D LA (1!t ptd | 7= u, + 1‘ 2
ES = . = = R I )
L= lm u, naee | n+2 (—1)man| T | o, noo | (2] o
R+ 1], 1
= }i = 2Ix{ <1 = R=~
i, [l = H
x| < 1=R =
& @ & (1w
4 n=1 n‘2 5 n=0 2r
L | (Zx)"“ . nt _ T |(W1)n+l_x):+l ) o |
L=lm 15 = B o+ 17 2o b=t e = e T T
. 2 | _1
Lo Py Il =2
2[xl<1=>R=~21~ ¥l < l==R=2
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Power Series

11.

13.

15,

17.

oo (236)2"
go (2n}
| @9+ 2
- —,}ggJ @ /(an) t
_ (267
= Jlim, (n+ 2an+ D] "

Thus, the series converges for all x. R = co.

56

Since the series is geometric, it converges only if
[%/2] < lor -2 < x < 2.

$ (rx
n=1 R
. Hoar| o (_1)H+lfz+l ) " i
e | I, nh—{gc n+1 (— 1)")6"'
. |
B nh-?;lo n+ 1[ h |JC|

Interval: —1 < x < 1

o0
When x = 1, the alternating series >, (
n=1

When x = — I, the p-series E - diverges.
n=]

Therefore, the interval of convergence is ~1 < x < 1.

n=0

lim 1| xntl n!

n-oo | n—e (i‘l + 1)1 x"
noee o+ 1

The series converges for all x. Therefore, the interval of
convergence i§ —oo < x < co,

ngo(zn)!(g)"

n+1

uﬂ

|{2n + Dnrt o
Fn+1 (zn)|xn

= lim

n—<

lim
Py

= o0 |

Therefore, the series converges only for x = 0.

I3
. CONVEIges.

= (2n)lxtn
10. ,,Zo o
e+ 1 L 12n + D2 (e + 1)
L= lim [-2 =
A0 2% ‘ "—)]ln; {Zn)!xEn/n! I
o |@n+ 2)2n + 1]

The series only converges atx = 0. R = 0.

1 % (f)
ngo 3

is geomefric, so it converges if

/5] <1 = |x| <5 = —-5<x<85.

(==}

4. 2 =17 + 1"
1tz +1
im un+1J= Jim (— 1) %n + 2)x" |
n=oa | U, noos | {— I)"(rt + Dt |
e+ 2)
- nli)n:o’ n+ 1 - | |
' Interval: —1 <« x < 1

"When x = 1, the series », (~
=0

o0
When x = — 1, the series > —
=0

Therefore, the interval of convergence is —1 < x <

oo (3x)n
6. 3 o

| | BR)T (2n)

% i Bl Y [ TR YT
. 3x

= I et 2@ T )

Thesefore, the interval of convergence is —co0 < x < o2,

|2n+2(2n+1) |
2 | ==

B2+ n -+ 1) diverges.

(n + 1) diverges.

-0
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1) x
18. E(n+1)(n+2) | |
i (~1)tiett (a e+ D+ 2)] . |m+ Da
1 Zatl) _ . = _— =
b v R O R S A TR b &
Interval: —1 < x < ]
_ . LR (1)
~Whenx = 1, the alfernating series ;:Z’o —~——————(n )+ 2 converges.
When x = — 1, the series HSD m converges by limit comparison to ni:: ";3;
Therefore, the interval of convergence is —1 < x £ 1.
oo (_1)n+ lxn
1. nzl 4
Since the series is geometric, it converges only if |x/4| < lor —4 < x < 4.
o 1o b — 7t
20. E M,,MQ_A,(E_‘D
Hova| _ o [(ZDT M £ Dl — 4t 3 | ot D& - 4]
}i»m u, nlgkc}c ‘ 3ntl (=D nt(x — 4| nl—l?c}c 3 -
R =

21.

22.

Center: x ~ 4

Therefore, the series converges only for x = 4.

(—1)p+1(x — 5

; n3"

|| [P = S n3" | nx—5)¢ 1
R e Bl P D L ey ceavompy ) Il L st Bl ]
R=5 '

Center; x = 5

Interval, -5 < x—5 <50 <x < 10

CONvErges.

2 o (__ 1jn+1
When x = 0, the p-series 2 Py diverges. When x = 10, the alternating series E .
. n=1 i n=1

Therefore, the interval of convergence is 0 < x £ 10.

i (x — 21
& (n + 14+t

— n+2 i+ 1 —
A % = Am (Ef+ 22))4n+2 (E;ilzﬁﬂ I = Jim . 4(??5 - %'x -2
R=4
Center: x = 2
Interval: ~4 <x—2 <dor—2<x<6

1n+]

When x = — 2, the alternating series ETl) COnverges.

n

When x = 6, the series E diverges,

Ao +1

Therefore, the interval of convergence is —2 < x < 6,
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( 1)n+1(x _ 1)u+1
23 E n+1
S LY IO [ G ) e el VA R [+ D=1 |
Jim [ = i (SR ) = i [ <
R=1
Center: x = 1

Inferval: —1 <« x -1 < lor0<x< 2

-
When x = 0, the series "ZG 1

NS Gl Ve
=2
When x = 2, ij.he alternating series "20 ——

converges.

Therefore, the interval of convergence is 0 < x € 2,

n=1 na"
s | _ o (12 — 2P (=1t (x — 2)
1 = lim -
ool a, nmso|  (m + 1)27 R
o2 | x-2
B nlgl;lo 2 n+ 1‘ a i 2 ’
x;2 <l= -2<x—2<2=0<x<4
Atx =0,
oo n+1 7t oo oo [
E( ) ( 2 2 fl )= E( 1),diverges.
=1 n= = n
Atx = 4,
oo [~ r:+12n o0 1)n+1
E 2 , COTVerges,

=]

Interval of convergence: ¢ < x < 4

( 1)nx2n+l
26. E 2n+1

tim |#ex] (Z1pt*s @n+1) | _
R0 u” n—rco (Zn + 3) (— 1)"x2"+1_ n—oo
R=1
Interval: —1 < x < 1
When x = i — L converges

e 2n+ 1 ges.

— 1)1

When x = —1, E 1 conyerges.

Therefore, the interval of convergence is—1 < x < 1.

diverges by the integral test.

<o _ n=1 '
25. 2 (x 3 3) is geometric. It converges if

n=1
x—73
3

TIntervat convergence: 0 < x < 6

<l=|x-3]<3=0<x<6

@+ 1), .,
(2n+3)le_|x|
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== ‘ 3 (—1)"x2"
. n-1 - 28, —_—
27 ,,Em " 1( 2x) 8 ,,Zo -
. Uy py . (_ 1)n+1x2n+2 n!
lim |25 = lim .
i [t = g (@ D2 w1 | ot | w, | ames| (mt DU (—Lpa|
oo | M, n—oo n+2 n(—2x)"‘1| 2
(=200 + 1 S| T
= b aln +2) | 2l
Therefore, the interval of convergence is —oo < x < oo,
. . .
=3
1 1
Interval: 3 <x< 2
When x == 1 the series i L diverges
% PR R

by the nth Term Test.

_ 1 (_. )n 1
When x = o the alternating series 2 - dlve_rgcs.
: .1 1
Therefore, the interval of convergence is ) <x< 7
o0 _x2rl+1 2 pixt
. — 30.
2 2 Gt 2, Gy
. 1| X+ (2n 4 1) . , wet| _ o | DT (2a)
A T e 3y | RN N L ;S TR
2 . (n+ Dx ‘
= lim b——m— | = =1 __atbx
R oy o) Rl o [2n + 2)2n + 1)
Therefore, the interval of convergence is —oo < x < oo, Therefore, the interval of convergence is —oo < x < oco.
g 234 (”'“) = f)(nﬂ);f}
n=1 ! ‘a=1 et
a (n+ D] |n+2
1 n+1 — RSN LA R = ix
BL0Y e B iy v il e |
Convergesif [x] <1 = —l <x<l, .7
At x = +1, diverges.
Interval of convergence: —~1 < x < 1
»n i 2:4-6---Qn (x2n+1)
A3 5.7 (2n+ 1)
i [Fes] o |24 @n)(an + 2w 3.5 Qe+ 1| W—z)ﬂcl:,xq
oo | u, w357 - -Qn+D2n+3) 2+-4- - Qaxl]l e 2+ 3)
R=1

When x = =1, the series diverges by comparing it to

= in + 1

which diverges. Therefore, the interval of convergence is —1 < x < 1.
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& (—1p*13.7. ~{dn — D)(x — 3)
33 nzl 4n
o e g (130700 - - (dn — D(dn + 3)(x - )t 4 |
it e a1 I (ST 3711 - @n~ D — 37|
- lim (4n + 3= —3)| _
n—o0 4
=0
Center: x = 3
Therefore, the series converges only for x = 3,
& (x + 1)
34, g o =)
a , (n + Dx + 1! (Gal(x + 1)
I Tntil
e | T T s e R F /T 55 n =T
_ (n+1)(x+1)J_£
=l e Tk
Convergesif%h +1 <l = -2<x+1<2= -3<x<l
; _ B nl2n 246 -2n ,
Atxwrl, ﬂn_1,3,5 -(2n—1)_i-3»5 _(Zn_1)>1,djverges.
_ B ) I XY SRR S
Atx = —3, 4 = T3 -(Zn—l)_( 1) [ 3 @1y diverges.
Interval of convergence: —3 < x < 1
35 i (x‘ il i k is a positive integer
) =1 Cﬂ_l n=0 (kﬂ)' ' )
N B (R A s B o || g [+ D Gl
BN o Rl e o e AL A Rl O ey T T
R=c _ | (n + 1)k
AT nk)(k — 1 + nk) -+ (1 + nk)
Center: x = ¢
X
Interval: —¢c < x—c < cor0 < x < 2¢ =_k_"|
_ . 20 _ ne1 . 5
When x 0,. the series ;é"':( .1) diverges. Converges ﬂ,m <l = R =i

37.

P
When x = 2c, the series ' 1 diverges.
n=1

Therefore, the interval of convergence is 0 < x < Zc.

360

Since the series is geometric, it converges only if |x/k| < 1or =k < x < k.
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i — rt+1(x — C)

N LY . [(—1)+2(x — o) t! L nc [= n(x — ¢) _L
nll?;lo U, nlgga | (n+ et (=1t — & nes |eln + 1) cl cl
R=c

Center: x = ¢
Interval: —¢ < x ~c<cor0 <x < 2¢

fee] _1 i
When x = 0, the p-series 2 W diverges.

n=1
(_ )n+1 . .
converges. Therefore, the interval of convergence is0 < x £ 2c.

When x = 2c, the alternatmg series 2
r=1

o P + p— n
10, 2 kk+ 1} k+n—1x
n=1 nl
T L |k(k +1) (b tn - Ik Rt nl (& + x| _ I
iy 3 u, n—>°° | (n+ 1) He+ 1D -(k+tn—~ l)x" naw n+1
R=1
When x = -1, the series diverges and the interval of convergence is ~1 < x < 1
[k(k+1) (k+n—1) }
1.2
2 nl(x — o)
O T3 @D
|| (n+ 1x — cpt! 1-3:5---Gn=-1l |t a0 L
| T A T3S = DEa F D) A — o) 1Y v 2l el
R=2
Interval: ~2 <« x—c¢<2orc—2<x<c+2
The serles diverges at the endpoints. Therefore, the interval of convergenceisc —2 < x < ¢ + 2
[ ale +2—¢  _ nl 22 - 24-6---(2n) >1]
1-3+5---2n—1) 1:35--2n—1 1:3:5--2n—1)
41 §£=1 + =+ =+ = i X i D7t e + 1x" = E(“l)”(ﬂ)x"“
=0 n! n=l(n' - 1)' n=0 n=1
=) 2n+1 )nx2n+} o0 (_. l)n—lxl’n—l
43',,20(2 + I 2(2;1—1)' _44 E 2n+ 1 2‘ 2n—1

Replace n with n — 1.

45, () flx) = i (%)", —2 < x < 2 (Geometric) .
n=0 ' A=1
® ) = (g)( )n_ 2<x<2 ® =S (_l)mgﬁ_ N g cx <10
n=1
& (n\fn—1\x\"? 2 (—1Ptn — I}x —5)2
=205 5] .72 2 - ’ L0 10

(c) f"x) _’22(2)( 2 )(2) <x< © fx) = 22 = <zx<

oo n+1 o) n+1f. _ &yr+l
(d)ff(x)dx= Onil(?zf) ,—2Sx<2 (d)ff =3 ll(ns_l);) L0<x<10

n= c n=1
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=% (_ I)n+l(x — 1)?:+I

4'7-(a)f(x):é:D — 0<x<2
) =S (1t -1 0<x <2
n=0
© fx) = E D7 ale = 11,0 < x < 2
. ( 1n+1(x_,. 1)n+2
(d)ff(x)dx Z]wn+1(n+2) 0<xs2

9.50= (A =1 dila

n==0

S, = 1,5, = 1.33. Matches (c).

