Problem Solving for Chapter 7 93

17. We use Bxercise 23, Section 7.7, which gives F = wkhb for a rectangle plate.

Wall at shallow end

From Exercise 23: F = 62.4(2}(4)(20) = 9984 Ib
Wall at deep end

From Exercise 23: F = 62.4(4)(8)(20) = 39,936 Ib
Sidc wall

From Exercise 23: I, = 62.4(2)(4)(40) = 19,968 1b

4
F, =624 fo (8 — y)10y) dy

4 ' ‘ 3 4
= 624j 8y -y dy = 624[4y2 - —]
o 3o

= 26,624 1b
Total force: F) + F, = 46,592 Ib

18. (a) Answers will vary. (b} f; arc length ~ 3.2490
Cfilx) = 6lx — x?) £, arc length =~ 33655
Flx) = gsin('rrx)

() See the article by Professor Larson Riddle at http://ecademy.agnesscott.edw/Iriddle/arc/contest.htm
One such function is '

L) = % x— x2 (arc length ~ 2.9195)
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CHAPTER 8
Integration Techniques, L’Hopital’s Rule, and Improper Integrals

Section 8.1  Basic Ihtegratian Rules

L. (a) a%"i[zxfx2 Ti+c]= 2(%)0@ + 17 V3(2x) 2. (a) —[}nﬂr— I+c]= I( zzf 1) xz)_i 1
' . . d|  2x L GR  DA2) — 20(2)62 + 1)(2x)
TR ®) E[(xz voE C] = @+ 1y
® S[VFT T+ =56+ )P = —E= QL
(<) _[_w,xz +1+ C] ( )(xz + 1)7Y%2x) ©) EL[arctanx +C)= le
_ x ' 2x
(@ %[m(xz +1)+ )= xff 1 f o dx matches (a).
I % dx matches (b).
= 2x __x
3.(a)——[]n\/x+l+C] (2+1) e
d 2x (2 4+ 1DH2) — (29202 + D2y 201 — 329
) dx[( Ty 1 C] T @) “@r iy
© i{arctanx +Cl=1 j 2z
o) —[1n(x2 +1)+C] = xzzjf .

j;;%;-T dx matches (c)_.

4 () L2xsinGe + 1) + O)] = 2e{eos(s + 1)) + 2 G + 1) — 2026 coste? + 1) + sin 4 1]
® i[—i sin( + 1) +c] = L aos(s + 1(2x) = —xcosi® + 1)
© —[ sin(e® + 1) + c] = 2cos(e + 1)(2) = xeos(? + 1)
(@ a[—?.xsin(xz + 1) + €] = —2+cos(x? + 1)(2x)] ~ 2sin(x® + 1) = —2[2x? cos(x? + 1) + sin(x + 1)]

fx cos(x® + 1) dx matches (c).
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2t — 1 1
5 | (Bx— 2)*dx 7. J’—dx
f(x ) jﬂ—t+2 J}(i—gﬁ)
=3y — = = =4 - = (27 — '
u=3x—-2,du=3de,n=4 u=2—t+2,du= (2t — 1) dt u=‘1—2\/1_c,du=—de
- du Vx
Use j u" du. Use du
Use
2 3 —x
8. J’(2r71)2+4dr 9. mdr 10.J x2—4dx
u=2t—1,du=2dt,a=2 u={,du:d;,a:1' u=x2—4,du=2xd'x,n:*%
Use JL Usej du
2 2 —_—
wra va* = ut Use fu" du.
11, Jt sin 12 dr 12. fsec 3x tan 3x dx 13. J’(cos x)esin¥ Jx
u= 1% du= 2tdt w=13xdu=3dx u = sinx, du = cos x dx
Use jsin u dut. Use j sec i tan u du. Use J e* du.
! .
14, [————dx 15, Letu = x — 4, du = dx.
fx«/xz — 4 “
3
w=xdu=de,a~72 f(x—4)5dx“6f(xm4)5dx 6( 64) +C
du
Use | ———. =(x—4)f+C
ju\/uz —a’ ( )
16. Letu =1t — 9, du = dt. 17. Letu = z — 4, du = dz.
2 . -2 5 j s z— 49
——dt = — )2 s —— + ——dr =5z N Fdg=5"—"—+C
J'(t—9)1dt Zj(t 92t =——5+C f(z_4)5 z (z - 4)5dz %
-5
=
G-
1 1
: =P - =37 ) - ldv = +- 1@y - 12
18, Fetu =2 — 1,du =324 19 J’[V + By = 1)3] av jvdv 3f( v — 1)73(3} dv
fﬂ@/ﬁ' ~1dr= %J(F — 1)1/3(3t2) dr Ll i ‘e
2 6(3y — 1)2
_ 1@ s
=3 ap ¢
_ -
+
: C
20. f[x - (2—3_3)2]dx= fxdx - %J(Zx + 3)7%(2) dx 2L Yetw=—2+ 9+ Ldu= (=32 + 9 dr =
o —3(2 ~ 3) dr.
-1
:%2—%&2—36%13—)——+C 12—13 dt—ﬁ— -3(2 — 3) e
-+ 9+ 1 3 -2 +0r+1
x? 3

—%m[fﬂ +9r+ 1 +C
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22 Letu=2x"+2x — 4, du = 2(x + 1) dx.

x4+ 1 1
e dr = 2 (@ + 20— YA+ 1) dx
2+ 2x— 4 ZJ-(x * )T )

= /x+2—-4+C

2x 8
. = +
24‘Jx__4dx jde fx—4dx

=2x+8hlx— 4| +C

1 1 i 1
26. ﬂ:-sxfl*3x+1)d"_§j3x—1(3)dx_

— 3P = 1] = hfar + 1]+ C= 1o

27, j(l +2x2)2dx=J(4x4+4x2.+ l)dx___-gxs

w2y o220

29, Letu = 222, du = dax dx. .

J' x(cos 2w dx = % f {cos 2mx?)(darx) dx

=L sin 27x? + C
dar

31. Letu = 7x, du = wdx,

fcsc(mc) cot(mx) dx = 717 f csc{arx} cot(mx)ar dx

= —lcsc(m) +C
m

33, Letu = 5x,du = 5 dx.

‘ i 1
se g, — L[ s =L 5
fe dx Sfe"(S)dx 5¢ +C

35, letu=1+ &% du= e*dx.

JFmaf (G

ex
N ZJ’I + et dx

= 2m(l + &%) +C

2. f—"z—dx=f(x+1)dx+f-—imdx
x—1 x—1
1

:Ex2+x+1n|x—l|+c

25, Letuw =1 + &, du = & dx.

o .
L+exdx—]n(1+er)+c

1 1

5[3x+1(3)d"

3x 1
Ix+1

+
e R

+§x3+x+C:%(12x4+20x1+15)+C

SN PR W 1
x+3+x+x2)dx~2x + 3x + 3 Inx| LTe

30, f sec dedy = f sec(4:)(4) dx

= %]n|scc 4x + an4x} + C

32, Letu = cosx, du = —sin x dx.
X g = —f(cos x)~12(— sin x) dx

o8 x
= —-2/cosx + C

34. Letu = cotx, du = —csc? x dx.

fcscz 1Ot K gy = _fecotx(_csczx)dx _— _-Ecotx +C

5 1 e
36. f3é_2dx—5j(3g_2)(e_x)_dx
e*x
_5f3—2e-xdx

501 L,
*EJW@E )

- %mb ~ 27+ C
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—sinx

37. J—-m‘ = Zj(]nx)l (Inx) +C=(nx?+C 38. Letu = In{cos x), du = dx = ~~tan x dx.
x 2 cos x
J (tan x}(In cos x) dx = —J {In cos x)(—tan x) dx
_ 2
_ —[in(cos x)] + e
2
I +sinx 1+sinx 1—sinx .
39, | —————dx = . — dx ‘ Alternate Solution:
COS X cos x 1-sinx '
_ 1 —sin’x JMQ=J(sccx+Mx)dx
cos x(1 — sin x) cosx

=In|secx + tanx| + In|secx| + C

_ cos?
cos x(1 — sinx} = Insec x(secx + tan x)| + C

‘ —~COs X
= -7 ———dx
1 —sinx

—In|l —sinx] +C, (u=1-sinx

40. fﬂd&= fcscaa’ae+ fcotada

sin &

= —Injcsc o + cot | + Infsinal + C

1 1 cosf@+1  cosf+1 2 2 1 secx + 1
AL cos6—1 cosf—1 cosf+1 costf— 1 4. J-?s(secx—l)dx_:%J‘sccx—l (sccx+1)dx
_cos@+ 1 3 2 [secx + 1
= aes csc 6+ cot @ — csc? @ 3 e dx
-"-mlm-d(}— {(—csc fcot ¢ — csc? ) do =2 SF'Cx":ix+ cot? x dx
cos6—1" _ 3 ) tan? x 3
:cscﬂ-@—cotﬂ-ka . : =chos;xdx+ j(csczx—l)dx
1 cos B ' 3) sin
~ g smg  C ' 2( 1) 2 2
: =—ft———]—~cotx —zx + C
1 + cos 6 3\ sinx 3 3
-—+C
sin 8

= —%[cscx +eotx+x]+C

43, Letu =2t — 1, du=24dr 4. Letu = /3x,du = /3dx.
=1 Jeme = e
= —%arcsin(Zr -+cC ‘ = %arctan(%) +C
45, Letu = qos(%—), du = gﬁ;u“;-?ﬁdt. 46. Letu = -1{, du = %a’t.
f%d,=%fm[2ii%/ﬂ]dt ffl—/!dt J '(;—;)dzz-_el/wc
=%lu cos(%)‘ +C
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x—-3
. )+c

2 .

1 _ ‘
48 J(x - DV — 8x + 3 x J’[Z(x — YIVRGE S DFE =1

dx = arcsec|2(x — 1)| + C

x+ (1/2)

4 _ 1 _l _..l
49‘f4x2+4x+65dx“j[x+(1/2)]2+16“_4‘“‘”“[ 4 ]+C‘4a"°taﬂ(

1

X

50 j 1 dxtj
R 4 R S 5 — (2

53. (a) ¥

(b) u =12 du = 2rdt

J"/_l—t——:?dr= %f’—ﬁ%dt

1 '
=—arcsin 2 + C

2
1 I 1 . . |
(0, 2) ZﬁzarcsmO+C=> C= 2

5 =larcsinr2 _1
2 2

® f tan®(Zx) dx = f (sec?(2x) — 1) dx

:%tan(?,x) —-x=+C

By y= J'(secx + tan x)? dx
= Jﬁ(secz.x + 2secxtanx + tan? x) dx
= f(seczx + 2secxtanx + (sec?x — 1)) dx

= j(25602x+ Zsecxtanx — 1) dx

=2tanx +2secx—x+C )
A1) 1=0+2-04+C=C=—1

y=2tanx+2Zsecx—x—1

2x+1
. )+c

1 i —
+4x+4)dx=Imdx=amm( \/g)+c {a = V5)

|08

1.2

-12

12z
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= e

2

.| X
= BI'CSHI(

- 1
- |

- [

)i c

-2

1y 1 . 1
— — = + = -
At (2, 2) 5 arcsin(0) + C =>, cC 3

L fx—2 1
y = aresin 5= + =
53, 10 56. 0.0 5 57.y=f(1+e")2dx
e e ) I e —_——— ]
nn f;' A NS
i o
guoily Yy 2 = l(e® + 2e* + 1) dx
A I VS /A
reanan il fff//f””f
SN fff d e d 1
B = = s 25+ 5+ C
¥ = 3eb2x y=5—4¢*

I

j i+ .«zf)2

:'J(e—=+2+ef)dr:—e-f+2x+ef+c

1+ 2¢ + e
j & ed{

60. Let u = 2x, du = 2 dx.

R e Ll P

= arcsec|2x| + C

62. Let u = gin ¢, du = cos t dt.

[ls' 3I]7r.._
3 m 0—0

™
J sintcostdi =
(4]

64, Letu=1—1Inx, du=5;1wdx.

f%ﬂﬁdx - —fu (e
= [—%(1 - lnx)ZI _

]

dy _ _ sec’x

59. dx 4+ tan®x

Let u = tan x, du = sec? x dx.
. sectx 1 tan x
= |2 == +C
Y J’4+tam2 dr 2arctan( 2 )

61, Letu = 2x,du = 2 dx.