48,

50.

@ &) = 2(;1-);}:&1 <x<3

®) fx) = E( 1)”“(—2)”11<x<3

© f”(x) = E(— Hin — Dx— 221 < x < 3
n=2"

() J’f(x) dx = El(_l);;;(i_l)z)m,l <x<3

g(2):§(§)n=1+%+§+...

n=0
S, = 1, 8, = 1.67. Matches (a).

51. g(3.1) =% (%) diverges. Matches (b). 52 5(—2) i (——) alternating. Matches (d).
n=0 n=0
1 = N &1y 1 1
. —} = - = —_ = —_— .
53 g(s) HZO[Z(g)} ’;0( 4) L+ o+ , CONVerges
8 = 1,8, = 125, 5, = 1.3125 Matches (b).
i o NP e 1y 1 1
. ——] = ——— = - = - — 4+ — - o
54 g( 8) HZO[Z( 8)] nZo( 4) 37 16 , converges
8 = 1,8, = 0.75, §; = 0.8125 Matches (c).
9 =3 9 a oG 9 n ., 3 oo 3 n 22 (3\"
58, =] = 3¥{z], d . gl=) = = = ¥ (=
SN Some l SHT 5 e
S =18 = %Matches @. S, =1, 8, = 1.75 Matches (a).
1. A series of the form 58. The set of all values of x for which the power series
- converges is the interval of convergence. If the power
E a,lx — o b series converges for all x, then the radius of convergence
n=0 is R = oo, If the power series converges at only ¢, then
is called a power series centered at c. R = 0, Otherwise, according to Theorem 8.20, there
exists a real number R > 0 (radius of convergence) such
that the series converges absolutely for |x — ¢| < R and
diverges for |x — ¢| > R. .
59. A single point, an interval, or the entire real line. 60. You differentiate and integrate the power series term by
: term. The radius of convergence remains the same.
However, the interval of convergence might change.
61. Answcrs will vary,
E — converges for —1 < x < 1, Atx = —1, the convergence is conditional because Z diverges.

S

§|§~<

converges for —1 < x £ 1. At x = x1, the convergence is absolute.
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62. Many answers possible.

(a) i(%) Geometric: 5 <]l = x| <2 (c) i(lx-f— 1)* Geometric: 2x+ 1| <1 = —1<x<0
n=1 =1
(b} i D4 converges for —1 < x £ 1 (d) E (x converges for—2<x<6
=1
o ._ x2n+l _ 2r: 1 oo (_1)n+1x2n+1
. 0 1) = & G —om < < o0 o sw- 5 G- £ 50T
(See Exercise 29. o (—1)8 g2+l
) --$ CEET
. (2n + 1)
oo (_l)anR =
g =D s e <x < o0

o (2a) {d) f{x) = sinx and g{x) = cos x

[

n

)n 25

1= § =

xt : 2 Xt 2 xt

64. (a) f(x)znzon!,—oo < x < oo (See Exercise 11) )] f(x)=n§1a_ i +x+§+_+z+
2ol & T m g Oy =1
) Flx) = = = N o= iy
) ,‘Z:] a! & (n— 1) ,Z‘o-n! /&) @ Flx) =
& (= I)nx2n+l g (I L& (a1l
5. 5= 2 "@ns 1 ”,Zq (2n — 1)! 66. y “",,E Qm)t & (@n-2)
s R0t i (— 1y2n i ~ (2?1 ; (=)l
A (2n + 1)! & (2a)! ‘ = (2n)! & (2~ 1)1
b B (1) R (D! & (—1)@2n— 1)x*"2 @ (—pu?
r T E (2n)1 - ,;::1 @n— 1 . 2 (2n — 1t & (2n — 2
=] 1)nx2n L 0 (,._I)n—lxln—l _ oo 1)nx2n 2 o0 )n iy2n—2 B
Z @n- 1 21 @ -1t ¢ HZI (2n — 20 n; 2n—2)! 0
_ [ove) x2n+] oo _x2n—1 _ o0 x2n . == x2n—2
67 »= nEO (2n + 1)! ,,21 (2n — 1) 68. y= ,;Zo ) 2 2n — 2)!
s o) (2?1 + 1)JC2" oo xIn . = (2?! — 2)%‘2"* & y2n—1
Y ,;::o (@n ¥ DI~ &, (2n) ' n; -2y & (2n— 1)
v oo (2n)x2n“1 _ 20 xln—l _ » o (2?1 — I)xzn*Z _ o0 x2n—2 _
Y n; A e ,,Zl @n-11 ,2:1 @n-2n °
y—y=0 y'—y= '
_ o y2n , oo Dpxie-l v =) 2!2(2?‘1 — l)x?.n—2
8.y = ,zo rm YT ,,Zq a0 T ,,Zl 2!
p , @& 22— xR 2m® B/ i
yon -ry_z 2% nl _22"11!_ 27 n!

2n{2n — 1)x2n—2 i (2n + 1)a

=, 2" nt 27 nl
= [(Zn +2)@n + 1) (2n 4 1) 2+ 1)]
HZ:O 20t ln + 1N 2% n! 2n + 1)
_R2nt 1 [(2n+ 1)~ 2n+1)]
A 27+ 1(n + 1)
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37

( I)H yin

70. =1+
Y 2’22"11' 3.7-11 - (n—1
~ l)n 4!1)(4" 1
y' EZZ”nl 3 7-11- - -{dn— 1)
v oo (_ l)n 4?1(4-&"‘_17}74"72 . oo (__ l)n 4}’!}(34”72
Y 2122”n!~3-7=11-'-(4¢4ff‘1')’7 x+n§222"n!'3v7-11'--(fmAS)
( l)n 4}’[14" 2 ( 1)1': x4n+2
T o2y = —x2 +
yoray=o Ez?w 3.7 ) Ez%u 3711 (-1 *
_ EE (_ 1)n+14(n + 1)x4n+2 2 ( 1)n+1x4n+2 22(1’1 + 1) —0
et P L 1) 3711 - - (dn — 1) 2% pt fanp —~ 1) 2n + 1)
oo ( 1)k 2
TL Jolx) = 2 (T
Mg . ! (_ 1)k+1x2k+2 22k(k!)2 | . | (._ 1)12
li = . = =
@ Jim | AR R [ IR (DR e (2 + 1)

Therefore, the interval of convergencé is —oo < x < oo,

32k

) Jo = kgo(_ 103 (1P

, @k + 2) a1
E( 1) 4k k|)2 B E( I) Wl-xl)fji

J= i(__ 1) 22k — P)x2* 2 i e 2k + 2)(2k + 1)x%

=, 4 (k' 41k + 1)!]2
[==] 2(2k + 1) x2k+2 =] x2ic+2 == ?.k+2
ZF ’ 2F — — 1yt == C _ R+l = 0000000
W' = g = 5o = 3 UM T i T 2 g D + 2D
_ 3 (—I)kxz"”[ 202k + 1) }
,;20 4k (k)2 ( 1’4(k+ 1) TG 4(k+ 1 1
- i (—I)"x”‘”[~4k'~2_ 2. +4k+4 —0
gt 4R (2 4k + 4 de+4 A4k +4
x2 x* x5 1 L (—1)kx2
© P =12 45 X o | s =f Clar
6 4" 64 2304 @ | Jotn= | X Sy
> . & (—1)ka%r1 |t
-6 P [ ' - kgo 4k(k) (2k +1 ) o
/ \ | g G
1 , £t A2k + 1)
1 1
1- v + 320 0.92
(integral is approximately 0.9197304101)
(H l)kxztc ) (7 l)kxzk-ﬂ

72 116} = x,z-?o TR+ D et 25 (e £ 1)1

v _
Hy,

. | (— 1)kl x2+3 2rc+1k| kE+ 1) | (— 1)x2
lim | ‘ lim | ey
foos 253 + Dk + 2)1 (- 1)k | L2+ )k + D)

© tim

Therefore, the interval of convergence is —oo < x < co.

—CONTINUED—
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72. —CONTINUED
_ oC (_ 1)k x2k+1
® Jib) = 2 22T Ik + 11)

= (— 1% (2% + 1)
)= 2, T

@ (12K 1)k
W = 2T G 4t

o (—1F2k + DERxZ B (= 12k + Ladkt!

2y # ¢ 2 —
PR GO = B TG T 2 2 D
0 ( 1 kx2k+3 ( 1)kx2k+l
+ 2 22k+1k|(k + l)t E 22k+1k|(k + 1)|

— 12k + xRt
2k + 1)

o (- 12k + DO x & (
[2 22"+lk’(k + 1) T2t ,21
~ T A ETG T D) l}+ G D)

o8 1)"x2*“[(2k+1)(2k)+(2k+ D1, & (1
= };1 2k + 1)) kE 24T (ke + 1)
7§( Do+ 4k(k + 1) i (1B
T & 25+ 1) L 2RI + 1)1

=) ( l)kx2k+1 oo ( 1)kx2k+3
“,Zf Ty e Ty

oo ( 1k+1x2k+3 o] ( l)kx2k+3
2 PG+ ) 2 ¢ 2B TR + 1)

( 1kx2k+3[( 1) + 1]
= E 22+ + 1)) =0

_x_ L R TR S
© P =5~ 7g % F 384"5 18,432~ | 7
vy ( DF 120k + D+ & (= 1)k+‘1‘x2k+1 \
(D Jo( ) 2 22k+2(k + 1)'(k + 1)1 - 022k+1k1(k + 1)[ -8 \ s
l)kx2k+ 1 - o ( 1)!‘C+ 1x2k+ 1 . , B
_Jl(x Z 22k+1k|(k i 1)[ - P 022k+1k|(k + 1) Note: J, (x) = “JL(X) -4
o0 xn . xantl
73. f(x) = ;ﬂ(“ 1) i = o8 2 74 flx} = E( 1) IRl 2
- \\vf \\vf 2 = sinx -
) ~
=) . =) ‘o x2n+1 1 <1
— TV = — 4 H e ’1 = —1 <
75. f(x) ﬂgo( 1y E( " Geometric 76. f(x) 20 1 arctan x, <x<

1 1
—1_(_x)—1+xfor l<x<l x

3 . /—
25

N =

]
rala

-1

[=]
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7. Eo(g)’;
(a) E (3/ 4)11 3:‘,0(%) = 1_;(3/8) = % =16

1,80

-
o
{(c) The alternating series converges more rapidly. The
partial sums of the series of positive ferms approach
the sum from below. The partial sums of the alternating
series alternate sides of the honzontal line representing

the sum.
2(())"=,20<%)“=1+w2

{c) The alternating series converges more rapidly, The
partial sums in (a) approach the sum 2 from below.
The partial sums in (b) alternate sides of the horizontal

liney =3

79. False,

=3 T!xﬂ
$

1
= nd

converges for x = 2 but diverges forx = —2.

81. True; the radius of convergence is R = 1 for both series.

[-5

82. True

i lf e e a. Tl
dx = by = i S,
foman= [[(8 )= [8 255

aﬁ
n+1

o 3/4 n _ =) _é #
® Z( 2 )—20( 8)
I 8 _
=TT T~ O
1.10
4
1l L4 . A6
0.60
N3
o 5()
M |10 | 100 | 1000 | 10,000
N| 4 9 15 21
_ LB LY o Ly
o5 $((-3) - 5()
12
1+ (1/2) 7 3
15
[ .
- k] —2
-1 6
-0.5
AN LAY N
@ 362 =3rsu
n=0 n=0
M |10 [ 100 | 1000 | 10,0600
N3 6 G 13
80. True; if
E a, x"
n=0

converges for x = 2, then we know that it must conirerge
on (—2, 2],
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83. lim

h—on

a

4

Apt1

= lim

ot 14 p)t wer | nt )
i+ D+ L+t /

N
nt(n + g)! x

Thus, the series converges for all x: R = co.

84. () glx) =

T+2x+a2+2°8 +x4+- -

Sp, =1+ 2x 4+ a2+ 23 4 x4+ - - - 2B+ 2T ,
=1+ x4 ) 21+t )

A== oo

o0 L=}
lim S,, = Exz" + 2x2 x*
n=0 n=0

Since each series is geometric, R = 1.

(b) For |x| < 1, g(x) = - 1

85. (a) f(z)

x2 1—x2 1-x%

==]

N~ =
E CpX"s Cpya Cp
=0

ot extex?togd® +eoxt+optepd te

{ {(n+1+pn

Sp=cll+x8+ -+ +ex(l+2+ -+ + (1 + 25+ - -+ 2

(=] o ==}
lim S, = ¢y » 2 + o x 7 + ¢x2 Yy 2
n—ioo n=0 =0 n=0

Each series is geometric, R = 1, and the interval of convergence is (— 1, 1).