/4
cos 2x(2) dx
o

(P A
“[2sm2x]o =3

63. Letu = —x2,du = —2xdx

1 1 1 .
xe Fdx = —=| e F(—2)dx = [——e“ﬁ]
o 2} 2 0

=2(1 — ) = 0316

/4 1
J; costdx='2—

I\)»——-

63, Letu =x2+ 9,du = 2xdx.

4M“3xm__ - * 2 ~1/2
J;mdxﬂﬁ(x + 9) V2(2x) dx

]
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1___

|:x-21nx]1— 1 —Ind=—0386

Cxr 4
= [arcsms]o = arcsin 3 0.927

4
1
68, | ——dx
Jo 25 — &2

69. A= f (—2x + 5% 2y
0

i

1[5
W**J, (5 — 2x03/%(—2) dx
24

Il

5/2
__1.(5 — 2x)5/2:|
5 0
=0+ %(5)5/2 — 53/2

=53 =~ 11.1803

5
3x+2
71.A—f x2+9dx

2
fx+9 L-xz+9dx
_3

2 x\ [P
49|+ =
1n|x 9| 7 arctan 3)]0 |
1n(34) += arctan(g) - éln 9

2
4 2 5
1(9)+3arctan(3)

=~ .6806

73, yi= xé(l — x4

==/
1

A=4Jx\/1—x2dx
o

= —2[1(1 — xHV2(—2x) dx

4 1
= {1 — /2
_ 3(1 x) ]0

4 4
3(0 1)43

67. Letyw = 3x,du = 3 dx.

2//3 2/V3
IS | OGS S
4+ 9x? 3} 4+ (37
1 3x\ |3
[6 m‘m( 2 )] 0

= 0.175 |

18

2
70. A = Jx\/S — 2 dx
0 f

2
- f (8 — 269"/2(= 4%) dx
4 o
1 2
— ——(8 — 2x2)3/2]
6 o
—0+1@gpn
6

Sf = 37712

303
72.A=Lx2+la:x

>3
=2£x2+1dx

=6 arctan(x)]z

= 6 arctan(3)
== 71,4943

/2 -
T4. A= f sin 2x dx
0
1 /2
= =3 cos Zx]o

1
=—5-1-1D=1



102  Chapter &

Integration Techniques, L’ Hépital's Rule, and Improper Integrals

I 1 x+ 2 .
75. fx2+4x+13dx—3arctm( 3 )+C

The antiderivatives are vertical translations of each other.

x—2 1 4
76. dex = Eh‘l(x2 + 4x -+ 13) — Earctan(

The antiderivatives are vertical translations of each other.

1 : -2
. T = — +
77 jl apr Bdﬁ tan 8 —sec 8+ C (

The antiderivatives are vertical translations of each other,

B

3 1

] 1
J: Om3 1
t 1

= ] z

/CEU

1 1

1 g

rafy

n+1

n+1

79. Power Rule: J’u" du = +C, n#t~1

r=2xt+1,n=3
du
81. Log Rule; o Inju| + C, u=2+1

83. They are equivalent because

ex+Cl = g¥ . eCL = Cé?x, C = eCI'

85. sinx + cos x = g sin(x + b)
sinx + cosx = asinxcos b + acosxsind
sinx + cosx = {acos b)sinx + (asink) cosx
Equate coefficients of like terms to obtain the following,
1=agcosb and 1=asind

T'llus, a = 1/cos b. Now, substitute forl ainl = gsinb.

x+2

)+C | \__._

ITE tan(6/2)

-7 _,-"F_,_l—'_'_s

C=-02

-1

-8

e+ g7 *\3 e _ -3
. — = J— 24 +
78 j( 5 ) dx = 24[6 + 9e* — 9¢ e ¥+ C

The antiderivatives are vertical (ranslations of each other.

7

-5

80, fsccutanudu= secu + C

82. Arctan Rule: j ;"“gﬁ** -1

84. They differ by ei constant.
sec?x + €, = (tan’x +1) + C =tan’x + C

1 .
1= (cos b) sin &
T
l=tandb = b= 7
. T 1 . , T
=t g=—"-= R + = + =1
Since b 4,a cos(m/4) 2. Thus, sinx + cosx ﬁsm(x 4)

de d _L g — L
jsinx + cosx jﬁ sin{x + {7/4) ﬁjcsc(x ’ 4) & ﬁm

csc(x -+ %) + cot(x + 17:)‘ +C
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1/a
1 a .M 1
e DA = |12 _ 8 -
86.J; (x — ax? dx |:2x2 3x~°’]0 P

12 s,
Let 62 7 1202 =3, = 3

88. No. When » = x2, it does not
follow that x = /x since x is
negative on [— 1, 0).

o

Matches (a).

9. (@) y=2mwx2% 0<x<2

=3 =z -l

. @x=xy, 0<y=<4 (b) x

z 4):‘
89°Jx2+1dx==3

87, fx) = é()ﬁ ~ 7+ 10x)

. 5
f Flx) dx < O because more arez is below the x-axis
¢ .
than above.

5]

-6

T4
%:Lf+lﬂz4

Matches (d).
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93, (a) Shell Method:
Letu = —x* du = —2x dx.

1
V= 2wf xe™ ¥ dx
A _

(b) Shell Method:

b
V= ZWJ xe™ % dx
a .

]

1
= — —%( .
Le ( st)dx =7T(1""‘ekb2 ﬁ%
A
— [“‘“WE“B] 3 —52 37]"_4
° | B
=l — e !) ~ 1986 '
3ar
b= (3 T 4) ~ 0.743
94, y=f(x) = In(sinx) ‘ 95, y =2/
oy _ COSX ' 1
=5 . | ey~
_ / 2 2
s_f cosxdx_f smx.-l-zcosxdx 1_|_(y)2_1_|_l=x+l
sin® x |
/2
=f dx—f cscxdx §= ZWJ' 2Vx L
/4 sin x w4
arf2
= —1n|cscx+cotx|] . =2,,Tj2 /% + 1dx
w/4 .
= —mn(1) + In{/Z + 1) 5 o
| - [4ﬂ(~)(x + 1)3/2]
= In(V/2 + 1) = 0.8814 : 3 .
= 8%’(10\/10 - 1)
= 256.545
‘5 x| 4
%6. A = Lﬁﬂ = |:5 aICSing:L =5 aICS]‘.ng
1 [* 5
-_1 S N
* ALx(st = xl)
= 4(—2) 4(25 — 2%V 2x) dx
5 arcsin{4/5)\ 2/,
= w——l-ww(q)[(zs - xz)l/z]“
5 arcsin(4/5) o
1 2
" arcsin(4/5) [3-5]= arcsin(4/5) 2157
1 (* ‘ 1 [*
97. Average value = —— | f(x) dx 98. Average value = —— | f{x} dx
b—a 4 b - a Ja
1 o 1 e
‘3~(—3)Ll+x2dx - _('n'/n)hOfD sin(rx) dx
1 3 ) n[-l ]w/n
= = arct =2 -
¢ AC au'l(x)]_3 —1 cos(rx) S
1
= g[arctan(B) — arctan(—3)] = —j};[cos(f:r) — cos(0)]

-1 arctan(3) = 0.4163 2
3 T
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9. y = tan{7x)
v’ = 1 sec?(7rx)

14+ ()2 =1+ w2 sectmx)

1/4
s = J’ V1 + @72 sec*amx) dx
: 0

= 1,0320

i01. (a) Jrcc)s3 xdx = f(i — sin®x) cos x dx

sind® x

= sinx —
(b) fcossxdx = f(l - sin? x)? cos x dx

= f(l — 2 sin?x + sin? x) cos x dx

sin’ x
5

. 2 .
=smx—§sm3x+ +C

102. (2) fmn3xdx = J(sgclx - 1) tanx dx

= jseczxmnxdx - ftanxa!x

5
=ta2x—Jtanxdx

tan? x

3 =
Jtan xdx 5

+ Infeos x| + €

{b) Jtansxdx = J(éeczx ~ 1} tan® x dx

t 4
= azx—ftaﬂxdx

103, Let f(x) = %(x\/xz +1+ ].n|x + Jx* + 1‘) +C.

P |
f(x)—2

L,
- + 1/2 + + -
xz(x D20 + 2+ 1+ T

100, y = x23
.2
Y T3
4
A2 — —_
1+ 1+ TE

g 4
s=£ﬂ/1+mdx=¢7.6337

{c) fcos"xdx: j(l — sin x)* cos x dx
=J(1 — 3sin®x + 3 sin® x — sin® x) cos x dx
= & 3y 4 s L
= sinx — sin x+gsm x—?sm x+C
(d Jcoslsxdx= j(l — cos? x)7 cos x dx

You would expand (1 — cos? x)7,

© jtan”‘“ xdx = J(seczx — 1) tanZ*~1 x dx

tan*x
==F - tan®* 1 x dx

(d) You would use these formulas recursively.

(1 sl 1)—1/2(23)))

242+ 1) 1

x+ S22 1IN
f-\/x2+1+x

2

T2 Jx2+1+Jx2+1 JET1

(
(x—2+\/xﬁ+ L P
(

TR T  xr JETI\ Jard

m1(2.x2+1 ! )____1(2(x2+1))=m—1

\/x2x+ 1))

Thus, f\/xl + lde= %(vafx2 +1+ ]nlx-f— 2+ I’) + C.

—CONTIKUED—
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103, —CONTINUED—

Let g(x) = %(Jn/x2 +1+ arcsi.uh(x)).

g’(_x) = —;—(x%(xff + 1)) + ST+ ﬁ)
! *? 1
- T )
_ l(x2 +(F+ 1)+ 1)
z WA

Thus, J’\/x2 + ldx = %(Jc\/x2 T 1+ arcsinh(x)) + C.

N VIn@ %)
104, Let] = J; VI —x) + /Inlx +3)

I is defined and continuous on [2, 4]. Note the symmetry: as x goes from 2 to 4, '
9 —xgoesfrom7toSand x + 3 goesfrom Sto 7. So, lety = 6 — x, dy = —dx.

[ VI +y) (—ay) = * Vi@ + ) p
s VBB 1) + VIO -y h VEB 1)+ JhO )
Adding:

21=J'4 VIn® — %) d’”r N
b In(® = x) + /Inlx + 3) , VIn(3 + x) + vVIn(@ — x)

You can easily check this result numerically.

4
dx=de=2=I=1
2

‘Section 8.2 Integration by Parts

dr . . .
1. a[smx —xcosx] =cosx — (—xsinx + cosx) = xsinx

Matches (b)

d \ . . .
2 a[xzsmx + 2xcosx — 2sinx] = x%cosx + 2xsinx — 2xsinx + 2cosx — 2cosx = x2cos X

Matches {d)

3 f—x{xze"—er"+ 2e¥] = x%* -+ 2yt — Qxe' — 2eF + 22" 4. %[—x"i"xlnx] = -1+ x(j—c) +hx=Inx

= xZg¥ Matches (a)

Matches (¢)

5. J’ xe™ dx 6. J’xze:"" dx 7. j(ln x)? dx

ue=x, dy = e®dx ‘ I =22 dv=edx u={Inx)? dv =dx
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8. f]n3xdx 9, jxseczxdx 16. J‘xzcosxdx
u=1In3x dv=dx =uxdv = sec*xdx u = x% dv = cos x dx
11I° dv=eYdx = v= Je""“a’x = —%e‘:'“ R.dv=edx = v= je*"dxz —e ¥
u=x = du = dx H=x = dn = dx
J‘xe’zxdx = —%xe‘l"g j——e e dx Zjﬁdx = foe“*dx
= —lxé‘zx — le‘"‘-" +C =2 —xe ¥ — | —e*dx
2 4

=~xe* —e ¥+ C

xz"gzl;(zx+ H+c
' = —2xe™* - 2e*+ C

13. Use integration by parts three times. .
1) dv = &Fdx = v:fexdx¥¢* 2y dv = &dx = v:feréxzé (3) dv=e"dy = VtJ‘exdx%e‘
u=x = du=3"dx w=x = du=2xdx u=x = du=dx
fﬁe"dxﬂ)&*e“*BJ'xle"dxzfe‘"3xze"+.6fxe"dx

=30 — 32t buet ~bef + C=e(® — 32 +6x— 6+ C

1/r
14, mdz J-eiff(tl)dr —elft + C 15. fxzﬁdx:%feﬁ(sxz)dx=%ef+c
x5 - 2
16. dv = x*dx = v=3 17. dv = tdt == v=f-tdt=52—
. 1 1
=ln = du=—dx ‘ = =
u x w=- . p=In{r+ 1) = du H_ldr
X x“(l)
4 = — |5 = -
fx ]n.xdx < Inx fs ) _ frln(t%—l)dt In(z + 1) ff+1
NN | 1)
s Inx 5_[1: dx 7E]n(t+ 1) —.Ef(t— 1 +T1)dt
I I . & it
—Slnx 2Sx5+c _ ——2— (r+1 —5[5—t+h1(t+1):|+c
x5 ) 1
=§§(51nx—1),+c =Z[2(:2—1)1n|:+1|—:2+2:}+c
1 : 1
18. Letu=1nx,du=;a'_x. 19. Letu = Inx, du——dx

R
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-1 Ll L - - |y 2
20.dvﬁx2dx=> V*szdx . 21.dv—(2x+1)2dx=> v f(2x+1) dx
K=lnx = du= ' ' S -

* X , 202x + 1)
= yg2r = 2 4
ln_zxdxz_ln_x_l_ lzdx=_ln_x_1+c u = xe = du = (2xe¥ + ) dx
x x X x X = x4 1) dx
xe™ xe* e
f(2x+1)2d"_ 2(zx+1)+f2dx
—xe™ En o2
"+ a T T
2. dv=—dx = v = (x2+1)‘2xdx=—;
) (x> + 1)? 22 + 1)
u=x2e" = du = (22%% + 2xe) dx = 2xe"(x2 + 1) dx
e x2e¥ x2e* & &
= + == 4+ 4+(=——"+
f(ﬂ+1)zdx 2(x2 + 1) xe” dx W+ 2 T T rn T C
23. Use integration by parts twice.
() dv=¢e"dx = v=J’e’“dx=e" 2) dv=¢&"dx = v=Je"dx=e‘
u=x? = du = 2x dx W= X =3 du = dx

‘ f(xzml)e"dx=fxzexa‘xfjexdx= Zer—zfxexdxmer

:xzermz[xexwfexdx]—efrxieX—er*+ex+Cx(xw1)2eX+C

24. dv=;12mdx:=~ v=f;1;d_x:w§ : 25. dv=Jx— ldr = V:J(xul)mdx=-§'-(x—l)3/2
1

w2y => du— ~dx u=x = du=dx

X
In2g @) 1 _ I 1. ..
J’Td’:_—_;_-jrj’xzdx_ x Te

Jx\/x —ldx= %x(x - 1p72 — %J.(x ~ 1)3/2dx

Y S N Y
—3x(x 1) ls(x 132+ C

=__ln(2xi+1+c
: 2 — 132
== Bx+2)+C
26. dv = ;dx = v= f(Z + 3%) Y24y = 2‘12 + 3x
2+ 3x 3
U=x = du = dx
x 2x/2 + 3x 2j
dx = — 2| V2 ¥ 3xdx
jd2+3x 3 3
=2x————“23wc—%(2+3x)3/2+c=—2——-—‘227wc[9x—2(2+3x)]+c=2—'227”r(3x—4)+C
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27. dv=cosxdx = v= jcosxa’x = ginx 28, dv = sinxdx = v = —Cosx
u=x = du = dx

H=x = du=dx

chosxdx = xs8inx — J'sinxdx:xsinx +cosx + C

28, Use integration by parts three times.
(D) u=2x, du = 33 dx,dv = sinxdx, vV = —cosx

fﬁsindx= —xdcosx + 3Jx2cosxdx

(3 u=xdu=dx,dv=sinxdy,v= —cosx

stindx = —XCcOsX — j——cosxdx

= —xcosx +sinx + C

(2) u=x%du=2xdx, dv=cosxdx,v = sinx

Jﬁsinxdx= —Pcosx + 3|:xzsinx - Zstinxdx]

= —3cosx + 3siny — 6fxsinxdx

Jx"sinxdx = —xlcosx + 3xsinx — 6[—xcosx+ jcosxdx]

= —x3cosx + 3x2sinx + 6xcosx — Gsinx + C

30. Use integration by parts twice.
() u=x%du = 2xdx,dv=cosxdx,v = sinx

Jﬁcosxdx = xlginx — ZJxéinxdx

3. u=fdu=dt dv=cscteotdl,v = —csct

Jtcsctcotrdt = —fcsct + fcsctdt

—teset — Injose i 4 cote| + €

33. dv = dx = v=fdx=x

1
1+

v = arctanx = du = dx

'J-arctanxdx=xarctanx—j dx

x
1+

i
= xarctan x _Em(l +xh+C

35. Use integration by parts twice.
) dv = e¥dx = v=fe”dx=%e?-‘

u=sinx => du=cosxdx

—CONTINUED-—

2y u=x,du=dx,dv =sinxdx,v = —cosx
'fxzcosxdxﬁxzsmx—2[—xcosx+jcosxdx}

=xsinx + 2xcosx — 2sinx + C

32. dv=secfHtan 640 = v=jsec ftan 6 d6 = sec @
‘u‘:B . => du = df
fﬂsecf}tanéd,ﬁ: QSBCG—jSCCGdG

= fsec @ — Infsec § + tan 6] + C

34. dv = dx = v:fdx=x

1
U= areeosx = du= —
1T —x2

4jmccosxdx = 4{xarccosx + J—ﬁdx}
= 4[xarccosx— J1- xz] + C

(2) dv=e¥dx = v = fgudx=%en

n=cosx => du = —sinxdx
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35, — CONTINUED—
e¥sin x dx = leb‘ sinx — 1 e cos x dx = le“sinx - l(lez"cosx + L ezxsinxdx)
2 2 2 2\2 2

fehsmxdx == %ez" sinx — %ez"cosx

Bitn

1 .
jez"sinxabc = gez"(Z sinx —cosx) + C

36, Use integration by parts twice. -
(I dv=e*dx = v=je"dx:e" () dv=e*dx = V:Je"a'.vnc=eJr

u=cos2x=>du=—2sjn2xa‘x u=sin2x=>du=20052xdx

fercos2xdx= e*cos2x + 2fe”sin2xalx= e cos2x + Z(exsian— ZIe"costdx)
Sfe"cosbcdx= e cos 2x + 2e%sin 2x

fe"costalx =%x(0052x+ 2s8in2x) + C

37, v = xe¥ B.dv=dx = v=x
y=fxex2dx=%ex2+c . u=]nx=éa’u:;1;dx
y =Inx

- [innin—sns = (o

=xlnx—x+C=x(-1+Inx) +C

39. Use integration by parts twice.

1 yi
———dt = v={(2+3) V2t =22 +73f
V2 + 3t f( ) 3

=12 = du = 2tdt

(1) dv =

(2) dv= V2 +3tdt = v= J(Z + 32 g = %(2 + 3532

U=t = du = dt
\/2+3 J
= 2+ 3tdr
- f\/2+3

- 2’2—— vinx 4[2"(2 + a2 f @+ 3:)3/2d,»]

R 3 3 Z—I(z + 302 + 4%%(2 + 3+ C

2/2 + 3¢

2~ 24 + 32} +
105 (27t 4r+30+ C
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40. Use integration by parts twice.