1 1 ¢y + o x + x?
For |x| < 1, f{x) = ¢, + ex + ¢,x2 =01 2
(b) || ’f{) OI A*x3 1 1 __x3 2 1 __x3 1 — x3
86. For the series ¢, x",
ayay . ey @ttt . e c
lml*m=hm-‘ﬂiln—zlun—ﬂﬁx<l=$|x|<—L=R
n—oo a, n—roo Cnx H—on C‘,,I Cpt1
For the series ¢, x2",
. b, c, xRt e c
lim |~&+l = Latit— | = fim 22l < 1 = [P < 2| =R = |5} < VR
n—yoo » Koo X n n—oo | O, Cril
o0 [=a]
87. Atx, + R, the series is D c,(x; — %, — R)" = Eocn(—R)" which converges.
X n=0 n=
= N »
At x, — R, the series is E c,R”, which diverges.

n=0

o0 - ==} =+
Hence, at x, + R, we have > c,(—R)" converges, » [c,(=R)*Y| = D, ¢,R" diverges.
a=0 n=0 =0

= The series converges conditionally.

= 1i ::0
o e+ D+ 1+ 9)
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i 12 a
1. @ fowl—(x/Z)_l—r
[Xe =] x"
= E Z 2!!+1
This sexies Converges on (—2,2).
1 X, x? x?'
a— + — —_—
2 4 8 6
) 2—x)1
' X
L 2
x
2
L
2 %
)
4
¥
4 8
2
8 .
©_x
8 16
1 1/2 a

3. (a)2+x=1—(—x/2)=1——r

This series converges on ( 2,2).

1 x x2 £

gM

2737 ® 16T
B 2+x)1
X
1+
X
2
_x_x
2 4
x2
7
x? %2
473
_®
8
» xt

4 4/5 a

2. (a)f(x):ﬁ—le—x/s_hr

&4 (Zf_) LR A
nED 5\5 RZO Sr:+1
This series converges on {—5, 5).

4.4 4, 4
575 T Yo

(b) 5—-x)4
4
4 5x
4
5x
4 _4,
55 25"
4.
25"
4, w
25" 125
o
125
P
125 625
1 1 a
(a)1+x l*(*x)vl-r
E E l)nxn '
n=0 A=0

This series converges on (— 1, 1),
1-x+x2-x+---

M 1+x)1
1+ x
X
—-—X — X
x2
x4 8
—x
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5, Writing f(x) in the form a/(1 — ), we have
1 1 o —1/3

2-x —3—-(x—5 1+(1/3)x~5)

which implies that @ = —1/3 and r = (—1/3){x — 5).
Therefore, the power series for f(x) is given by
1

2£x= > arn = 2 —g[—%(xﬂ?)]n

|x—5| <3or2 <x<8&

7. Writing f{x} in the form a/{1 — ), we have

3 -3 __4d
2x—1" 1—2x I —-r

which implies that ¢ = —3 and r = 2x. Therefore, the
power series for f{x) is given by

8

2 (=3)(2s)"

n=0

il

= -3 E(Zx [2x] < 101*%<x<%.

9. Writing f(x) in the form a/(1 — r), we have
L -1
-5 1l-2&+3)
—~1/11 a
1— (2/11)x + 3 1-r

which implies that 2 = —1/11 and r = (2/11)(x + 3).

Therefore, the power series for f(x) is given by

- S o= 5]

n=0
] 2"(x + 3)"
- e 112+ 7
n=0
11 17 .5
|x+73| <gou-r<x<y

11. Writing f(x) in the form a/(1 — r}, we have
3 3 32 a

x+2 24+x 1+(1/2x 1-7r

which implies that ¢ = 3/2 and r = (—1/2)x. Therefore,

the power series for f(x) is given by

x| <« 2or—2 <x < 2.

6. Writing f(x) in the form a/(1 — r), we have

4 4 4/7 a
5% T-Gx+2) 1—1ﬁu+m 1 -

Therefore, the power series for f(x) is given by

=0

[x+2j<T7or —9<x<5

8. Writing f(x} in the form a/(1 — r), we have
3 3 _ 1 __a
2x—1 342(x-2) 1+2/3x-2 1-r

which implies that g = 1 and = (—2/3)(x — 2).
Therefore, the power series for f(x) is given by

— nio ar’ = rio[_%( - 2)]n,

E(QW—E

n=0 ,
31 .7

|xﬂ2|<20r2<x<2.

10, Writing f(x) in the form a/(1 — r), we have
R i _ —-1/5 __4@a
2x—5 —-5+2x 1—-@2/5x 1-—r

which implies that ¢ = —1/5 and r = (2/5)x. Therefore,
the power series for f(x) is given by

-5 - S 255

n=_ . a=0

|x| <§or—§<x<—.
2 2 2

12, Writing f(x) in the form /(1 — ), we have
4 4 1/2 a

3x 12 8+3(x-2) 1+03/8x—2 1-r

which implies that @ = 1/2 and r = (—3/8)(x — 2).
Therefore, the power series for f(x) is given by

3-8 o]

n= =0
_ l =] 3)n (x _ 2)7:
M.Z 2; 8/n ?

8 2 14
lx — 2] <§0r73<x<—3—.
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3x 2 1 2 1 1 -1
13 x2+x—2ux+2+xf1*2+x+71+xwl +(1/2)x+1-—x
Writing f(x)} as a sum of two geometric series, we have
3x 2/ 1\ = = 1 )
2+x—2 ,Eo( zx) * ,;Eo( D) = ngo [(72}11 1]): ’
The interval of convergence is —1 < x < I since
: Hyiy — 1 f( ( )’H“l)anrl (—Z)R I: . '(1 - (7 ),H—l)x _
A | = e e e Am [ STy T B
o m=7 3 2 _ 3 2 32 . 2
T2+ 3x -2 x+2 2x—1 24x —1-+2¢ 14(/2x 1-2%
Writing f(x) as a sum of two geomeﬁ‘ic series, we have
dx — 7 = o :j’. —— Fa— N (_ 1)” n+1:| l ,.1L , l
2x2+3x—2_”20(2)( x) ZZ(Zx) 42[2”1 + 2 f‘,]x{<20r S <x<z
15. 21 1

= +
1—xf 1—x 1+x
Writing f(x) as a sum of two geometric series, we have

T:z_xE: §XH+ Z( x)ﬂ: E(]‘ +( 1"))5”: E 2x28,

2x2n+2

2x20

Hpaqy

The interval of convergence is |x?| < Lor —1 < x < 1 since lim
n—o00

= |42
A—rao |x [‘

16. First finding the power series for 4/(4 + x), we have

- sl = 5 5

Now replace x with x*.

4 _ i (__ 1)11 x2n
4+ x2 A 4
The interval of convergence is |x?| < 4or —2 < x < 2 since
. | _ |( 1)n+lx2ri+2 ) 4n B ﬁ B J£2_l
A | T T (— a2 41" 4
17 1 = o (_ 1):: n
14k HED x
1 o] o . =]
= S =S =3 e
1 —x ,zo ;z(} 1120

=2 1 1 =] o oo .
= + = — 1y 4 "= 1\ "
X2—-1 1+x 1-x ’;0(. rx ngox nzl()[( o+ 1]x

=
=
I

2400 +22+ 0 + 208+ 0 + 28+ = 3 2% 1 < x < 1 (See Exercise 15.)
n=0
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_ox b b IR el LR,
A e T 2(1—;:)“2,20( b 2,1205"

[(—1) — 1] = —[0—2x+0x2—213+0x4—2x5+---]

:ANIH
3 gMS

o
| =

[

E)
i

(-2t = =St cx < I
o] =0

. dl 1 -1
N i i I —_—— = . 1
19, By taking the first derivative, we have . [x : 1] Gt IE Therefore,

(xl—ll)z' = %[EO(— 1y x"]_ = rgl(‘l)"nx"“‘

(—1y*lin+ a" -1 < x < 1.

bvis

0

k-
I

2

d 1 2
20. By taking the second derivative, we have — p [ 1] = G Therefore,

o e S,

e %Iﬁi(gl)"njw—l] § l)n nln — 1)xn—2 _ i n + 2)(”! + l)x" “1ex<l

n=1 n=1

21. By integrating, we have f s _il_ 1 dx = In{x + 1). Therefore,

( 1)n n+1
].n(x+1)=f[2( 1) x"]dx C+E ,—l<x<l,
To solve for C, let x = 0 and conclude that C = 0. Therefore,
00 xn+{
Infx + 1) = z -1 < x g1,
22. 'By integrating, we have
f—dx In(1 + +Candj—dx-f (1 -z +cC.,.

flx}) =1In{l — x% = In{l + x) — [—In(1 — x)]. Therefore,
m(l—x2)=Jllxdx_flixdx

- [Eore)es [[Er)oe [ £ an“] e+ 5]

_ { l)n_ 1]xn+1 ._2x’2n+2_ oo 1)x2n+2
C+2 “C+22+2_ Z n+1

To solve for C,letx = 0 and conclude that C = 0. Therefore,

x2n+2

.2y — N _
In{l — x%) n20n+1’ l<x< 1.
;Mmm n 211700_ nadn oL
23'x2+1*n§=|,0( 1)(35)-“20( P, ~1 < x < 1
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25,

26.

. xz%t 1 2’“2( 1)"x?" (See Exercise 23.)

n=0

= E (_ 1))1 Ixn+1
=0
d 2x
o & 2 -
Since dx(ln(x + 1) P have
]_n( N 1 0 b1 — I)r: y2nt2
+ H 14 — + —_— < <
x I:Z( l)x ]dx C ”20 PRI l1€x<1.
To solve for C, letx = 0 and conclude that C = 0. Therefore,
2 _ oo (_* l)nx2n+2 < <
In(x2 + 1) ,ggwwn-i-l ,—Psxs1,
H = 1 1 ¥ & ” n H o ow— = i 1 1 .
Smce 2 (= 1) =", we have:rz"_l_—1 ng( L (4x2)n ;:;o 4y 20 == ngo(*l) {2x)2n, S <x<y
|
Since j ﬁ—f dx = %arctan(Zx), we can use the result of Exercise 25 to obtain

arctan(2x) = 2 "—-—l———-dx=2J’ i( 1) dry? | dx = C-i-Zz(l)n4$~*1<x<l
45 + 1 n+1 T2 2

n=0

To solve for C, let x = 0 and conclude that € = 0. Therefore,

325

o (_ l)n 4nx2n+1 1 i
= B < —
arctan(2x) 2,;0 M4l RS EFEY
x»
27 x— 2 Shix+1)<x— ? 3 X 0.0 0.2 0.4 0.6 0.8 1.0
2
5 x— 3_‘5 0.000 | 0.180 | 0.320 | 0.420 | 0.480 | 0.500
S5
L In(x + 1) 0.000 | 0.182 | 0.336 | 0.470 | 0.588 | 0.693
—4 8
Y :
\SZ x-S+ § 0.000 | 0.183 | 0.341 | 0.492 | 0.651 | 0.833
-3
x2 B x4 &
2&x—7+u§m—551n(x+1) 5
’ f
2 ¥ xt A
Lx— S+ =+ -4 8
EET R TE T T \s.,
- —3
x 0.0 | 0.2 0.4 0.6 0.8 1.0
%2 B xt
=T tT o7 0.0 | 0.18227 | 0.33493 | 0.45960 | 0.54827 | 0.58333
In(x + 1) 0.0 1 0,18232 | 0.33647 | 0.47000 | 0.58779 | 0.69315
2 4 ' )
- %« + ? — % %5 0.0 | 0.18233 | 0.33698 | 0.47515 | 0.61380 | 0.78333




326 Chapter 9  Infinite Series
o SEUHG-F_ =D -1, G- 1P
. = - + -
2 ,21 n 1 2 3
() ‘ ) ¥ =05

(b} From Example 4,

—0.693147

§ELiCLy gy

=1
(d) This is an approximation of ]n(%) The error is approxi-

mately 0. [ The error is less than the first omitted term,
1/(51 - 291 =~ 8.7 x 10718

_ l)n(x - 1)n+1

= In x,
= (=1l _ﬁ %
30. ';::0—————‘*——(2’1 ST X + 51
@ 4

S\l |

-4

(Z1yaett
®, E o @n + 1)r

31. glx) = x line

2( 1)"“(x—1)" 2(

n+1
0<x<2 R=L1

(1 /2!

n + 1)1 = (),4794255386
171

() E(

{d) This is an approximation of sm(%)
The error is approximately 0.