(Ddv=-Vx—1ldx = v= J(x* 1)12 gy = %(x — 1)3/2

u=x2 = du=2xdx
@D dv=x—-1Pdx = v= f(x — 1Py = %(x — 1)
H=x = du = dx
y=Jx2\/x—1dx
=22 _ 3/2_'1 — 1)3/2 :.2_2 _ 3/2_11[2 — 5/2_2 — 1}5/2 ]
‘3x(x 1) 3 xlx — 1P/2dx 3‘x(x 1} 35x(x. 1) 5 (x — 1Y/ dx
_2 a0 3/2_i — 1)5/2 16 7/2 :M
ﬁ3x(x 1) 15x(x 1) +105(x N7+ ¢ 105 (15> + 12x + 8) + C

41, (cosy)y’ = 2x

J‘cos ydy = JZx dx

siny=x2+C -

42, dv = dx = V:de=x

X 1 1 2
uﬁarctan2 = du = ] +(x/2)2(2)dx—4+x2dx
= arctan > dx = x arctan > — -de:xarctanz—]n(4+x2)+c
2 S T 2
{(b) d—ymx ycosx, (0,4) 7 6

dx

@ /TN
J\/&:chosxdx ‘ s Al

fyﬁlﬂdy=jxcosxdx (u = x, du = dx, dv = cosxdx, v = sinx)

2312 = xsinx — Jsinxdx

_ =xsinx +cosx + C
0,4): 2(H12=0+14+C = C=3

2y = xsinx + cosx + 3
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44. (a) ¥

dy . ( 18)
== x/3 —
(b) ; e sin 2x, (0, 37

y = fe‘xﬂ sin 2x dx

Use integration by parts twice.
(1) uw=sin2x, du=2cos2x
dv = e ¥ dy v = —3Fe 3

femxfs sin 2x dy = —3e~*/3 gin 2x + fGe:"‘/3 cos 2x dx

(2) u = cosix, du = —2sin2x
dv.= e 3 dx, v = ~3g3

Je—x/B sin 2x dx = —3e %3 sin 2x + 6[*32"‘/3 cos 2x — f6e"‘73 sin?.xdx] +C
3'7_".«3"‘/3 sin2xdx = —3e 3 sin2x — 18 *B3 cos 2x + C
1 )
y= J‘ef"/3 sin 2x dx = ﬁ[~3e‘x/3 sin 2x — 18¢~* cos Zx] +C

—18} —18§ 1
el T — + =
(O, 37 ) 7 37[0 18]+ C = C=0

y= ;_71[32—#3 sin 2x + 18¢™*3 cos 2x]

45, 4 _ iex/s,y(()) =2

T

b sl s

e e, W

47. u=x,du=dx,dv = e 2 gy, v = — 22

J’xe*"/zdx = —2xe*? 4+ fZe‘Ifzdx = —DOxg W2 — 4~ 4+ ¢

. . .
Thus, f xe X2 gy = [—er“"/z - 43’*/2]
o o

= —8¢% — de™2 + 4
= —12¢7% + 4 = 2376,
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48. See Exercise 3. ' 49, See Exercise 27.
*1 _‘ 1 /2 w2 -
J’xze"dx=[x2ex—‘2xe"+2e"] =g —2~{0718 ‘ J’ xcosxdx:[xsmx+cosx]o 25—1
o 0 o )
50, dv =sin2xdx = v = Js'mZxdx = ~%c052x 51, u = arccos x, du = ——flﬁfiait,dv =dx,v=x
-x
u=x = du = dx x
arccos x dx = xarccos x + [—————=dx
—1 i f Jv‘l '_xz
. _—1 1 _
fxsmlxrix 3 X cos 2x 2J-c:n:)SQxc:lx = yarccosx — VI -2+ C
-1 1 : 12 1/2
= —z—xCOSZx + Esian +C Thus,j arccos x = |:xarccosx - J1 - xz]
0 o
1 ' 1 1 \/5
= —{g] — J—— =} = 4+
4(sm2x ~ Zxcos 2x) + C 5 arccos(z) 3 1
Thus, f xsin 2x dx = [l(sin 2x — 2xcos Zx)]ﬁ: .y =I_ ﬁ +'1 =~ 0.658.
o 4 0 2 o 6 2
. 2
5. dv=xdx = v= xdx=5
2x
u = arcsin 3% = dny = —So—dy
' V1= xt
A2 x»
x arcsin x% dx = = arcsin »* — f—dx
J’ -2 V1= x*
x2 NP |
= Tarcsinx?® + —(2)(1 — x¥2 +C
2 4
= %[x2 arcsin x* + /T — %7 + C
! i o1
Thus, | x arcsin x2dx = -2-[x2 arcsin x* + /1 — x“] = Z(fn- - 2.
| 0 . o
53, Use integration by parts twice.
(1) dv = e¥dx = v:fexdx:ex (2) dv=¢fdx = v=je"dx2e"
u=sinx = du=cosxdx = CosXx => du = —sinxdx
Je*sinxdx = e¥sinx — fe"cosxdx = e¥sinx — e*cosx — Je"sinxa‘_x
2Je"sinxdx = ¢*(sinx — cos x)
. -
e¥sinxdx = ?(sinx —cosx) + C
' ® J inl— +1
Thus, | e*sinxdx = [E-(sinx — cos x)] = E(sinl —cos 1) + 1_ elsin L — cos 1) = 0,909,
o 2 o 2 2 2
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54, Use integration by parts twice.

(WD dv=e*v=—e*u=cosx,dy = —sinxdx
Jrf"cos;!cabcz —e"*cosx — fe"‘s'mxdx
Qydv=e*dy,v= —¢ % u=sinx du=cos xdx

J-eﬁ"cosxdx: —e~YCcosx — {*e‘fsinx+ fe“cosxdx} = 2fe*xcosxdx: e™*sinx - e ¥cos x

2 —X o} — X 2 —p—2
Thus,fe‘xcosxdx:[e LI 4 cosx] == [sin2 — cos 2] +l.
o 2 o 2 2
x3 1 '
SS.dv=x2dx,v=?,u:1nx,du:;dx ) 56, dv = dx = v=ldx=x
X x¥ 1 2x
2 = — | == = 2 =
Jxlnxdx 3lnx J-S(x)aix w=Mm(l + %) = du 1+x1dx |
_x 1 2 2 gy = o[22
—3]11x Sfxdx J.ln(1+x)dxmx1n(1+_x) T 2
Hence 22111 d =[£Inx 1 ]2 =xIn(l + ) -2 [1—- : ]alx
o M 9 * 1+
' 8 8 1 '
251112“6 § :x]n(l+13)—2x+2arctanx+C
8 7 Thus,
—3]1'12 9~1.071. 1 .
f]n(l + %) dx = [xln(l + 2% — 2+ Zarctanx]o
0
a
=In2—2+ =
In2 -2 >
x2 1
5. dv=xdx,v = —i-,u = arcsec x, du :—x;—Idx 58, u=2x,du = dr,dv =sec?xdx,v = tan x
x —
jxarcsecxdx=x—2arcsecx— x2/2 J'xseczxdx=xtanx—Jtanxdx
2 ."x2k
2 . 1 2 Hence,
= —-arcsec X — — ﬁdx 4
4 J xsectxdx = [xtanx+ln|cosx|]
A2 1 0 °
=—arcsecx ~ —/2— 1+ C
2 2 T
| ’ (zen D)o
Hence,
4 4 mhw«-——-
fxarcsecxdx: [?arcsecx-—%\/xz— 1] 4 2In2
2 2
= 8arcsec4m—~+l§~ - 2—W~£
2 3 2
:8arcsec4w715+§—2?ﬂ.

== '7.380,
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59, J ety = xz(le?_x) _ (Zx)(lezx) + 2(137-") +C Alternate | » and its v’ and its
2 4 8 signs derivatives | antiderivatives
: 2%
—lzez"—lxez"+le7‘”+c N x €
2 2 4 L o
- 2x 7€
= %eb‘(lxz -2+ 1) +C + 2 Lo
_ 0 %e‘b:
60, Jx:‘e"“dx = x3(—le‘2”) - 3x2(le"2") + 6x(—le‘2") - S(Le“z") +C Alternate |t and its v’ and its
2 4 8 / 16 signs derivatives | antiderivatives
= f-ée‘zx(élf’ T 62+ 6x+3)+C + 2 e ™
= 352 _,216 2x
+ 6x Lo
- 6 *ée 2x
+ 0 T]ge*k
61. fxs sin xdx = ¥*(~cos x) — 3x¥—sinx) + 6xcosx — Gsinx + C Alternate | u and its v’ and its
. _ ' signs derivatives | antiderivatives
= —x*cosx + 3x%sinx + 6xcosx — 6sinx + C
+ x» sin x
= (3 —6)sinx — (3 ~ 6x)cosx + € ,
: - 3x% —COs X
o+ ox —sin x
- 6 COsS X
+ 0 sin x
i . 1 1. i
62. | eos2xde =x° Estx — 32 —Zcos2x + 6x —§s1n2x -6 Ecost +C
_ 1, 3, 3 .. 3 Alternate | u and its v’ and its
- 2Jts sin2x + 4x cos 2x a* sin 2x 8 cos2x + C signs derivatives | antiderivatives
1 . . + a3 cos 2x
= §[4x3 sin 2x + 6xZcos 2x — 6xsin2x — 3cos2x] + C
- 322 1 sin 2x
+ 6 —% cos 2x
- 6 —% sin 2x
+- 0 1—15 cos 2x
63. J-x sec? x dx - xtanx + Injeos x| + C Alternate | u and its v’ and its
signs derivatives | antiderivatives
+ X sec? x
- 1 tan x
+ 0 —In|cos x|
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64. f ¥x — 2P e = —2~x2(x ST ix(x — 2y 4 _Ii(x — 292+ ¢ Alternate | uand its v’ and its
5 : 35 315 signs derivatives | antiderivatives
= %(x — 2)/%(354% + 40x + 32) + C + ol (c — 272
- 2x L(x — 2y
+ 2 7 (o — 2)72
- 0 fis (x — 2)°72
65. u=JVx = wW=x = 2udu=dx 66. 1= x* du = 2xdx
fsin Jrde = fsin u(2u du) = ZIu sinudn foe’ cos(x?) dx = fxz cos(x2){2x) dx = ju cos u du

Integration by parts: w = u, dw = du, dv = sinu du,

2J‘usinudu = 2(—ucosu + jcosudu)

= 2{—ucosu +sinu) + C

2( ﬁcosf—!—smf)

67. Letu =4 — x,du= —dr,x =4 — u 68. Letu =

[

I

Jucosudu:usmu—fsmudu

usinu +cosu + C

x? sin{x?) + cos(x?) + C

V2x, w2 = 2, 2udu = 2 dx.

Exmdx=f(4~?u)ul/2(—du) jfdx J”(udu

4
= j (4u'/2 — 1512) dy
o

— § 3/2 Z 5/2]4
[3“ 57 )

Integration by patrts: w = u, dw = du, dv = cos udy,
V= —cosu v = sinu

= [ue — e"] (Integration by parts)
0

=(2e — &) — (0 — 1)

=¢g2 41
8 128
-3 - 262 = 22
69, Letw =Inx, dw = %dx,x = e, dx = e¥ dw.
J’cos(ln x)dx = fcos wie® dw)
Now use integration by parts twice.
fcos we* dw = coswe” + fsin we¥ dw [ = cos w, dv = e dw]

= coswe” + [sinwe“‘ — fcos we dw} [u = sinw, dv = ¥ dw]

2]005 we” dw = cos we” + sinwe?
1 .
cos weVdw = Ee‘“[cos w+sinwl + C

J cos(ln x) dx = %x[cos(ln x) +sin{lnx)] + €
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70. Letw = 1 +x%dw = 2xde, x> =w — Lx= Jw — 1.

f (e + 1) dx = f m(n»);:/éwi"_i?

1 i
Int ti . = = — = — = _—
ntegration by parts: ¥ = Inw, du - dw, dv NS dw,v = Jw ~ 1

J']n(xl + Ddx = In(w)vw — 1 — j———"“’z_ldw
Substitution: z = ~/w — 1,22 = w — 1,2zdz = dw

jln(xl + Ddx = Imw)v/w—1-— J‘zz—i-l{Zz;dz)
: i
= In{w)-/w— 1 — 2[(1 - z_z—-l—-_l) dz |
= In(w)v/w — 1 — 2z + 2 arctan(z) + €
= In{1 + x¥)x — 2x + 2 arctan(x) + C

71. Integration by parts is 72. Answers will vary. 73. No ' 74. Yes
based on the Product Substitution ¥=1Inxdv=xdx
Rule. :
75. Yes 76, No 77. Yes.Letu = xand 78. No _
u=x%dv=e%dx ‘ Substitution 1 Substitution
' du = dx
" Jx+1
(Substitution also works.
Letu = /x + 1.)
_ 8_4' : .
79, (@) |feMdr = o8 (3267 + 242 + 12¢+ 3) + C
{b) 5
.
-2 c-1 T 4

{c) The graphs are vertical translations of each other.