=sinx,R= o0

32, glx) =x— —Jf:—, cubic with 3 zeros.

Matches (c) Matches (d)
' B 5 I
g =x -+ T LR =TT -

3B gl =x—3 5 M) =x-FT+3

Matches (a)

Matches (b)
. ) x2n+1
In Exercises 35-38, arctan x = RZO(-— 1) T
1_&, (et & (-1 111

35 amta“ = S T T A 0@ 4 192 T 510

Since z755 120 < 0.001, we can approximate the series by its first two terms: arctan- = - - ﬁ == (),245.

) oo x4ll+2

36. arctan x? = ngo(— 1) Y

| 2= S L cC=0

arctan x = ngo( ) (n+3)2n+1) ,C =
3/4 o (3/4)7+3 én+3
. 2 — — —
L aretan x* dx ,20( UG+ 9an 1) 2( "Wn = D + Dan e
_ 27 _ 2187 177,147
192 344064 230,686,720

Since 177,147/230,686,720 < 0.601, we can approximate the series by its first two terms: 0.134,



‘Representation of Functions by Power Series 327

Section 9.9
arctanx? 1 & (@l = preat
= — — 1 = -T2
3”' s AT T 2 e
arctan x? o X2
e = - 4 =
f v s O ey C Mot €=0)
/2 .
arctan x2 . 1 o1 o
J; T &7 ,,Eo( D (@n+ 2@n + 12072 8 1152
1/2 2
Since 11152 < 0.001, we can approximate the series by its first term; f _arctinx dx = (0.125.
' 0
s =g x2n+3
38, x? arctan x = rgo(_ 1} P
) 244
) L S
Jx arctan x dx = 2( ) s A T D
1 1 1

1/2 o0
2 g = —1)7 = -
fo X arctan x dx ,EO( V v Do T " 6d 1152

Since 1 1152 < 0.001, we can approximate the series by its first term: f x? arctan x dx =~ 0,016
0

In Exercises 3243, use

- .
2 " |xf < L

T f bl P,

] S-S <t o xS e = S <

](C?er 2(2n+ .x"—E(Zrz+1x"H |x|<1
A=0

(See Exercise 41.)

+
1+x 1 X 4.

R s p gl s g

Al + ), 2] <1
|

Mg

i

a

(2n + 1, fx) < 1

I Ms

43 Pln) = (%)

= Forer= Soli] - 35T

1 1
Sam-azp

Since the probability of obtaining a head on a single toss is %, it is expected thaf, on average, a head will be obtained

in two tosses.

N 1 _ o0 n i
In Exercise 44, T—= HEG x|

J =358 S
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45. Replace x with (—x). 46, Replace x with x%,

49. Let arctan x + arctany = 0. Then,

tan{arctan x + arctany) = tan 6
tan(arctan x) + tan(arctany) _ o @
1 — tan{arctan x) tan{arctan y)
+
XY une
1=
x+y X
arctan 1 == @, Therefore, arctan x + arctan y = arctan 1

50. (a) From Exercise 49, we have

1
— arctan ——

ran 120
are 239

- 119 119

47. Replace x with (—x} and
multiply the series by 3.

48. Integrate the series and
multiply by (1),

;0)

= ctan@Jrartan( 1)
ar 239

(120/119) + (—
= arctan [1 — (120/119)(— 1/239)

1/239)] — arctan (28,561) — arctan | = %

28,561

Ll 1 2(1/5) 0__ 5
(b) 2 arctan 5= arctan5 + arctan 5= arctan [l — (1/5)2 arctan A= ‘arctan B
1 _ 1 1 5 5 2(5/12) | _ 120
4 arctan 5= 2 arctan 5 + 2 arctan = arctan - 12 + arctan 12 arcta [—_ (5/12)2 arctan———lig
1 120 1
4 arctang — arctanﬁ = arctan —— 119~ arctan 739 (scc part (a).) \
1 1 1 3+t 4
51. (a) 2 arctanz = arctani + arctanE = arctan ~ /2 arctang
. 1 1 4 1 (4/3) - (1/7) 25 T
; = — ~ = — 4 — L S A Yot SLE A = = = -
2 arctan > arctan 7 arctan 3 arctan ( 7) tan[l @/ = arctan 75 arctan 1 4
1 1_(0sp 058 _ (0.5)7] I B V0 N Ve S v U
(by w=28 a.rctan2 4 arctan 8[ 3 + 5 7 4 7 3 + 5 7 = 314
1 I (1/2) + (1/3)] (5/6) T
52. {a) arctan2 + mcwg3 = arctan [—(1/2)(1/3) arctan _——5/6 =3
b) 7= 4[arctan~l+ + arctan l]
T 2 3
_ a2y 1/2p (1/2)7] [1 VL) V) (1/3)7] - s
= 4[2 3t | T 43 5t s - 4{0.4635) + 4(0.3217) =~ 3.14

53. From Exercise 21, we have

Inx + 1) = 20 (—nl);xI“ = 2}( _l)ﬂ"*lx"
2 (—1 n+1
- n§=:1 ( )R =
Thus i(ﬁ P+t i ( 1)": /2

54. From Exercise 53, we have

i mﬂ 2 & 1)"“(1/3)

- In(

1 4
o+ 1] =In- = 0.2877.
3 ) 3



329

55, From Exercise 53, we have

S-1)

=l

Jl

o Z

2 7
(5 + 1) = ]ng~0.3365.

)"”(2/5)

nt+l =

B"

&7. From Exercise 56, we have

oo. " (1/2)2n+1
,Eg( b 22’”'1(2:: +1) ,,Eo(f D 2n+1

= arctan% = (.4636.

59. f{x) = arctan x is an odd function (symmetric to the origin).

&1,
rate because its terms approach 0 at a much slower rate.

Because the first series is the derivative of the second
series, the second series converges for |x + 1| < 4 (and
perhaps at the endpoints, x = 3 andx = —5.)

63.

65 i el Vil
Tt 2n +1)
=) x2n+1
From Example 5 we have arctan x = ,20(*1) T
g -1 i =y V3
3"(2n+1) T & (VAPen+ 1) S
o f— !1/\/’5!%4-1
\/_2:‘ 2n+1
= \/_ ctan( 1 )
3

= ( ) = (.9068997

Section 9.1¢

1. For ¢ = 0, we have:

flx) = ¥
f(n)(x) = n g2x if(n)(o) = n
2
Prm gy X8 M6

20 3T T4

The series in Exercise 56 converges to its sum at a slower

Section 9.10 Taylor and Maclaurin Series
56 P b ] x’2n+1
. From Example 5, we have arctan x = '2:0(*1 P
o . 1 00 (1)2ri+1
,Eo( 1 2n + 1 2 2n+1
= arctan 1 = E% 0.7854
58. From Exercise 56, we have
—_ 1yt - —_—
PAGD = l(zn = 20V e
oo 1/3 2n+1
_ E(_1),,( /3

2n+ 1

= arctan% ~ (),3218.

The approximations of degree 3,7, 11,. . .,
{4n — 1,7 =1,2,. . .) have relative extrema,

€0,

dl & = .
Because —| % @.x" [ = > na,x"~!, the radius of
dx n=0 n=1

convergence is the same, 3.

62.

Using a graphing utility, you obtain the following partial

64.
sums for the Ieft hand side. Note that 1/ = 0.3183098862.

n=0: §,= 03183098784
n=1:§ = 0.3183098862

(,n./3)2n+1

50 ( l)nw2n+l
6. 2n+ 1)

E 32ri+1(2n + 1)] 20( ‘I)n

- Sm(%f) -

% =~ (.866025

Taylor and Maclaurin Series

o) (zx)u

Lonl -’
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infinite Series

2. For ¢ = 0, we have:

1= e
f(”](x) = e} f(n)([j) = 3

9t 27X 2 (3x)”

3 — I ik - Al

e 1+ 3x+ 2 + 3 + 2 )

3. For ¢ = w/4, we have:

flx) = cos(x) f(%) = \_2@

£ = —sin(y) f,(g) -2

Frx) = —coslx) f”(g) - ,_2%
2

f(x} = sinfx} fm(?:[) ==

[@x) = coslx)

and so on. Therefore, we have:

$ O/ = (/4

1l

Co§ x =

2 4 2! 3!
ﬁ oo (_l)n(nJrl)/Z[x _ (,n./4)]n
IR 2 HZU i’!,] '

[Note: (—1)t+1/2=1 -1, -1, 1,1, =1, =1, ,.. ]

4. For ¢ = w/4, we have:

f) = sinx f(g) -2
F1x) = cos x _f,(g) -2

f10) = —sinx f»(.jf) -
£7) = —cos x f(ﬂ_i) -2
F®(x) = sinx f“”(?{) _ 72

and so on, Therefore we have:

i FO /4 x — (w/4)]

n!

sin x =
i1=0

(w/4)]

2 p 2!
fg )

2 (n 4+ 1)

=0

-1y (s ) - B e P e

41

=
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&. For ¢ = 1, we have,

fl) = Ay=0
F) =1 =1
M=-5 -1
-2 =
O = ~= 90 = -6
A== fO =

and so on. Therefore, we have:

= § 2006~ 1

~ =12 20— 17 6lx—1)*  24(x — 1)
SO ) T T Ty T
_ ) R O e VL
G-l =T s 3
_ =0 _ n(x_ 1)n+1
h HED( 1) n+1
6. For ¢ = 1, we have:
fay=¢
FO) = o' (1) = ¢
& [0 — e 17 1P -1
& = ,z‘o ol e|ll+(x—1 -+ TR TR 7
7. For ¢ = 0, we have!
flx) = sin 2x J0=0
) =2cos2x F0)y=12
Flx) = —4sin2x FI0) =0
Fx) = —8Bcos2x F40) =~
FNx} = 16 sin 2x F9 0y =0
F9(x) = 32 cos 2x FONOY = 32
FO(x) = —64 sin 2x 190 =0
FOx). = —128 cos 2x FON0) = —128
and so on. Therefore, we have: ‘
. & f0)x 022 8¢  Ox* 320 O« 12857
B T TR TH el -t 7
. _ _8_.}3_ 3_225— 128)67 20 l)n 2x)2n+1
AT 2 (2n + 1)
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8. For ¢ = (), we have;

£ = InG® + 1) ' FO) =0
J) = xzzjf - f’(o) =0
0= e 10) = 2
7 = T 710 = 0
R e 790 = —12
FO) = 48"("2;; p Oﬁs +3) £9(0) = 0 |

- — 15x4 2 .
FO() = 240(5x5 (leit 1)—; 15x 1) FO(0) = 240

and so on. Therefore, we have:

Fo0he 242 0% 12xt |, W 2408
1n(x2+1)—n20—";{!"““-0+0x+¥+-3"!‘—T S T+
_ _ x_4 ﬁ -~ _ [=+] (_l)nx2r:+2
=¥ -Tr3 - ,Zo n+ 1
9. For ¢ = 0, we have:
Slx) = seclx) Flo) =1
F(x) = sec(x) tan(x) Fr=o0
Fx) = sec(x) + sec(x) tan?(x) Floy=1
F™x) = 5 sec3(x) tan(x) + sec(x) tan’(x) o) =0
S0 = 5 secS(x) + 18 sec3(x) tan(x) + sec(x) tan’(x) FU0) =5

oo Fin) 7 2 4
Eﬂ ©Op _ x5
=yl

sec(x) = TR

10. For ¢ = 0, we have;

flx) = tan(x) f0)=0
Fix) = sec?(x) : o) =1
Fxy = 2 sec?(x) tan(x) f10)=0
F7x) = 2[sect(x) + 2 sec?(x) tan®(x)] oy =2
T (x) = 8[sec(x) tan(x) + sec(x) tan®(x)] FH0) =0
FOx) = 8[2sect(x) + 11 sec(x) tan®(x) + 2 sec®(x) tan®(x)] N0} = 16
tan(x)zgoj%#=x+%—+%+- . -=x+§1}%r‘+- S
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1 .2n
11. The Maclaurin series for f(x) = cosx is 2 (zli)f
n=0 B

Because f®*+1(x) = 4sin x or +cos x, we have | f+1)(z}| < 1 for all z. Hence by Taylor's Theorem,

f(ﬂﬂ}(z)x"“ < Exln+l

< =
0= [R,G [(n + 1) (n+ 1)1
Since 1Lm (—i—l;wﬂ— 0, it follows that R, {x) — 0 as - oo, Hence, the Maclaurin series for cos x converges to cos x for all x,
12. The Maclawrin series for f(x) = e *is (—jx) :

Srr{x) = {(—2)7+ e~ Hence, by Taylor’s Theorem,

1) =2t .
0 < |Ru(x)} = " _I_l)x" ——‘——(n+1}1 Kt ,
) . _2)n+lxn+l B {(2x) 1 o
Since lim P T Bty 0, it follows that R {x) = 0 as n— <o.

Hence, the Maclaurin Series for e 2% converges to e~ for all x;

2n+1

13. The Maclaurin series for f(x) = smhx Is 2 o 2r + 1

F@1(x) = sinh x (or cosh x). For fixed x,

f("“)(z) et

x = | (Z) xn+1
1t

h |(n+ 0

0 <|R,(x)| = —0asn—oo.

(The argument is the same if @+ )(x) = cosh x). Hence, the Maclaurin series for sinh x converges to sinh x for all x.

211
14, The Maclaurin series for £(x) = cosh x is E @
H= 0

F@*D(x) = sinh x (or cosh x). For fixed x,

£ | | sinh()
(n + 1) G+

(The argument is the same if £+ 1(x) = cosh x). Hence, the Maclaurin series for cosh x converges to cosh x for all x.

n+l

0<|R(x

—0asn— oo,

Kk + 1)x2 &k + Dk + 27

15, Since (1 + x)"*=1—kx + 3 3l + -+ - -, we have
2 f 4
L+x)2=1-2¢c+ 2(3);; (3;(:0’”3 + 2(3)(:?(5)’( — =1 2+ 3x2 - 4+ 5xt -
= E =1 n+ Dx"
2
‘16, Since (1'+ x)"F =1 —kx + Kk + L) _ Mt Dk £ 2 + - - -, we have

21 31
[1 +(,x)]—‘/2= | +(2)x (/2)6/2x2 | (1/26/2(6/2x |

2! 3!

1 DEEN
;+(;(22)1 (,)23)31) T

2 1-3-5 - (2n— D
=1+n§;‘g 2"n!

=1+
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1 ] x\?]1/2 . ' 2 (—11-3-5- - -2n— D
—— = | — = -2 =
17. N ew (2)[1 + (2) ] and since (1 + x) 1+ RZI Sl . we have
1 i @ (-1 1-3-5 Q-2 1, R (=1)r1-3-5 (20~ 1
R 2[ 2 27l ]_2+,,21 23+ ig) .
4 _ (1/4(=3/4) , , L/AC3/49(T/4) ,
18. (1 +x)1/ 1 +1 { x+ 5 + 3
.13 3.7, 3-7-11,
SN Tt T T T 2
_ 1 S (-1)*13-7-11- - (40— 5)
=1+ Vi nZz pro X
. T T W o ) Gl B R RIRY 2 Bl 1
19. Since (1 + x} 1+ 5+ ngz ol
2 & (=1pti13-5- - 20— 3P
MN1/2 X {
we have (1 + x?) 1o nzz Sl
. g, B35 (n— 3
20. Since (1 + x) 1+ 5 + nzl - 2l
| £ & (D135 (20— 3
33V1/2 o X
we have (1 + x%) 1+ ) +n§2‘ ] .
= x2 B xt xS
21. é—n§05—1+x+2—!+§+a+§+
oo 2 n o0 . 20 2 4 xé 8
O € . . SONE. ARSI NP S
= T T A Y Y Tyt
R X A
22, ex_ng’oﬁ—1+x+§_!+_+ﬁ+§+
e B (3 g (=13 Ox2  27x°  Blx* 2435
"‘k‘,;o nl _,,20' e TR T T
_ & (c & (= Koot X
23, sinx = E @n 1 1 24, cos?—nzg o sita gt
(Bx)2n+1 ( 1)"(4)6)2" o (_1)n42nx2n
3 =
sin 3x'= 2 an + 1) cos dx = HZD ! 2
16x2 | 2356x*
Ty e T
_ =] (“ 1)nx2n o xl f’i _ . _ oo (_.1)nx2n+1
25, cosx = ?;O T YR 26. sinx Z——————(Zn T
oo _ml)n (ﬂ/Z)Zn' (x's)ZnH
PR W G Vil € _ o@D
cos x° "20 Gl 2sinx® = ZRE (2n+1)'
_co(_I)nx’!n _ [ wx_Q ﬁw ]
=2 o i st
8% 248 2xl5
sloataT i TR T
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L A A _ P
27, e —1+x+§r+§+a+§+" 28. ex71+x+2—!+3—!+"'
- 22 2% - b
M TR TR T ermlmatyoy
27 2 247 95 Oyt
X i pTX — +— —_—— —_— o —X = —_— —_—
€ € 2'x 3;+5|+7|+ ex+e _2+2]+4|
3
sinh(x}) = = (¥ — g™~ —r =
(x) 2( e 2eoshix) =& + ¢ EzZn)'
PR Cm al
AT T TN ey
1
29, cos’(x} = 5[1 + cos(2x)]
_1 B 2 M V=3 ] & (= 1n2x)*
“2[1“ 2 T 6! [14-"2 (2n}! ]
30. The formula for the binomial series gives {1 + x)~ /2 =1 + i (-1 S ~(@n = 1 , which implies that
. n=1 i
e L& (L35 2n - D
(1423 1f2—1+ﬂ§1 o
ln(x-l-\/xz-?-l):f B
xt+ 1
_ & (=11 -3:5,..(2n — 1)x2+!
*x+"§1 2(2n+1)n!
_._ ¥ + F+3% 1:3.5¢
237245 272647
31.xsinx=x(x*§+§—---) 32. xcosxﬁx(lﬁgq-%_...)
© oAb ¥ 2
= 2. Il . .. . = o
BRI : LRI
o (— .'zx2n+2 oo(_l)nx2n+l
_2 @2n + 1) —,;20 (2n}!

33 sinxzx—(x3/3!)+(x5/5!)----. : acsinxy _ & _ (m)ltt 1
*ox X 4. 2(2"n!)2(2n+ 1 =x
- 2 3 oo( l)rlxzn . _ oo (Q‘n)!xbl

TR - ,,20(2” P TR = Aamyen 70
' S (3 SR 2 S £ - _E o X w S
3 A TR TR T §T+4|+51 o
PP Gl 2 PN .2 N ) TR SO I A - N A
et =l CT R T TE P TR T
b ke 2 25 27
A
ix . p—ix 7 o 1Yy y2r+1
ol BT S N .:E(__)f_ sin(x)

+ .
2i B TR TR A 2+ 1)
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36. e"‘+e*f"—2—2;—f+2j—:—%+ (SceﬁxcrciseSS.)
"eh_;_ewu:l—;—? Z_:—ﬁ _E(é)'x2" cos(x)

37. flx) = e*sinx 14
=(i+x+3‘;+3‘6—3+;—;+ )(x*%gﬂ'%—"') 5
(S (2o E) 4 (-S4 E) )
ﬂx+x2+%3—§%+

38. glx) = e*cosx 8
=(1+x+x;+%4+§2+ --)(1—§+§2—-‘-)‘ ” / lge
vene (-2 (D) (T8 .
=1+x~§—3—g+-

39, h(x) = cosxIn(1 + x) 4

s
=(1~fi+x_4— )(x#—2+~—£+—— ) ) ra
x22 534 X x4 x43 x54 x55 o 3 ~ \9
=xo (‘5“*5)*(?7)*(?‘%*5"&)*' =

40. /) = & In(1 + %)
=(1+x+%2+§+;:+ )(x—fc—;+5‘;-——4+—— )
(B e [ )
S .

\Q
2o
o

—3
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41. glx) = ISJT_J;. Divide the series for sinx by (i + ).
3 x5
2 X T
1+x)x+0x _6+0x“+120+
x+ %2
3
el X
T %
- = 5
%+0x4
52 5xt
4] 6
EE AN
6 120
5 5¢

42, flx) = —Z _ Divide the series for e* by (1 + x).

1+x
x» ¥ 3x
+ —— —_—
L+ 37%*
= 2 x* x
+ = ST
1 x)1+x+.2+ 6+2 +120+
1+ x
x* x3
0+2+ c
2.2
2 2
»  x*
REREY
2
3 3
3x? B
8 120
3xt 23S
_+_
8 g.

4 g
N A =
43, y=ux 3 x(x 3!)

floy= x sin x

Matches (c)

2
48, y=x+x2+§2x(l+x+x—")

flx) = xer
Matches (a)

A
-8 8

I P

f(x)=l+?—?+?*'
-5 -\I [}

F) = xcosx

Matches (d)

4. y=x—F+xt=x(1-x+19H

1+x
Matches (b)
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47.

49,

50,

51.

52.

53,

J: (e = Ddr = f [(E (_3[%2") - 1] dt

0

[ t3 i (_l)nmll =3 e 5.

2"l

“(2n — 3).:3"] &

(3n + 1)2"a!

[ I i "(—1)"‘11 3.5 (2n- 3)1‘3““};‘

(=171 -3-5.. .2 — 3t

i
=
+

T2 (3n + 1)27n!

R )

. & (=1l — 1)+! k-1
= -————— = —_ [ <
Since In x ?Zo " (x— 1) > 3 ) 0<x<2)
we haveln 2 = 1 —-1—+ 11 +oe = i( 1)”"'11"06931 (10,001 terms)
R P ’
. =B 2n+] _ 7& £ _ x_'?
Since sin(x Z"'o 2n T 1)! =x A + 5177 + , we have
sm(l)—E —1—~1-+i—i+---.=¢08415 (4 terms)
2 (2 + 3 ST B4Lo.
Sincce"=°°£——1+x+—+§i+ ,
A&t 2!
22 2
wehavee? =1 + 2 + 30 +5 T E — == 7,3891. (12 terms)
- S A A AN IS SRS SIS SN SO
Since & = Z;—l+x+2—!+§+z+§+.. ,wehavee 1 =1 1+2| 3'+4 5!-£-
e-1_ . ,_,_ t 1 1 1 1 _&=0t
and = 1—el=1 i + 31 @l + 5T + = ;::] i 0.6321. (6 terms)
Since 54. Since
( l)nx2n JC2 x4 x6 xB ot ( l)rrx?,n+1 JLB bl
= = rr L . =NV ZdEr x
cosx = E P T T TR TT sHx= 2 Gnt1y T3
S x3 &g (= 1)ixPa+2 sin x 2 gt 4 oo
Treosa=or~4re "™ 2 (2n + 2)! PRI TR TR T 2
l—cos _x ¥ ¥ ¥ 2 (—1)ry2e+l in x & (—1)na
—_—— — — + . r e = —_— —_—
x 2 4@ 2 an+ D we have lim == = i 3 o T
Lo l—cosx & (=l
we have lim — = = ling "ZO (27 + 2)!

xR (__1)n+1x2n+3
) ] - ,,ZO (2n + 3)n + O

1)rix’2n
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(=1

' sin sin x )rrx2n e ('_ l)r:x2n+l 1
58 f Ty s [ ,, O(Qn + 1) ]dx h [20 (2n + D2n + 1)!]0 B ,EO (2n + 1)(2n + 1)1
Since 1/(7 + 7'} < 0.0001, we need three terms:
sin x i 1 . . . ]
f —dx=1- ) + .5 == 09461, (asing three nonzero terms)
Mate: We are using lim LLL
x=0T X
/2 N 172 2 4 1/2
arctan x x2  xt a8 S ] /
. —dr= | R it NUICIRY F7 - JEn PV ey AU
56 _L P L (1 3757 )‘ix [" E N TR 0

Since 1/(922%) < 0.0001, we have

1/2 .
arctan x 1 1 1 1 1
L —dx*("%*‘s"zz—s‘ﬁ*g‘zaa)"“‘*g”'

X 2 322
Mote: We are using 1ir51+ aretanx 1.
*—
A ) |: xt AT A0 5y13 ]0'3
_._—+..-. _ﬁ_.’__— PR
= * 8 56 160 1664 0.1

0.3 0.3
ST-J;,I ~.1’1-I-Jc*?’dx:J;}'1 (1+‘5—§+..16 128

Since %(0.37 — 0.17) < 0.0001, we need two terms.

. 0.3
f TF R dx = [(0.3 -0+ Ho3 - 0.14)] ~ 0301,
0.1

/4 1/4 [ N . 3 xt TS %0 1/4
ss.L xln(x+l)dx7L (x2*?+§"—z ---)dx~—[-§—4_2+5_3—6 ik ']0
5 1/4
Since (1{54) < 0.0001,f xIn(x + 1)dx~g-/3i)—~(—1/8i)~000472
0

L
)nx(4n +3}/2 l: oo (_ 1)r|2x(4n+3)/2:|17/2

nx(4r:+1)/2 (
] = {4+ 3)20) o

59.J Vxcosxdx = r/z 2 2l (n+3)

Since 2(w/2)%/2/(23 « 101) < 0.0001, we need five terms.