80. (a) f a*sin(va) da = 7}5& (am)* cos mar + 4(am)? sin ma + 12(am)?* cos ma — 24(am) sin wa — 24 cos ma] + C

(b) £

(c) The graphs are vertical translations of each other.
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—2x
81. (a) Je“z" sin 3x dx = 81—3[—2 sin3x — 3cos3x] + C

w2
f e 2 sin3xdx = %[26“'” + 3] ~ 02374
0

) v
c-s
c=2
-2 ¥ 8

-1

(c) The graphs are vertical translations of each other.

82. (a) f X425 — 222 dx =

128 16 64

1,171,875

56 T 14,381.0699

5
J. x425 — X2 dx =
4]
(b) 400

. C=100 j 0
—4 £ c= 4

7

—200

{c) The graphs are vertical translatiocns of each other. -

83, (@) dv— vIx = 3dr = v = f(lx = )12 ds = 2 (x = 7
u=2x = du = 2 dx
j 20 /B = B dx = Salx = 32 - J (2x — 3P dx
= Zyx— 3Pl — Lx— 3P+ C
3 15
2 2
— 2 (x - 3PAGx + 3+ C = 2x - PG+ D+ C

+3

bu=2x—3 = x=u2 anddx=-;-d

1

u
fo\/Zx——de == jZ(%)u”ze) du = %J(!ﬁﬂ + 36/ du = 5[2

Lo + m/z] e

- §u3/2(u L5 4C= %(2;6 _x—3) + 5]+ C= %(Zx 3P 1)+ C

1,171,875 arcsin|x/5|  x(2a2 + 25)(25 — )52 " 625225 — 2P . 46,875x-/25 — a*

128

+C
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84, (8) dv =4+ xdx = U:J(4+x)1/2dx=%(4+x)3/2
u=x = du = dx

Jx 4-+;acd’x=%x(4+x)3/2 —%j(4+x)3/2dx

= gx(4 + x)3/2 — i(4 +x)2+C= i(4 + 223z - 8) + C
3 15 15
®ue=4+x=>x=p— danddx = du
J-x\/ri +xdx = f(u — A 2dy = f(uﬁ/2 — dut/2) du

2 8 2
— %2502 _ 2 3n — = 3/,
S ¥ +C 15 (Bu—200+C

2

-2 3/2 _ -
15(4+x) [3(4 + x} — 20] + C T

(4 + x)¥23x — 8} + C

85. (a) dv = ——o—sdx = v:f(4+x1)—1/zxdx= JITE

JA4+ a7
u=x = du=2xdx

P .
Sy P N ) PN
fm X X Jx A2 dx

~A/ATR - L =L ATAE - 4 C

{(b) u=4+x2=>x2=u—4and2xdx=du=>xdx=%du

H

2 2 41
S PR SO S . S L
_,’:/4+x2 f\/4+x2x Jﬁ2

|

— i
w Lt a1 gy = M2 80— gr)
- (u Au~L12) du sl5% 82+ C

=%u1/2(u— 12)+Cx%\/4+x2[(4+x2)“12]+C=%‘/4+x2(x1_8)+C
© 86, (@) dv = V4 —xdx = v=f(4—x)1/2dx W u=4—x= x=4—uanddx = —du
=_%(4_x)3/2 J'x\/4—xdx:—f(4—u)ﬁdu |
H=x = du = dx . : r—j(4u1/2—u3/2)du
2 2
fx\/4 —xdx = —gx(4 - x)3/2 + EJ-(4—' x)s/zdx — _%uafz + %uslz +C
= ;gx(él — xR~ i(4 — x4+ C | 2
3 15 = —Eu3/2(20 -3+ C
2 oy _ ‘
= 15(4 x) [Sx + 2(4 x)] +C — "%(4_.76)3/2{20 . 3(4_}[)] +C
2 3
= —=_{4 — x)3/2
15(4 JC) (3x+8)+C‘ - wi(4—x)3/2(3x+8)+c

15
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87. n =10 J‘lnxdx=x(1nx—1)+c
2
n=1 xlnxdxrz(ﬂnx“—l)-i-c
x3 ,
n=2 lenxdx=§(31nx“1)+c
x4 :
n=73 xalnxa{x=ﬁ(4]nx—-1)+c
s ,
n=4 x41nxdx=5(5]nx-—l)+c

In general, fx"lnxdx = [(r+ Dlnx— 1]+ C.

o
(n + 1)2
88. n=0 J-e";:lx:e"+C

n=1 fxe’dx=xe"—e"+€=xe”—fe"dx

n=2 fx2e"dx=x2e"—2xe"-|_-29"+C=ﬁ§—2jxédx

n =‘3: fxae"dx = xle* — Ixte" + bxe” — 6&F + C = X — 3J’xze"dx

n=4d fx“exdx:x“exa 4ale* + 12x%e* — 2dxe* + 242 + C = x%e* — 4fxaexdx

In general, J-x"exdx = x¢* — nJ'x"*le"dx.

89. dv =sinxdx = v = —cosx 9. dv =cosxdx = v=sinx
w=x => du = nx""'dx Cop=x" = du = nx""ldx
Jx”sinxdx = ~x"cosx + njx"‘icosxd'x jx”cosxdx =x'sinx — n|x" " lsinxdx
e+l

N.dv=x"dx = v= 92_dv:eaxdx=>vzieax

n+t

=x" => du=nx""1dx

n=Inx == du=£dx
J’x"e‘”‘a‘xz)“2 fﬁjx"‘le“dx
a a

n _ xn+1 xn
fx Inxdx—n+11nx fﬂ+1dx

xn+l xn+1 .
—— ._._____.+
n+1]nx (n+ 1)2 ¢

xn+l
= m[(n-ﬁ- Dinx—t] +¢C
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"

93. Use integration by parts twice.

1
(1) dv = edv = v = e @ dv=emdy = v =z
u = sinbx = du = bcosbxdx = coshx = du= —bsinbxdx

.
fewSmbxdx:ﬂwgfe%osbxdx

@ gj b b ax b b dx o 2

- g 8mn xﬁﬂ[e co8 x+AJ'e‘”‘sinbxdx]=Lmbx—%e“xcosbx—%fe‘“sinbxdx
a a a a . a a a

e“(a sin bx — b cos bx)
a* '

2
Therefore, (1 + 25) I &% sin bx dx =

f o sin b d — (g sina-gxw:bi) cos bx) rc
94. Use integration by parts twice.
(D dt.z=e‘”v‘dx:} v=i~e‘”‘ (2) dv=e"dx = v=%e‘”‘
#=.cosbx = du= —bsinbx u =sinbx => du = bcos bx
fe“‘cosbxdx=m+éfe”smbxdx=eaxcos”x-f-é[eusmbxéje‘”‘cesbxdx]
a a : a a u a
_ e‘“czsbx_}_be“x;nbx_.z_zj'edcosbxdx

e™(a cos bx + b sin bx)

2
Therefore, (1 + MIL)J'EM cos bx dx = P

(12

e®(q cos bx + bsin bx) |
cat+ b e

fe""cosbxdxz

85, n =3, (Use formula in Exercise 91.)

' 4
jflnxdx = fg[mnx —1j+cC
96. n =2, (Use formula in Exercise 90.)
sz cos xdx = x*sinx — 2fx sinx dx, (Use formula in Exercise 83.) (n = 1)

= xZsinx — 2[—xcosx+ fcosxdx] = 2sinx + 2xcosx — 2sinx + €

7. a = 2,b =3, (Use formula in Exercise 94.)

(2 cos 3x + 3 sin 3x) "
13

X cos 3x dx = C
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98. n =3,a = 2, (Useformula in Exercise 92 three times.)

2
J'xaezxdx=f—e;——%fxle1"dx, (n=3a=2)

2
_ 2 3faer [ ] o
== 2[ 7 jxe del, (n=2,a=2)
o %% 3a%e® 3[xe® 1
= — R e

2 4 2[ 2 2J"2 ‘i"]

2e® 3x%e™ | 3xe® 36

..|.. —_—— = =
) 4 7 A +C (m=1l,a=2)

e .
= ?(413 —6x* +6x—3)+C

99. dv=¢%dx = v=—g* 100, dv=e¢dy = v= 33
0=x = du = dx ‘ H=2x = du = dx
4 . 4 4 —4 4 1 3
A= J xe“Fdx = [—xe*x} + f € fdx = — — [e“”] A== | xe"3 dx
o 0 o & 0 9 0
5 1 3 3
=1 -2 =~ 0908 == [.—3xe-x/3] + 3] e
e ‘ 9 0 [s}
_ l(“_9 _ [gewxls:r) o
9\ e 0
I P , 11y
7 ) e e -
— ™
=1-2~ 0264 3
é
1 r ar
101, A= f e sin{mx)dx 102. A = f xsinxdx = [—x cos x + sin x]o
o o
_ [e*"(—sin X — 7T COS 'z-nc)]i - = a {See Exercise 89.)
1+ 72 0

3

1 T
= — 4+ 1
1+7r2(e ﬂ.)

7 (1
—1+w2(e+1)

= (1,395 (See Exercise 93.) °

AP

&

103, (a) A= f Inxdx = [—x + x]nx]I =1 (See Exercise 4.) ¥
1

(M Rx)=Ix,rix) =0

V= f{lnx)zdx o
1 .

= fn'[x(ln x)* — 2xInx + Zx] {(Use integration by parts twice, see Exercise 7.)
1

wle — 2) =~ 2.257

—CONTINUED—
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103. —CONTINUED—

{4 2+
{c) P(x)=x,k(x)=inx (@ E=_f1j‘16111'1xn:ix=e ;
e 2 e y
V=2fn’th1xdx=2wn-[x—(—1 +2]nx)] _ %ff(lnx)zdx e—7
1 4 1 ¥ = =
. , 1 7
(e + D

) = 13,177 (See Exercise 91.)

104. y = xsinx, 0sxsw
T w
(a) V=J alxsinxP dx = 7| x?sin?xdx
0 . o
1 — cos 2x
2

sz sin xdx = xz[%x - sm42x] - j(%x - Sufx)(fbc dx)

Letw=x% du= 2xdy,dv =sinxdx = dx,v =

_ 1., AsinZy 2_xsian)
72353 — J(x — dx
1 ¥sin2x ¥ xsin Zx
=3¢, 3 +f 2 #

= éﬁ - i*xz sin 2x + é(sm 2x — 2xcos 2x) + € (Integration by Parts)

- 1 | 1 T 1 1
= 2 oin? = 3 e 2 —(=] — = et ol
v 'n'fox sin® x dx w[6x3 e sin 2x + g(stx 2xc052x)]0 e red

- T
{(b) VEJ 27rx(xsinx)dx=277[2cosx+szinx—xzcosx} = 2miwt — 4] = 20% — Bar
. o . . o

T . pu ’
(c) m= f x sin(x) dx = [smx—xcosx] = q

o o

1
M, = f E(x sin x)2 dx
0

ML, 1
—2[677 4-37] (See part (a).)
-4 5 1

27 78"

M, = Jﬂx(x sinx}dx = w2 — 4  (See part (b).)
o

M, 24 3. ‘
s=b Mo eegs, p e QAT W8T L, L son
m T m T 2 g

105. In Example 6, we showed that the centroid of an equivalent region was (1, 7/8). By
symmetry, the centroid of this region is (/8, 1). You can also solve this problem directly.