1
_ @222 (w2 () (/)5 () 2)19/2] -
_L J;_ccosxdx—Z[ 3 14 + 264 10,800 * 766,080 = 0.7040.
I I B gt £ _
> .. )dx = [x D) + 3@~ a6 + 5(8Y ]0.5

X
60.,J;. cos Vxdx = f 1—w+a—a+8!

Since s5raw (1 — 0.5%) < 0.0001, we have

Jols cos /x dx == [(I - 0.5) — %(1 - 054 + %(1 - 0.5% - ﬁ(l - 0.5 + 201 600 {1~ 05)5] 0.3243.
61. From Exercise 21, we have
Tl e e[ $ G e RS ERT] - mas
H\/iz_ar[lgz-i-fzz-;z -5*25.-;! -7]*0'3414’
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62. From Exercise 21, we have

1 Ze_xz/dez 1 2 o (_l)nxmdxz i o (—1)xinti g
2 ) ol A Ul V2| A 220l (20 1) |
1) (2n+l — 1)
Z"n' @n+ 1)
o 1 I:l _ 7 n 31 127 . 511 _ 2047
V2T 2-1-3 22.21.5 22.3]1.7 24-4.9 29.51.11

8191 32,767

131,071 524,287

2.61+13 27-71+15

. oo (—1 n4nx2n+l
63. F(x) =xcos2x Z %2?2)
Pix) = x — 2x* + ?

il
JAAY

-2
The ponnomial is a reasonable approximation on the
interval [ i i]

28117 2°-91- 19] = 0.1359.

64, flx) = sin%]n(l + %)

_x 8 I 1
P =T -7t/ T %
4
\\..:"‘_“‘{
-4 8
\l N
PS

-4

The polynomial is a reasonable approximation on the
interval {(—0.60, 0.73).

65. flx)= VxIlnx,c=1 3
P, g
e kmap -1 -1 \5 K
Pyle) = (= 1) = S+ g 1920 L .
N \ .
The polynomial is a reasonable approximation on the interval [i, 2]. _ -

arctanx, ¢ = 1

66. () = 5 -

P(x) = 0.7854 + 0.7618(x — 1) — 0.3412 [@] 0.0424 [( 3 1)3]

s[5 50

The polynomial is a reasonable approximation on the interval (0.48, 1.75).

67. See Guidelines, page 6807

69. (a) Replace x with (—x).
(b) Replace x with 3x.

Kk — )

68. a,,., = 0 (odd coefficients are zero)

{c) Multiply series by x.

{d) Replace x with 2x, then replace x with —2x, and add the
two together.

k(k — Yk —2) x3 + - + +, The radius of convergence is & = 1.

70. The binomial series is (1 + x)f = 1 + kx + o

31
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_ - g & ok
Ly (tanﬂ kv cos 8)x £ ln(l ¥, COS 6)
| 2 3 4
D T R
kvocos & K wvocos 8 2\vycos @ 3\yycos 8 4y cos 8
gx g% gx? . gkt gkt ]
+ .o
4yt cos* @ *

= — + +
(tan 6)x kvgeos @ kvgcos 8 2vfcos @ 3vicostd

2 . 3l
gx kgx® Fex
= {t + + +
(tan O)x Zvgtcos? 8 3vPcos? @ dvyfcostd

T2 6= 60°, v, = 64k—%g$A32

L a3 (1/16)@2)¢  (1/162(32)x¢
yﬁammm3WMP%ww
22 2 '23x3 24x4
=Er - [ 20647 T 3(64p16 | Aeh6r T ]
22
32,22 n(64)" (16)"~ 32,,227132)”(16 -2

R x#0
73, f(x) = { i=0

vy = o S = f0) . T —g
(b)f(())‘-—ig}% x—0 malcg% X

(a) y
2 ' " .
1 : e /7
N e Let y = lim ——. Then
L ‘ ¥
— 1/ 1 — 2T
Iny= ijm]n(e ) = lim [f%—— Inx] = lim [l—flﬁ] = -
x—0 X x—-0% X x—0% X
Thus, y = ¢~ = 0 and we have f{0) = 0
i A 2
2 £20) (O) = fl0) + L(IOT)JE + f—% + +» =0+ f(x) This series converges to fat x = 0 only.
n=0 ! . ' -
74. (a) £(x) = —(i;—l) ® 15
From Excrcise 8, you obtain; . ‘{ _
( 1 nx2n+'2 o0 Jlxln 0 2
x2 2 n+1 g B
A S
Pe=l=m 5375
x 0.25 0.50 0.75 1.00 1.50 2.00
(Mmfwﬁd | | ,
t : F(x} | 02475 | 04810 [ 0.6920 | 0.8776 | 1.1798 | 1.4096

1.6878 | 9.6063

G(x) | 02475 | 0.4810 | 0.6924 | 0.8865

Glx) = L "po0) dt

(d) The curves are nearly identical for ¢ < x < 1. Hence, the integrals nearly agree on that interval



342  Chapter @  Infinite Series

+1 1
75. By the Ratio Test: hm ’(i—-—l =

T lim = 0 which shows that Z’ = converges for all x.

n——)co?’l“*‘

76. m(i t;) =In(l + 2 — In{l — %)

Y S R U RN O
- (" 273 ) ( P )
xS x2n _
= 2x 25+ 25 - 2x22n+1,R—1
{1172y (1 (/22 /2 (1/2)6} 1,1, 1
1n3—1n( 71/2)~2(2)[1+ 5 t3 +. 7 1+12+8O+448~1098065
{(in3 =~ 1.098612)
5\ _5-4-3 60 _ =2Y _ (=2(=3) _ (0.5) _ {0.5(=0.5)(—1.5)(=2.5)
77. (3) == =g~ 10 8. ( 5 ) o M., )= il
5
= —0.0390625 = —75¢
80. (“1/3) _ (= 1/3)(=4/3)(~7/3(—-10/3)(— 13/3) 81, (1 + x) = f(k)x"
5 , 5! PRV
=22 12483 Example: (1 + x)? = i(z)x” =1+ 2x + &
729 ) ) =\n

82, Assume e = p/q is rational. Let N > g and form the following,

1 17 1 1 B
¢ [1+1+2|+ +N!]_(N+1)!+(N+2)!+

Setag = N![e - (1 + 1+, Aln)] a positive integer. But,

1 1 1 I 1 1
= NI : N —_ o — - - .
@ N.'[(N+1)!+(N+2)!+ ] Nri T WrDw SN+l WP

i 1 1 i [ ' 1 1 ' L
- +... 0= == _
N+1[1+N+1+(N+1)2 ] N+1L17( 1 ) N,acontradlcuon
N+1
83 - * - o,
e =y T tax et T

x={—x— g, + ax + apx®+ -}

x=ag+{ay —ax +{ay—a; —agh® + (ay—ay—a)d + - o
- Equating coefficients,

ag =0

g —ay=1= a =1

a, —a; —ag =0 =2 g,=1

ay—ty, —a; =0 = a3=1

a, = a; +a, = 3, ele.

In general, @, = a,_, + a,_,. The coefficients are the Fibonacci numbers.
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84,

Assume the intervalis [—1, 1]. Letx € [~ 1, 1],
Fy = 76) + (1 = G + 31 = X2, c € (x, 1)

FED =)+ (41 - 0P + M1 - 2D d & (— 1,5,
Hence, £(1) = f(=1) = 2/0) + 31 = 227(0) ~ §(1 + 9@
21 = £(1) = #(=1) = 3(1 — 22 + 31 + x2Fd).
Since |f(x)| < I and |f(x)| < 1,
27 < [rQ)] + A1) + 300 = 2P + 30+ 92513

14145129+ 31 + 22
=3+ <4
Thus, |/x)] < 2.

Note: Let £(x) = 2(x + 1) — 1. Then |F(x)] <

Review Exercises for Chapter 9

L |G = 1and /(1) = 2.

1 n 2 .
l.aﬂfn! Z.an—anrl 3'“"_l4+n'6’5’4'67""
Matches (a)
4 a,=4 __._ 35,3, 5 a, = 10{0.3* % 10,3,. . . 6 a = 6(“-3%)” 1: 6—4,. .
Matches (C) Matches (d) Matches (b)
) . S5+ 2 ' ’ ‘ . RmT
7. a, = nr 30 8. anzsm—z—- 2
The sequence seems to L LY P The sequence seems to diverge ¢ “ ®
converge to 5 (oscillates). Sl 2
. Sn+2’ 0 " s 1,0,-1,0,1,0,. . . )
nli)ngo n = nI—l-{gO I a 2 -2
= lim (5 + E) =5
n—oo n
o. im Tl 10. lim —= =0 1L tim % = oo 12, lim — = lim —-
) W Asee S ‘aseont+ [ " pmeoln(n)  a—ee 1/n
Converges Converges’ ' = co
- Diverges
~rt+ A f
13. lim (Vr+1— Vo) = lim (Va+ 1 - =0 Converges
n—m( ) co( )\/n F1+vn e dntlt on §
1\» 1\F71/2 , . sin-/n
m: —_ = 1 — = /2 15. =0
14. lim (1 * ’Z,n) Az, [(1 * k)] ¢ =
Converges; k = 21 Convergcs
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0.05\
16. Let vy = (&7 + enirn 17. A, = 50001 + =] = 5000(1.0125)"
| ~1,2,3
Iny = In{e" + ) n
" (a) A, = 506250 Ay~ 5320.41
lim Iny = lim L) A, = 512578 Ag =~ 5386.92
n—s00 a0 B+ "
A; =~ 5189.85 Ay == 545425
Assume b = ¢ and note that the terms
A, = 525473 Ag==5522.43
b"Inb+ lne _ b"Ink c'lnce
b+ ot TPt B+t )] Am%8218.10
converge as 71— oo, Hence a, converges.
18. (2) V, = 120,00000.70)", n = 1,2,3, 4,5
(b) V5 = 120,000{0.70)° = $20,168.40
@[T s [ 10 | 15 20 25 b) s
S, | 13.2 | 113.3 | 873.8 | 6448.5 | 50,500.3 S
The series diverges (geometric r=%> 1). ] =
=10
W@ T 5 10 15 20 25 O
Sy | 03917 | 03228 | 03627 | 0.3344 [ 0.3564 . .
® a3 o _a, -
s ® 8 @ @
The series converges by the Alternating Series Test. o 12
0
21. by 1
@ T s 10 5 20 25 ®
8. | 0.4597 | 0.4597 | 0.4597 | 0.4597 | 0.4597 ®nsavoesas
The series converges by the Alternating Series Test. o 12
=01
2-@Te ] s 10 5 | 20 25 ® 7
eo’“a"n
S, | 0.8333 | 09091 | 0.9375 | 0.9524 | 0.9615 o
The series converges, by the Limit Comparison Test with 2 :}i o 12
. (1]
23. Converges. {Geometric series, r = 0.82, |r| < L. . Diverges. Geometric series, r = [.82 > L.

25.

27.

Diverges. nth-Term Test. lim g, # 0.
n—oo

o
2
n=0

aq

1

S=1-—r=

- (2/3)

L
1/3

2\4 2
(5) Geometric series witha = 1l and r =

=3

3

. Diverges. ath-Terin Test, lim a, =
noon

og gnt2 o (2
== 4 fund

n=0 3” } r;o 3

See Exercise 27.

2
T
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S R p—

r=0

o 3|6 - o) - 36 36

b [l-4-(

= 0.09(1 + 0.01 + 0.0001 + -

3% (a) 0.0% = 0.09 + 0.0009 + 0.000009 + -+ -

0.09 1

®) 009 =301 = 11

32. (a) 0.923076 = 0.923076{1 + 0.000001 + (0.000001)% +

0923076 923,076 _ 12(76,923) 1z

(b) 0.923076 =

33. D, =8
D, = 0.7(8) + 0.7(8) = 16(0.7)

© e+ 16(0.7) +

16
=07

D =8 + 16(0.7) + 16(0.7)2 +

=8+ 16007 = -8 +
n=0
35. See Exercise 110 in Section 9.2.

Ple™ — 1)
iz — 1

200(e09@) — 1)
=TT 008z 1

A=

== $5087.14

o ’ b 1 1
—4 = lip | —2X L = Z==
37. jl x4 Inlx) dx blggloli 38 5 3]1 0+ 5= 9

By the Integral Test, the series converges.

3. 5 (i - 1«)
n=1 n2 n
Since the second series is a divergent p-series while
the first series is a convergent p-series, the difference

diverges.