1 ) t ‘
A= f (%r — arcsin x)dx = B—Tx — xaresinx — /1 — x2]0 {Example 3)
A .

“(5-3-0)-c0-

s My _ l[zw ' ] _T oM 1%@5&%&[24 , ]“
x—A—fsz arcsmxd,x—s, y—A.—0 2 5 arcsin x| dx = 1

1. 2.097

— == (,359

2
&3 = (e 1 e 2)x(2.097, 0.359)

E
2
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106. fix) = x%, g(x} = 2%
F2)=g(2) = 4, fl4) = gl4) =

m = f (x? — 27) dx = [x_3 - E%Z"]‘r

_(§i~_1_§_) (§_i)
3 W2/ \3 m2

36 12
7—3‘“—-1;5'—413543

4
M, = J 202+ 2967 - ) de

f (x4 — 2%) dx
22):
- 5[? T 2 2]
-5 F )]
) 3 In2 5 In2

496 60
=3 —m2~126383

107. Average value = 7%_ f e #(cos 2r + 5 sin 2f) dt
o

T 20
= __.l_ — pd
1 077(1 &4 = (,223

‘ . .
108. (a) Average = J‘ (1.6tlnsr+ 1) de = [O.SIZII'U — 0.4 + r]l
. .

4

(b) Average = f

3

109. o(r) = 100,000 + 4000¢, r = 5%, 1, = 10

10
= f (100,000 + 400020 dt
o]

10
= 4000 J (25 + De 0057 4
*J0

100
€

Letu=25+tdv=e %t du=dt,v=——"+

10 10
P = 4000 [(25 + z)( 1% -o-osﬂ L 100 o5 g
5 o 5 4
10 0
= 4000 [(25 + t)(—}@e—mf)] [10 000 0-051]
5 0 25

= $931,265

4
M, = J’Jcl:x2 — Pldx

56 12

+ (?2)— = 4.1855

&7 = ( Ai")m(s.ogos,g.am)

_ 1[3_4,(—4cos 2+ 23i112t) + Se“‘"(_ 3

. a .
5 2 cos 21‘)] (From Exercises 93 and 94)
0

3.2(n2) — 0.2 = 2.018

4
(Larln¢ + L dr = [O.Stzlnt — 0.4 + t:| =12.8(In4) — 7.2(ln 3} — 1.8 =~ 8.035
3

16 () = 30,000 + 5001, 7 = 7%, 1, = 5

3 5
P f (30,000 + 5000)e 0% dr = 500 J (60 + £e 007 4t
o 0

letu =60+t dv=edtdu=dtv= _1;;06_0.07,.

5 5 )
p- 500{[(60 + ;)(—129 focm)l] + 190 %o dt]

0

= 500[[(60 + ;)(—Eg_e omf)]z _ [104(;00 0“”’]2}

= $131,528.68
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" v o= S " i 2 2 "
Il | xsinnxdy = 7",;‘303”"'*';31“”*’5_ 112, xzcosnxdx=[—sinnx+—2cosnx——335nnx]
- w . R R n -

-7 T (e 2

R ces = cos(~ ) = ?;T’fcos nar + n—jcos(—mr)

2w _ 4w

= 5T s . = — o8 n7F

n. , "
_ {-—-(217/71), if » is even ' _ [ (4w/n%), if niseven
(2m/n), ifnisodd —(4ar/n?), if nisodd
(—1ydn
==
183, Letu = x, dv = sin(n—qrx) dx,dw = dx, v = *&cds(n—wx).
2 nIr 2
1 _ L !
I = f x sin(@x) dx = [——25 cos(ﬂx)] + 2 cos(mj:x) dx
o 2 nir 27 /Jo nm ), 2
) o]
T 2 AT 2 0
el )
2 C\RTT 2
Letu = {—x + 2),dv = sin(ﬂx) dy,du = —dx,v = —icos(ﬂrx). ‘
2 nar 2

L= J; 2(—:’6 +2) sin(ﬁzzx) dx = [—:2(;;—4-2) cos(rg—wxﬂ? - %T J; 2cos(?x) dx
=smee{) =) (5]

| =l ) + (o) ()

19 = =] (T ) G ()] - i)

114. For any integrable function, [ f(x} dx = C + [ f(x} dx, but this cannot be used to imply that C = 0,

115, Shell Method: s Disk Method:
b ' f (a) F(5)
V= 2 f £ f(0) ver - e a1 -8
a 0 fla
X2 . f ()
dv=xdx = v= ) = wlb? ~ a?) fla) + wb* f(b) — fla)) — L( ) LF )P dy

7 =f(x) = du = f'(x)dx

v =2l Zs) - F;f’(x) af

- ey - vy [ ad]

O
= w{(b"’f(b) — a*fla)) — j L F dy]
. £ (@)

Since x = f~1(y), we have f(x) = y and f'(x} dx = dy. When y = f(a), x = a. When y = f{(b}, x = b. Thus,
fE

) b
[ Pay = f 22 (x) dx
(@) a (

and the volumes are the same.
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116. f'(x) = xe~*

(@) fx) = Jxe”‘dx =—xe*—eg*+(C

(Parts: u = x,dv = e *dx)

fO)=0=-1+C= C=1

fl) = —xe*—e*+1

(c¢) You obtain the points:

n Xy P

cj]0 0

1100570

2 | 0.10 | 2.378 x 103

3 | 0.15 | 0.0065

4 1 0.20 | 00134

801 4.0 0.9064

o

(e) The result in part (c) is better because % is smaller.

117. £7(x) = 3x sin(2x), £(0) = 0

(@) f(x) = J’3x sin 2x dx = —%(Zxcoslx —sin2x) + C

(Parts: u = 3x, dv = sin 2x dx)

f(o)%0=~%(o)+c=> c=0

S =

4

—E(Qx cos 2x — sin 2x)

(c) Using & = 0.05, you obtain the points:

n| x, I
0o 0

1| 005 | 005

2 | 0.10 | 7.4875 x 107¢
3 | 0.15 | 0.0037

4 | 020 | 0.0104

801 4.0 | 13181

3

AN\

-

a

{d} You obtain the points:

n Xn n
0|0 0
1)101]0
2 | 02 ] 0.0090484
3 1 03 [ 0025423
4 | 0.4 | 0047648
40 | 40 0.903%
1
a 4
0
b =

~5

noox, | W
010 |0

tlo1jo

2 | 02 | 0.0060
3 | 03 | 0.0293
4 | 0.4 | 00801
40 | 40 | 1.0210

" (d) Using k = 0.1, you obtain the points:
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118. £/(x) = cos /7, f(0) = 1
(a) Letw = /¥, w? = x, 2w dw = dx.

jcos Vrdc= fcos w(2w dw)
Now use parts: u = 2w, dv = cos wdw.
fcosﬂdx= Zwsinw + 2cosw + C

=2 /asin/% + 2cos JE+ C

(b) s

| N

\

{d} Using h = 0.1, you obtain the points:

R X, ¥,
=1=2+C =—-1
o) =1 C=C 0 o 1
Flx) =2 /xsin Vx+ 2cos Vx— 1 L 1ol |11
(c) Using & = 0.03, you obtain the points: 2 1 02 | 1.1950
n | oz, ¥, 3|03 | 12852
010 1 4 104 | 13706
P ] 005|105
2101 1.0988 80| 40 | 18759
3 | 015 | 1.1463
4 [ o2 | 11926
80 | 4.0 1.8404
— arf2
x dx.

/2 '
119. On 0,%],sinxs ] = xsinx £ x = f xsinxdxsf
B o o

| 120. (a) A = J xsinxdx = [sinx~xcosx:| =7
0 o

27 X 2
(b) f xsmxﬂﬂ[sinx"xcosx} = 27~ = —3%
an ki
A=73r
37 I
{©) xsinxdxi[sinxwxcosx] =3+ 2w=35=
2ar 27
A= 5

The area between y = xsinx and y = 0 on [nm, (n + V)] is (2n + 1)ar:

T nr

A=|x2n+ al=(2n+ Dm

e+ 1w (n+ 1)
J xsinxdx:[sinxmxcosx] =x(n+ Drxrr=+x02n+ Dw
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Section 8.3  Trigonometric Integrals

1. y=secx

y' = secxtanx = sinxsec? x
fsmxseclxdx =secx + C

Matches {(c)

2. y=cosx + secx
y'= —sginx + secxtanx

—-sin x + sin x sec? x

I

—sin x(1 — sec?x)

il

sin x tan® x

fsinxtanzxdxz cosx +secx + C

Matches (a)

4, v =3x+ 2sinxcos®x + 3sinxcosx

3. y:xutanx-#“%tanf*x

y"=1— sec? x + tan® x(sec? x)
= —tan® x + tan® x{1 + tan?x}

= tan*x
1
Jtan“xdx =x—tanx+ -gtanz‘_x +C

Matches (d)

¥y =3 +F2cos?x — 6sin®xcos?x + 3cosix — 3sin?x

=3+ 2cosx — 6cos?x(l — cos?x} + 3 cos?x — 3(1 — cos?x} = Bcostx

fScos“xdx =3x + 2sinxcos®x + 3sinxcosx + C

Matches (b)
5. Let u# = cos x, du = —sin x dx.
J‘cos3xsinxa!x = ——fcos3 x(—sin x) dx

= Aicos“x + C

7. Let u = sin 2x, du = 2 cos 2x dx.

f sin® 2x cos 2x dx = % J sin® 2x(2 cos 2x} dx

1 ..
= +
lzstx 184

9. Letu = cos x, du = —sinx dx.

fsin5 xcos? xdx = jsin {1 — cos?x)?cos? xdx

6. fcos%sin“xdx = Jcosx(l — sin? x) sin® x dx

= J’(sin“x — sin® x) cos x dx

_sin*x  sinx

3 7+C

8. Letu = cos x, de = —sin x dx.

jsin3xdx = jsinx{l — cos? x) dx
= jcosz x(—sinx) dx + Jsinxdx

1
= gcos:‘x— cosx + C

= —f(coszx — 2 cos? x + cos® x)(—sin x) dx = -——3lcos3x + %cossx - %—cos"'x +C
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. X i x
140. = = = — =
0. Letu sm3,du 3cos3dx.