2 nz HE]};

=1

41 2 n3 + 2

. 1/ e+ 2n w2
lim =1

n—sco 1/(n3/2) = ,ilglolo m + In -

By a limit comparison test with the convergent p-series
= 1
E vz the series converges,

=

1 — 0:00000f 999,999  13(76,923)

34. § = 2320001055)

= 45} meters

=17 —

)

R R R

i 0.09)(0.01)"

C]= ﬁj (0.923076)(0.000001 )"

32,000{1 — 1.055%)
i— 1.055

n=0

~ $4,371,379.65

36. See Exercise 110 in Section 9.2.

A=+ 5)" -

- 12 0.035\120
h 100(0.035)[(1 M) ) 1]

~ $14,343.25

w1 1) =1 &
wSE3)-55-53

The first series is a convergent p-series and the second
series is a convergent geometric series. Thcrcfore their

difference converges,

R

42'2n(n+2
hm(n-kl)/n(n+2) tim n+1=1
noo 1/n n—)acn+2

|
By a limit comparison test with >, - the scries diverges.
a=1
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w1.3.5...(2n_1) . ocl 23] i
43, ,El 546 44. Since n21 3 converges, ,;2:’13" — converges by the
Limit Comparison Test.
135 (n-) it omp
n 2-4-6-(2nm)
@5 monl L
2 4 Zn—2/2n " 2n
Since i L = 1 f‘l 1 diverges (harmonic series)
= 2n 2500 g ’
so does the original seties.
45, Converges by the Alternating Series Test. 46, Ciry/n
. ~ n+l
(Conditional convergence) n
_ et < Jn _
an+I_n+2"‘n+1 ay
.
nlgge P 0
By the Alternating Series Test, the series converges.
47, Diverges by the nth-Term Test. 48. Converges by the Alternating Series Test.
3+ 3lnn _ . 3lnn
w1 ST ST, —mﬂ,li)ngo n =0
= g = ‘ﬂl
49. P 50. ,,21 e
lim |22t1] = g 12 +1 e? R " (ht ! e
Aoe | a, noee |t 1IE g ne |, | wow| el Al
. |+ 1) . o n+1
nne [ ant 1y, - n]l)rgc =
. ( 1 )(n + 1) By the Ratio Test, the series diverges.
= lim |“5=7
n—en \ e n
=0)(1)=0<1
By the Ratio Test, the series éonverges.
og R
51 "21 e
. an+1 e 2n+l n_3 — 1§ __2}13 —
Jim a, | nmes|(n+ 1P 27 _nl-]éIBO(n-}‘ 1)3”2
Therefore, by the Ratio Test, the series diverges.
@€ 1-3-5---(2n—-1)
52. ,212-5-8- - -(3n—-1)
im 1] 13- -2n—-12n+1) 2-5- Brn-1) _ im’2n+1:2
n—eco | dy n—-)oo2’5“'(3n_1)(3n+2) 1'3"‘(2)1_1) asoe 3n + 2 3

By the Ratio Test, the series converges.
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ntl
53. (a) Ratio Test; lim {22+L| — (nx DB/ lim (n * 1)(2) =3 1, Converges
noe | a4, n—ce n(3/5)" noce \ R 5 5
®) 5 10 15 20 25 © ¢ =
[
8, | 2.8752 | 3.6366 | 3.7377 | 3.7488 | 3.7499 .o
0 g 12
(d) The sum is approximately 3.75. 1
- L
54. (a) The series converges by the Alternating Series Test.
b c) oe f
®) 5 10 15 20 25 ©
S, | 0.0871 | 0.0669 | 0.0734 | 0,0702 | 0.0721 ®
a mes @.
(@) The sum is approximately 0.0714. e o " "
0
55, () j L gy = [71] _1 N 5 10 20 30 40
Dy % v N N1 _
' E 2 1.4636 1.5498 1.5962 | 1.6122 1.6202
n=1
J- J—jgdx 0.2000 | 0.1000 0.0500 0.0333 0.0250
N
o | Lax= [_L]m __L N 5 10 20 30 40
[, X5 Aty ane - :
‘ : ;ll'g 1.0367 1.0369 1.0369 1.0369 1.0369
n=1
f %dx 0.0004 | "0.0000 0.0000 0.0000 0.0000
N

The series in part (b) converges more rapidly. The integral values represent the remainders of the partial sums.

56. No.Leta, = 39375

57. flx) = /2 floy=1
FW = =3 o) = -2
W= 0=t
6= ~ter proy= -k

58, f(x) = tanx
Flx) = sec?x
Fx) = 2 sec® x tan x

Fx) = 4sec? xtan?x + 2sect x

(==
) . then a5 = 0.7. The series El
P

39375 . .
2 15 a convergent p-series.
' {d xz {4 ‘x3
Pylx) = F(0) + f0)x + f1O); + f O3
1 122 148
Slmr T
11 1
—1~Ex+8x2—48f
f(—ﬂ):wl P(x)=—1+2(x+3)—2(x+3)2+§(x+3)3
4 3 4 4 3 4



348  Chapter 9  Infinite Series

. 957)°
59, Smce‘———1809 Ry < 0,001, use four terms.
o neo o [95TY 95w (95wf | (O5a@p (957)7 -
sin 957 = Sm(wo) 180 T 180°3 18051 1soryl - 00900

(0.75) + (075 {0.75)%

60, cos(0.75) =~ 1 — 20 10 T 0.7317
2 3 4 3 & 14
61. In(1,75) = (0.75) - (0';5) + (0'25) - (0'15) + (0‘25) - (0'25) P (O'—Zi)wmo.ﬁ%m

(025> (025  (0.25)* _

—0.25 s
62. e 1 —025+ 5 T al 0.779
63 f(x) =cosx, c=0 64, flx) =cosx
f(n+1)(z) k1 _ x* x*
R (n +1)| ' P4(x)_1—§_l+2?
n+1 2 4 J.JG
wr(g)| < < x V=X g A
Feal < 1= R < 5y P =1 -5 4~ &
{0.5)+! ' PR N SR I O iid
(a) R,T,(x) < Y < 0.001 Pox)=1-— o + TRl + s 101
This inequality is true for n = 4. 10
{1+ : \ /?4
() R,0) < =y < 0.001 ok el
This inequality is true for n = 6. ‘ /7' Rl 1B
—10
(©) Rx) = ©I" _ 0.0001
(n+ 1)
This inequality is true for n = 5.
nt
(d) R (x) < ( = 1)' < 0.0001
This inequality is true for n = 10.
[=>=] x n ) [+.=]
A 6. S (2x)
os. 3(%) 2, |
Geometric series which converges only if [x/10] < 1 or Geiometnc series which converges only if[2xf < lor
—10 < x < 10. —3 < X< 3.
& (-1 = 2 = 3l = o)
. T 68. —_—
& A et 1)? : ngi n
- taea| _ e 1n+1x 2 (p 1P | '3n+1(x —agprt n |
e n’ﬂ] (n + 27 (—1)r(x — 2 L v Bl 8 e 30z — 27|
= |x — 2] : = 3|x — 2|
R = 1 . R — %
Center: 2 Center: 2

Since the series converges when x = 1 and when x = 3,

N . .5 . 7
. . Since the series converges at 3 and diverges at 3, the .
the interval of convergence is 1 < x < 3, ges ats gesatys

interval of convergence is% Sx <.
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i (x —2)n

s (-2 & (x - 2)»
7. ngﬁ 2 - ,,20 2

lim [Het] (n+ Dix — 2941 . Geometric series which converges only if
n—yoc un' n—oo nl (x - 2)” 2
which implies that the series converges only at the center 5 | < Ior 0<x<d

x =2,

o y=§0(—1)"j(‘2)—2
o0 _1 n(zn)xzn 1 _ oo (_1)n+1(2n + 2)x2n+1
,§1 nl &y e+ )2
p_ S (=120 + )28 + DA
D (FEVTIE
P =R EUTEe +2)@n + Dt & (120 + 202 Rk
B T e e & e o 2
8l e @a A 0@+ D) (D020 +2) (<17 ia
= 2 O e T T # G B 4n(ns)2]"2 .,

=0

72,

(=114 + 1)2
@1 ¢ DI

’(__ 1)n+ 1j
L 4n(n!)?

—3)(2m)x2n 1

__1)n+1(2n + 2)(2n + 1+ 1) . 1 n+2
4f=+1[(n " 1)!]2 + (" ]) 4"(&!)2]x2

1 2
+ (_ l)n W]x2n+

+ (= 1)

x"+2~_~0

n+1(2n + 2)X2"+1
2n+1(n + 1)]

-5

2"n!

=3P+ (20 + 2)(2n + 1)

= i(

n=0 2n+l(n + 1)"
” , 0 (_3)n+1(2n + 2)(2?’1 + I)xzn o0 (_ 1)ri+13r1+2(2n T 2)x2n +2 oo (_ 1)n3ﬂ+1x2n
+ + =
¥ 3Xy 3y 120 2r|+1(n + 1)! = 2n+1(n + 1)1 sy 251
o0 (_ I)n+13n+1(2n + 2)1'2" 0 n+l3n+2x2n+2 oo (_ 1)n3n+1x2n
N ,,ZO 27l Z 2nl A=t 2"nl
co ( 1)"3”+1I2" n+l3n+2 2n+2
= — +
HZO T [-@2n+ 1) +1] + E o
_ i 1)n3r:+1x2n ic-: l)n+13n+2x2n+2
n=0 2'”’1' n=0 2%n)
el (_ 1)n+13n+1x2ft o0 n3n+1x2n 2
- ,,Z] 2"l Z "=l ~ I 2n
_ oo r;3r1+1x2n _
= Z o ——"T-2n +2n] =
73 2 23 a 74 3 .32 3/2 a
T3-x 1—(x/3) 1-r T2+ x 1+(x/2) 1—(x/2} 1—r
o g(z)n 8 Dxh =) 3( ) oo nSle
,.,20 373 n=aq 3n+1 HE:O Z 2n+i
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o] 2 K\ )n3xn+1
(x) Power sexies HZ 3(3) 76. Integral: E w2
o’ 1 &2 fx\
Derivative: ; 3 ( ) (3) = n219n( )
o0 2 x n
=S 2+ D2
n=0 g(n )(3)
2 4 8 =2 1 3 3 3
N S+ — 2 - . — = =
77 1+3x o* +27x3+ Z( ) (2x/3) =3 5 <x<3

B 2x-3)+ (x—3)2“‘(x"3)3+ ' 208[ (x_3)] 1*[*(3—3)/4]

% 3
4+ (x—3 1+

—1<x<7

79, flx) = sinx -

flx) = cos x
fx) = —sinx
fx) = —cosx, -+ -
sin(x) = E S x ;l @a/4)]"
IR RG T . WS (LA V2& (-1 x = Ga/4)"
) 2(x 4) 2-21(" 4) "20 n!
80, f(x) = cosx
Flx) = —sinx .
flx) = —cosx
) = sinx .
_ B [ a/a) +(/4)]"__f V2 2 A P, /2 LA
cosx= 3 R 2(3”4)_"2_?( +Z)—2-3|(x+1)+2-4!("+4)+
B 2 - & (—D)PO 2y + (a/4) It
7—2——[1+(x+z)+n; T ]
81. 3¢ = (MO = 1) and since ¢* = f; 2, we have 3 = 3 CLE) PRI SIS .l B ILET i

PN 21 3l 41

82. F(x) = csclx)
Fix) = —cscix) cotlx)
Fx) = esc?(x) + csclx) cot?(x)
Fx) = —5 csc(x) cot(x) — cselx) cot?(x)

F90) = 5 ese®(x) + 15 escP(x) cotHx) + cselx) cot(x)

csc{x) = Z f(”)(GT/Z)[x = (m/2)F =1+ 21*( %)2 + i( - 3)4 + .‘ -
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8. )=~
e = -5
9 =%
) = =5
Lo GO g OISy <o

84.  flx) = x/2
)= %x’” 2

-
= B
= -

E f<ﬂ>(4 )x — 4 - -4 x—49* 1-3x—4" 1-3-5x—4¢

iz 2521 2831 B 2114
B (x“ ) oo(_l)n‘Fll.SeS. . '(2)1—;3)( I
R Y pE

Kk — 12 k(k - Dk — 2)x3
2! 3!

wa”%%wWLM@WW

85. (1 +xf=1+hx+

1 _ 142 1-4-9¢
577 57l 5731

_ £, {14914 - -(5n— 6)x"
L5+ 2 Sl
— ¥_ 2,6 5
=St T s
86. Hx) = (1 + x)3

Rx) = =301 + 0

Rx) = 12(1 + x)—3

Ax) = —60(1 + x)~6

Bx) = 360(1 + x)~7

B9(x) = —2520(1 + x)~8

1 125 605 | 360xf _ 2520%° - G Vi U ) | N G Vi U s 2)(n + 1t

T A TR TR 51 _,20 20l =2
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> -1y ‘ : - (x — 1)
87. ]nx—hzl(ﬂl)nﬂ —, 0<x=<2 88, Inx_;(_l)n+1__n_’ _ 0<x<?2
§ = = —_ rl%‘l(_(5/4')____l)ri (_6_) —_ = _ +j((6/5) - 1)71
ln(4) ,;21( 1) n n 5/ ,,21( Dy n
= n+l - o - TR S
.1=1( Dt gy = 02231 nzl( 1t = 01823
8. =S % cocxcoo 9% =L —woxcom
=0 ! “~ n!
1/2 = = ~ 23 = N M2 -
= B T T 2 g ¢ go T 2 g LT
< n xln . x2n+l
91, cosx—ngc(—l) 2 —-o0 < X < o0 92, smx—nE( 19 Gn T T o< x < oo
2 _ o2 ﬂ2—2" ‘ . l & o 1 _
cos(3) = 2:‘,("1) )] 0.7859 sm(3) = ,,20( 1) TG T I 03272

93, The series for Exercise 41 converges very slowly because the terms approach O at a slow rate.