fcos3§-dx = f(cos %)(1 — sin? %‘_) dx
= (1 — szi)(l cos )dx
3/\3 3

_afgnXoLsX
—3(31:13 3snn 3)+C

X x
-:3'__‘3_+
sm3 sln3 C

12. f sin sin t(l — cos? )¥{cos £) "2 dt
= fsin H1 — 2 cos? ¢ + cos* f){cos )12 gr

f [(cos =12 — 2(cos t)3/2 + (cos )7/ sin ¢ dt =

13, J‘ccos2 xdx = fm dx

1 1
=Z|x+ s
2(x 65,1116,7«:)+C

1 .
—"ﬁ(6x+ sin6x) + C

15. Jsmza-coszada=fl“3052a.1+c:2052ada

= lf(l — cos? 2a) do
4 .
1 1 + cos 4o
= 4f(1 A — )da

=%J-(1 — cos da) da

1 1.,
= S[a 4s1n4a] + C

I .
= 32[4oz — sin4a} + C

17. Integration by parts:

. 1— cos2x X sin 2x 1
= 2 e =y =2 — == -
dv sin? x dx 7 v 7 (2.76 sm Zx)

u=x = du = dx

J.xsinzxdx i (Zx* stx) - —f(Zx— sin 2x) dx

11. fcos3 6+/sin 6 26 :jcos (1 - sin® 6)(sin )72 df

= f[(sin #)1/2 — (sin 6)°/%] cos B dé

= 2(sin 62— Zsin 92 4 ©

—2(cos V2 + (cos 5% — —-(cos )% 4+ ¢

14, fsmzlxdx jﬂdx :l(x — 1sin4x) + C

p 4

1
= §(4x — sindx) + C

16. fsin“29d9= jl —cosdd 1~ cos 46:16

2 2

=%f(1 — 2 cos 46 + cos? 40) dé

= 1'[(1 — 2cos 40 + 1+ cos 89 SB) de

4 2
=%J-(%—200546+—é-00589)d6
i[gﬂ—%sn48+ll—6sm86]
:%9—é5m46+ésm86+c

1 .
xzx(Zx — sin 2x) — l(x2 +%c052x) +C= %(sz — 2x5in2x — cos 2x) + €

4
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18. Use integration by parts twice.

dv:sinzxa{x:%m v =

W= a2 = du = 2xdx

sin2x _

{(2x — sin 2x)

B3
Bl

dr=sin2xdx = v= ﬁicosbc

u=x = du=dx

fxzs'mzxdx = "ixz(lx — sin 2x) f%J(ZxZ — xsin 2x) dx

SRS I N P
58 T g% sin 2x 3ﬁ+2fxsm2xdx

= lxq - -Lxlsin2x +%[——1x0052x +%fcostdx]

6 4 2

1 1., . 1 1.
—gx"—zxzstx 4x'c032x+851n2x+()

—ﬁ(4f—6xzsin2x—6xc032x+3sm2x) +C

/2
2 2 4 8
19, f costxdx =% (n=23) 20, J cosS x dx = )(-— =, (n=273)
s 3 VAT AT
/2 (2\(4\(6) 16 : 1 T_m
21. cos’ xdx = w)(w)(w) ==, (h="7) 22. J sin? x dx = )— == (n=12)
L \3/\s\7) = 35 2z =7 |
23 fﬁlzsinﬁxdx = (l)(?—)(é)ﬂ = -Sj: (n= 6) 24. f sin” x dx = “2“)(E é) = E (n="7)
"l 2/\4/)\6/2 32 357 35
25, J-sec(?Jx) dx = %ln|sec 3x 4 tan3x| + C 26. J'sec2 (2x— Ddx= }*tan(Zx -1+cC
27. J’scc"' Sxdx = J-(I + tan® 5x) sec” 5x dx 28. J-st:c6 3xdx = J(l + tan? 3x)% see? 3x dx
3
= %(tan 5x + tan3 Sx) +C = J'(l + 2 tan? 3x + tan? 3x) sec? Ix dx
tanSx

= {3 + tan? 5x) + C =

1
3

1
29, dv = sec®* mxdx = v =;tan TX

U = SEC WX e gy = gr8ec x tan mwx dx

2 1
tan3x + —tan®3x + ——tan’ 3x + C

9 15

1 1 ‘
Jsec3 mxdx = — e X tan wx — fsec wxtan? wxdx = ~—sec mx tan mx — | sec Tx(sec? wx — 1) dx

1
2JSE(:3 wadx = q—r(sec wrx tan wx + In|sec wx + tan mx]) + C;

‘ 1
jscc%rx dx = ﬁ(sec ax tan wx + In|sec wrx + tan wx|) + C
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30, J-tanzxdxz f(seczx— Ddx=tanx—x+C

1 tan“jE +C
T 2

3T T L
32.[ta11 2sec 2d!x )

34. Letw = sec 2t, du = 2 sec 2¢ tan 2¢

J’ tan® 2¢ - sec® 2rdr = J {sec?2r — 1) sec® 2t - tan 2t dt = [ (sec? 2r — sec? 2f)(sec 2 tan 2¢) df =

tan® x
3

35, jmnzxseczxdxx +C

37. J‘sec6 4x tan 4x dx = %fs&cs 4x(4 sec 4x tan 4x) dx

_secBdx

+ C
24

39. Letu = sec x, du = sec x tan x dx.

J.sec3 xtanx dx = Jse:c2 x(sec x tan x) dx

=%sccax+ C

2 2,
4l Jtaﬂ L (sec?x — 1)
sec x sec x

= J(sccx — cosx) dx

= In|sec x + tan x| — sinx + C

PRI 2 X 3%
31. jtan 4a’x f(sec 7 I)tan 4dx

X X x
= ftmﬁzsecz—dx - J’tans—dx

4 4
=tan“§—f(sec2§— I)tanﬁ-dx
=tan"'§—2tan2i—4lncosi +C

33, u = tanx, du = sec? x dx

1 .
fseczanxdx = Etanzx +C
[or, 1 = sec x, du = sec x tan x dx, '

f sec? x tan x dx = %seczx + C.]

sec’ 2t secd ¢

10 et ¢

36. ftan5 2xsec? 2x dx = ﬁ tan® 2x + C

2X X x(1 zz) e E
Jsec 2tanza’x 2ftan2(zsec 2.dx Lan2+C

49, ftan3 3xdx = J’(sec2 3x — 1} tan 3x dx
= lJ'tan 3x(3 sec? 3x) dx + Ef—_ 3 sin 3x dx

3 3] cos3x

_1 . 1
= gtan®3x + 3ln.|cos3x| +C

tan? x sin? x
42, = o - cos’xdx
secd x cos? x

= fsinzx - cos® x dx
= fsinz x(1 — sin? x} cos x dx

= 'j(sin2 x — sin® x) cos x dx

_sin*x sin®x

3 5

+C
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43 r= f sin(ar) d6 = }L f [1 — cos2m)] 46

= %J‘{l — 2 cos(276) + cos*(2ard)] db

f[l — 2 cos(Zmé) + }-+C—028(4@] 46

Lot

| a8 1 .
[9 - sin{26) + 5t 87]_sm(4q-rﬁ')] +C

1
—-[1270 — 8 s + 5 +
3%[12 g ~ % sin(276) + sin(dwd)] + C

45 v = ftan3 3x sec 3x dx

= J’(sec2 3x — 1) sec 3x tan 3x dx

= %— J sec? 3x(3 sec 3x tan 3x) dx — -1-,[3 sec 3x tan dx dx

3

1
=§sec33?c~%scc3x+c

® L - sz, 0,0 ‘
)’=J‘Si112xdx -6 /_/6
{1 — cos2x : -
MJ’ 2 dx
1 sin 2x
=7y ¢
_ _ 1 sinlx
(0, 0} 0=Cy=3x y)

dy 3sinx

49, o L ¥(0) =

8
TS T

N i e
My e iy 1 e
[~ P e ey S g

S e i I il
Sl T N e
PR L N N S i

-4

44,

46.

50,

43 [0
§ = |sin?-—cos®—~do
J 22

1 —cos a\(1+ cosa {1 coste
- [ Jaa= [t

Ll R P
= 4J‘sm ada = 3 J(l cos 2a) dat

1 sin 2o
=6 +
8[6 2 ] ¢

1 .
= -1-6(2a sin 2a) + C

y = J-}/tanx sect x dx
= J’taml/2 xftan®x + 1) sec? x dx

(tan>/2 x + tanl/? x) sec? x dx

k__'1

2
7

2
tan’/2x + gtan:‘/ix +C

B et e (_1)
(b)dx sec?xtan*x, {0, 3

y= fseczxtanlxdx u = tanx, du = sec® x dx

1y, _1_ D SR §
(0, 4). 3 C=>yw3tanx 1

% =3 /ytan’ x, y(0) = 3
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f(si.nSx+ sin x) dx

g

51. fsin 3xcos 2xdx =

11
= (5c0s5x+cosx)+C

-1_—01((208 55+ 5cosx} + C

53. Jsm #sin 38 dg = %J(cos 20 — cos 46) dB
i, 1,
= 2(2 sin 26 4sm 49) +C

= -;—(2 sin26 — sin46) + C

85, fc0t32xdx= f(cchZx* 1) cot 2x dx

1 2 -
2J‘coth( 2 csc? 2x) dx 5

UNPONE
[ —— PR —— +
4tcot; 2x 2]n|sm2x| c

~ nlesc? 24| — cor2) + €

57. Let z = cot §, du = —csc? 6d0.

fcsc4 6de = fcsc2 &1 + cot® 6) 48

I

jcsc2 840 + J’csc2 dcot® 046

—cot 8 — %cot3 8+ C

2 24
50, Jcot tdt:Jcsc t 1dt
cscf csc
:J(csct—smt)dr

= In|esct — cott| + cost + C

2 —_ ainZ
61.f L dx:fc?sxdx=fwdx
secxtan x sin x s x

= J(cscx — sin x) dx

= In|cscx — cotx] + cosx + C

1{2cos2x
fsian dx

52. fcos 46 cos(—36) df = Jcos 48 cos 36 do

= %f(cos 78 + cos 6) 48

sin 78  sin §
14 2 ¢

54, fsin(—élx) cos dxdx = - fsin 4x cos 3x dx

f%J’(sinx + sin 7x) dx

il

1 i
fz[fcosx warcos?x] +C

= Lf7 cosx + cos 7x] + C
14 ‘
I S U 4
56. Let i tanz,a’u 2sec 2dx.

aX aX g aXf a2 X 2x
ftan 2sec de jtan 2(l:an 2+ l)sec 2dx

- 3a FEATE 23)
2j(tan 2-i-tan 2)(2sec > dx

pA x 2 x
=—tan’= + —tan’ = +
7tan2 Stara2 C

58, u = cot3x,du = —3 csc? 3xdx

J’csc2 3x cot 3x dx = ~~§ fcot 3x(—3 os¢? 3x) dx

= fécotz 3x+C

cot’ ¢ cos3t (1 —sin®*¢) cost
0. — dt
cscr sin? ¢
' cost
J [costdt
———-—smt+C“-csct—smt+C
sin ¢

.} —_ 2 —_ 2
62 fsmx cos xdx=J’l 2 cos xdx
coS x Cos x

= j(secx — 2 cos x)dx

= Injsecx + tanx| — Zsinx + C
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63. J (tan*t — sec* ) dt = f (tan? ¢ + sec? r){tan® ¢ — sec? 1) dt,

(tan? ¢ — sec? s = —1)

—J(tan2t+seczt}dt= —j(2sec7*r— Ddt=—2tant+t+C

cost— 1~
{cost— 1)cost

64, fl o Seet =
cost— 1

= J’sec:taftz In|sect + tant| + C

/3 /3 .
66. J‘ tan?x dx = f (secix — 1) dx
o o

/3
=[tanx—x] =\/§~%~T

2}

68. Let 1 = tan £, du = sec® tdt.

w4 w/4 2
sec? - /tan tdi = [ tan®/2 ] . T3
o

70.J sin 38 cos 6d6=%j {sin 46 + sin 26) 46

i1 1 m
= —E[Zcos 46 + 2 cos 26]—« =0

arf2 w/2
72.J (sin?x + 1) dx = ( — Cos 2¢ )dx
—af2 — /2

Tr/2
= f = ~— —cos 2x) dx
7'17/2

_[3 _}"' :|'Jr/2 37
27 % i 2

74. Jsmzxcoszxdx = glz‘[ﬁbc —sindx] + C

65.f sinzxdeZJ l_%z—xdx
- 0

1. ™
—[x”zsmbc]omw

T, /4
7. j tanf*xd_xﬂf (sec?x — 1) tan x dx
o o

w4 /4 sin x
=J sectx tan x dx — J dx
0

0

_ [1 2y 41 - 1]’rr/ti
= | tan*x fcos x .