1 1
e = “1/2 g 1
94, s (t +x3)-12 3
=1 —l(x3) n (—1/2)(*3/2) ( 1/2)(=3/2)(=5/2) o4
2 2! 3!
(=1 - <(@n -1} .
2 2"n| x?
.2 J‘l =) 2 n
95. (2) fl)=ex  f(0)=1 | ® = ,,20 i ,,=o(ri)
flx)=2e*  f(0)=2 .
Fx) = g2 £10) = 4 Px)=1+2x+ 2x* + gxa
| = 2x 1, — )
S = s 110 -8 (C)€X°e*=(l+x+§+ . )(1+x+§+
()A1+2x+42i!+83i|'—1+2x+2x2+;x3 .
P=1 +2x+2x2+§x3
96. (a) f(x) = sin2x f0) =0
Flx) = 2cos2x 70 =12
fT%) = —4sin2x #0) =0
Fx) = —8cos2x F40) = —
F@x) = 16 sin 2x F90) =0
FOUx) = 32 cos 2x F90) = 32
FOx) = —645in2x F0) =0
FO0) = —128 cos 2x FO%0) = —128
. 0 Ot 3225 0 128 4 8
Slnh:()“l"z +E‘~?+4t -}-T a_ 7 ...,=2‘x_§x'j _xs_ﬁgxf}-_i__

—CONTINUED—
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96, —CONTINUED—

oo ( 1)nx2n+1
b —
(b) sinx = ,,EO (2n + 1}
oo (reapntt 0 (20, 2% (@)
sin 2x = ,,20 P TR TR 71 o
o, B¢ 320 128) PO R SR B
et TE TS TR x3+15"5 TR

(c) sin2x = 2sinxcosx

R B 2
“Z(x 5§ 120 5040+"')(1 7 Tt )

' 2 A8 ¥ X X7 x %7 X :
2[“( 2 6)*“(24**{5*?56)*(‘72—0‘M‘%‘M)+'"']

o220 80, ]

S

3 15 315 315
) oo 1)ﬂt2n+l = (_l)ﬂtZH
97. - § ey 9. _
sin ¢ E @n 5 DI €08 ¢ ;::o !
=] — n oo (—1Yrsen
simé _ S (=1« cos_{= D (2"1) ¢
r =t (2n + 1) ‘ it 2272 1)
f"iﬂi [g (= 1)pnt1 ] J’-Cosﬁdt = i 2n(—'l)‘"zt"“ ]
) 4 =0 (2!’! + 1)(2?’1 + 1) 0 2 n=02 (Zn)l(n - ].) fs)
o )nthr] a0 ( 1)nxn+1
E (2n + 1 W2n + 1) nzﬂ 227(2m)t(n + 1)
1 _ = _ 7 n _ o0 ER—
9. EPR 160. =3
o - ( 1) I o g
+ = E——— = P —_ = —_
In(t + 7 J'I . tdt ,,Zo " e — 1 HEI o
mir+1) & (=0 -1 _Hr!
t eontt ¢ _,,21 nl
Tt + 1) = (—1)ren+! e ‘ Ate' - 1 > > xv
——dr =
S R S Pr S
B X A
101. arctan x = x u§+?w7+§“...
arctan x X2 x%2 132 72
N/ A u i S
h arctan x —
1—1:(1)1* ﬁ 0
(=7)
By L’Hopital’s Rule, lim &@0% _ AL+ . 2%
x—0*

= lim =YY% _
Jx P ( 1 ) x—lgl* 1+x
2%
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. x2 1+3° 1-3-5¢7
102, asinx=x+ ot ot e
arcsin x 2 1-3x4 1-3-5%
T x “1+2.3+2.4..5+2-4_-6-7+
1 Aresinx _ o
20 X

By L'Hopital’s Rule, lim
x50

Problem Solving for Chapter 9

+ ..

1 .
arcsin x - (‘/1 — x2) -1
. —_ .

1 ()1(l)+2(1)+4(_1_)+..._El(Z)" 2 1,e:5—§;=-—+i+
-\ A3 9 27 ~ 3\3 . Lon—1p 12 3
’ ' 1/3 1,1 .1 1
=t = 1 N SIS SIS ST
1_(2/3) IThCn6 12+22+32+42+
12 1 1
== =85+=+—=+
(b) 0’ 3! 37 ]-v etc. § 22 42
1 1 I
T S 1(2Y —S+—{1+—«+~_—+
=1- Flzf =1—-1=0 2 2
© lim C, 1 ,2’03(3) 2 2273
‘ _a? lwz_wl(é)_
Thus, § =6~ 4% ~6\a
: +
3. If there are n rows, then an=@. T
For one circle, Vi
)
e tandr s MBY_SB_ 1 3 l
! R AN) 6 23
— |
For three circles,
a, = 3and 1 =2-/3r, + 2r,
A
P2+ 2%
T2
For six circles,
a, = 6and 1= 2/3r, + 4r,
A
3"_ .
2/3+ 4 4
2
B —— Gt o ] ﬁra
1
Continuing this pattern, r, = ———————
ontinuing pattern, r, AT 2= D)
1 2nln + 1)
_Total Area = Na, = (
oal ea = (wr,a, W2ﬁ+2(n—])) 5

a  nn+1)

4y [2/3 + 2 — 1)
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4. (a) Position the three blocks as indicated in the figure. The bottom block extends 1/6 over
the edge of the table, the middle block extends 1/4 over the edge of the bottom block,
and the top block extends 1/2 over the edge of the middle block.

waf—

=

|m'n—-—-—.—.....

O\_E:-

The centers of gravity are located at

11 i ;
bottom block: 5 273 o i T
6 12 12
. I SRS S S
middle block: 6 + - 2
i 1 1 1 5
top block: 6+4+§--2~ 2

The center of gravity of the top 2 blocks is
1 5 1
(_12+12y2"5’
which lies over the bottom block. The center of gravity of the 3 blocks is
1 1 5
(3 *uy3_0

which lies over the table. Hence, the far edge of the top block lies

11,1 11
I IT)
beyond the edge of the table.

. 5 1
(b) Yes. If there are # blocks, then the edge of the top block lies E % from the
=1
edge of the table. Using 4 blocks,
L1 1,1,.1 1 125
=4S o=
; 2 2 4 6 8B 24
which shows that the top block extends beyond the table.

(c) The blocks can extend any distance beyond the table because the series diverges:

S1_1§1_
A 250
5.(8) Sar=1+u+32+8+20 +35+- - -

Q2 xS+ )2+ b+ )43+ Fa5 4 )
=(1+x34+254 - 1+ 2x + 347

1
= (1 +2x+3x2)1 -

R = 1 because each series in the second line has R = 1,

®) Saxm=(ay+ax+- - +a, PN+ (@xf + apPt b ) e
n 0 1 p—1 ] 1
=agl+x+ ) +ax{l+x+ )+ tg, @12+ )
=gy +ax+- - --I-ap_'lxp‘])(l + AP
={g+ax+-- -+a'p,13c1’"1}1_3-0{J
R=1

{Assume all a, > 0.)



356 Chapter 9 Infinite Series

b Eﬁfz (1o +b) + (a—B)
6. a 5 + 5 2 ™
n+1 oo f .. n+1
Ifa =5, Z 1 (2a) 2 ) — converges conditionally.
n=1 n=
n+1
Ifab, E( 1) (a * b) E d.werges.

No values of 2 and b give absolute convergence. @ = b implies conditional convergence.

7.  e=ltxtie.. . =SZ 8 L+x+ 2.
: Y P , : S TET Y
x‘,._ o0 xn+l _ ) £ )
et = "20 n! Exz 14 x*+ 2! +
{12)
. xn+2 b (0) a2
X = X — oX + : f (0)
fxe dx = xe e C nEo o+ 2 12f

Letting x = 0, you have C = 1. Letting x = 1,

s 1 1 & 1
—etl= Y —m b Y
e-e 2o on 2 2ne 2n!

$ 1 _1
AR L
(b) Differentiating,

Thus

xe* + e

2(n+ l)x“

Letting x = 1,

T 2 . . 37
sin x sinx sin x
9. Leta, = ——dx, g, = — e X, Gy = -—dx ete.
1 2 3
] x T X 2w

Since lim a, = Oand a,,, < a,, this series converges.
H—o0

10. (a) If p = 1,J; ;—]iwl-;dx = In]nx]2 diverges,
= 1 . [(@H? (n 2)17,,]
Kp> I,L x(inx)de = b]i’ngo[ -7 1-p COnverges.

If p < 1, diverges.

(=) (=) 1 .
24 ~ (n2) ,2'4 —, diverges by part (a).

12
X
+a+

— = 665,280
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1L (@) g, = 30
ay = 173205
a, =~ 2.17533
a, = 227493
a; =~ 229672

as =~ 230146

+ /
lgn a, = lz—n {See part (b) for proof.]
=00

(b) Use mathematical induction to show the sequence is increasing. Clearly, a4, =at+a = Jasa > Ja= a,.

Now assume a, > a,_,. Then

—1*
¢, ta>a,_ | ta
va, ta>Ja,_, +a

Qpiy = &y

Use mathematical induction to show that the sequence is bounded above by a. Cleatly, a, = V/a < a.

Now assume a, < a. Thena > a,anda — 1 > | implies
ala - 1) > a(1)
a¢—azx>a,
at>a, +a

a>a,+ta=a,..

Hence, the sequence converges to some number L. To find L, assume Gy =4

L=Va+ L =[?=g+L=1*~-L~-ag=0

1+ J/1+4dg
L=—"— "7
2
Hence,L=L§l%ti‘i. .

B2, Let b, = a r".

BV = (@r)Vn =gV« r 5Lras n—co.
| .
Lr<=r=1.
-

By the Root Test, Ebn converges = Eanr” converges,

13‘(a)n212,2_+1{_33;=?{7+221+1+§31__1+241H+§_5}:_+...
Si==1
S=l+z=3
-3ede
&:%+%=%

A= L

L
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13. —CONTINUED—

Qo ar+(~1)" _ 21"
™) a  pern+pert T gl+{~1"*!
i3

This sequence is %, 2, %, 2,. . . which diverges.
1 1 1/n
- 1 [ om Lol .
W -5 < I comverges because {200} =2,2,2.2,. . .and ¥1/2 —1 ané Y2 1.
4. (@) = —— = S0y 15. Sg= 130 + 70 + 40 = 240
’ 099 1 -001 & sPe T

8, =240 + 130 + 70 = 440
Sg = 440 + 240 + 130 = 810

=1+001+ 00172+

= 1010101 . . .
8y = 810 + 440 + 240 = 1490
(b) L = __]:__ = N (002):1
098 1 —0.02 ,,2‘0 ’ S0 = 1490 + 810 + 440 = 2740

=1+002 + 0022+ -
=1+0.02 + 00004+ -
= 1.0204081632, . .

m +]

. 1 ;
=2% 7= oo (p-senes,p =5< 1)

=1

1,1 =1
e + — —_— PR = — =
(0 S 411'[1 5 + 2 + :I 411'"2::1 P <)

16. (2) Height ~ 2[1 +—+

e
-

1 1
(C)W=—W[1+'2"§“ﬁ+w+- ]

1
anl 573 converges.
17. @ § = = 2 Laiverges —
) “in 24 n g ;
(b) Let f{x) = sin x. By the Mean Value Theorem,
176D = FOMN = £A)|x = 3| = cosle)|x — ¥[ < |x =y,

where ¢ is between x and y. Thus,

sin(3,) — a5 )
2n m2n+1

1 1
2n 2n+t+ i

0=

1
_—_— 2n0(2n + 1)

o0 1 .
Because 21 Inlzn + 1) converges, the Comparison Theorem

= 1 1
1 S | sin{ 7=} — s .
tells us that nzl[sm( 2n) sm(2n n 1)] converges