1
=5(1 —1n2) )

69. Letu =1 + sint, du = cos t dt.

/2 ) w2
f T [m|1 + sin r|] =In2
o 1 +sint o

71. Let u = sin x, du = cos x dx.

/2 /2
J cos®xdx =2 {1 —sin®x)cosxdx
—arf2 0

/2 4
= Z[Sinx - %siﬁx}o = 3

73. jcos‘*z dx——[6x + 8sinx + sin2x] + C

Cos X

1 . X 3 X ., X X
= Zcos® = + Zcos - + 3x| +
8[4 sin 2cos. 6 sin = cos 5 3):] C

2 2

@
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75, J‘sec5 % dx = ﬁ{se(ﬁ > tan % + -32"[sec wx tan wx + In|sec amx + tan mﬂ} +C

, 25y '
76. J’tarf(l —xdx = *Ean—(-lz“-ﬁ — Inleos(l — x)| + C 771.. fsecs X tan mwx dx =
2 ’ 5

JanWonl et b
BRI AR

-2 -5

1
—secS ax + C
5w

' sec(l — x /4 wfa
78. fsec“(l —xptan(l — x)dx = ~—(4—) +te 79, f sin 26 sin36 df = 3[sin 6 — Lsin 53] N
o 2 5 o 10
2
_3‘5 H ﬂ g" 3.5
]
80 Jm(l 0)2 do [39 25in 0 + L5 29]"/2 " 1]3x L /2
. — cos =} =0 — 2sin = s§in d = 2 =g
b ) 4 o SI.L sin* x dx 4[2 . sm2x+8sm4x]0
=37 _, _3m
4 _ 16
wf2
1[5x 3 1 LENT:
16 | 2E g 2 2 gind = 27
82, L sin® x dx 8[2 281n2x+85m4x+6sm Zx]o D)
83. (a) Save one sine factor and convert the remaining sine 84. See guidelines on page 537.

factors to cosine. Then expand and integrate.

(b) Save one cosine factor and convert the remaining
cosine factors to sine. Then expand and integrate.

(c) Make repeated use of the power reducing formula to
convert the integrand to odd powers of the ¢osine.

85. (a) Letw = tan 3x, du = 3 sec? 3x dx.

fse;c::4 3xtand Ix dx = J.sec2 3xtan® 3xsec? Ix dx = % J(tz—m2 3x + 1) tan® 3x(3 sec? 3x) dx

tan®3x  tan* 3x

_1 5 3 2 _
=3 J(tan 3x + tan® 3x)(3 sec? 3x} dx = T T C,
Or let # = sec 3x, du = 3 sec 3x tan 3x dx. .

J sect 3x tand 3x dx = j sec? 3x tan? 3x sec 3x tan 3x dx

— l 3 2 _ —
=3 f sec® 3x(sec? 3x — 1)(3 sec 3xtan 3x) dx = X 5

—CONTINUED—

secf3x  sect3x

+C
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85, —CONTINUED—
()] 0.05

—0.05

1 1 1 1
= —tan® 3x + =tan?3x + 1tan23x+——itan43x—ltan23x——+ C

© 56(2683x _ se(;‘;3x tC= (1. + tf;lz P 0+ tla.;‘ﬂ Ix)? L
18 6 18
.
B tarfgi%x talf; 3x c,

86. (2) Letu = tanx, du = sec? x dx.

1
fscczxtanxdx = Etanzx +C,

Or let ¥ = sec x, du = sec x tan x dx.

fsec x(sec x tan x} dx = % sec?x + C

(©) %seczﬂx + C=%(tan2x +1)+C :%tanzx + (1

87. A= J {sin x — sin® x) dx

f sinxdx — [ sin® x dx
/2 2
[ cos x] 3

]

it
(RN

L
3

/4
89. A= f [cos? x — sin® x] dx
— /4

. atd
= J‘ cos 2x dx
—mf4

_ sin Zx}'”/ 4
2

—arf4

+o=1

(SR
[SeREE

(Wallis's Formula)

2

(b)

12

6

-4

-2

+ C) =%tan2x +C,

1
88. A= f sin?(arax) dx

fl—ccs%-x

[2"
_1
2

sin 2wx:|

12

dx

[cos? x — sin x cos xf dx

[wl“j_;o—szx - sinxcosx] dx
sin2x _ sin? x]"/ 4
4 2 —ar/2
1. l) _ (_E _ 1)
4 4 4 2
1
2
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/2 % x
91. Digks y 92. V=5 j [cosl(i) - sinz(z):| dx
0
R(x) = tanx, r{x) = 0 -
= 'rrj cos x dx
0

/4
V= ZWJ tan? x dx
0

/4

=2q| (sec?x - 1) dx

o

w4
= Zw-[tanx - x]
]
_ L T
= 27(1 4) 1.348

ki3

93. (a) V=7rf s]'nzxdx=q—TJ’ (IMCOSZx)dx=E[x——sin?Jc] =
o 2l 2

" T
b) A= f sin x dx = [—cosx]oz 1+1=2
o

Letu = x,dv = sinxdx,du = dx,v = —cos x.

: 1 T ) 1 L3 ™ 1 . T .
T = — = — — = ] — + =_i
x AJ;xsmxdx 2[[ xcosx]0 + L cosxdx] 2[ X COS X smx]o 2

N I 1" 1 1. T q
F=r | sinfxdr==| (1 —cos2x)dr=~|x——sin2x| ==
X 8), . 8

8 2

0

/2 - /2 - ’
94, (a) V=wf coszxdx=5J (1+c052x)dx=5[x+—sh12x]
o 0 _

w2 w/2
(b)A=f cosxdxz[sinxJo =1
o

Let u = x,dv = cos x dx, du = dx, v = sinx.

/2 w2 arf2 . /2 -
%= xcosxdx:[xsinx] - sinxdx=[xsinx+cosx] =—==1%=
0 0 0 4] 2

wf2

1 [ 1™ i, 1. .
§=—J coszxdx=—j (1+c052x)dx=—[x+—sm2x]
2 o 40 0

4" "2
wn- (22

95. dv =sinxdr = v= —cosx

w=sin""!'x = du=(n—1)sin""2xcosxdx

/2
| s x = Tr
- 0

kia

8

fsin"xd_x = —sin" " Lxcosx + {n —.I)Jsm”‘zxcos2xa’x = —si " lxcosx + (n — l)fsin"*zx(l — sin? x} dx

= —sin"~1xcos x + {n — ])Jsin”‘zxdx —{n - I)fsin"xdx

Therefore, nfsin" xdx = —sin" !xcosx + (n — l)jsin"“zxdx

n—1

) ~gin"~! x cos x
J‘sm"xdx: +

sin® "2 x dx.
I3 R
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96. dv =cosxdx = v =sinx

u=cos" ix = du= —(n— 1)cos" Zxsinxdx

Jcos"xdx = cos" " lxsinx + (n— I)J-Cos"ﬂx sin? x dx

= cos" lxsinx -+ (n— l)jcos"‘zx(l — cos? x) dx

= cos" lxsinx + (n — 1)jcos""2xdx - (n — 1)jcos"x:;ix
Therefore, nfcos"xdx = gos" tasiny + (n — ljfcos"_zxdx

cos" lxsinx K n—1 _ :
fcos"xdx= + - cos" 2 x dx.

n

_cosm-i-] x

97, Letu = sin"~1x, du = (n — 1) sin" 2xcos xdx, dv = cos" xsinx dx, v = )

. —sin"lxcos™tlx n—1 | .
fcos’"xsm"xdx= 1 1 si 2 x cos™ ¥ x dx
n
—sin® lxcos"tlx n-—-11, )
= T + . sin® 2 x cos™ x(1 — sin?x) dx
m m
—sin" lxcos™'x  n—11]. n— .
= + $in" "2 x cos™ x dx — sin" x cos™ x dx
m+1 m+ 1 m+1
m+n ; —sin""lxcos™tlx n—1 1], :
+1fcos"‘xsm"xdx= T +m+1 sin®~? x cos™ x dx
m m
. —cos”"Tlxsin"lx  n-—1 ]
jcos”‘xsm"xdx = T + " cos™ x sin® 2 x dx
m+n m+n

98. Letu = sec” 2x,du = (n — 2) sec” 2 xtan xdx, dv = sec® x dx,v = tan x,

fsec" xdx

sech Zxtanx — f(n — 2y sec® "2 x tan? x dx

sec” Zxtanx — (n — 2)]360"—2 xfsee?x — 1) dx

Il

sect 2xtanx — (n — 2){fsec"xdx — fsec"‘zxdx]

n— 1)Jsec"xdx = gec” 2xtanx + (n — 2)jscc”‘2xdx

1 n—2
fsec"xdx = sec" " Zxtan x + p— Jsec"“zxdx

i ‘
99. Jsin"xdxz Jﬁ)-‘s—"ﬂJrgfsin%dx

sinfxcosx 4 sinxcosx 2 { .,
— Pt —_ _—+_
= 3 + 5[ 3 3fsmxdx]

1, 4 ., 8
— - sin - - +
5S XCO8 X 158111 XCOS X 15COSX C

COS x

= *—?[3 sin*x + 4sinfx + 8]+ C
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. 3 . :
100. fcos“xdx = W + EJ'coszxdx

s

cos®xsinx 3|cosxsinx I
~ T 3 +Z[ 2 +§f"b‘]

1 3 3
= =cos’ xsinx + = nx +=x+C
4C0S Xsmx 8C()SJCS x‘ 8Jc

= -é-[?,cos?’xsinx +3cosxsinx + 3x] + C

29rx 5 2arx\2ar
4 — 4 2 | ==
101. jsec 5 dx = 2 jscc( 5 )5 dx

. cosd xsindx 1 .
102. Jsm4xcoszxﬂ = “ﬁﬁﬂf,é_ﬁ_ -+ Efcoszxs:nzxdx

‘ cos® x sin® x 1[ cos®xsinx 1 ]
= I S | SRR 4 cos?
3 1 p cos® xdx ‘

|

_ 1 . 1 . 1[cosxsinx x
3 3 3
6cos xsin’ x SCOS xsmx+8[ 5 +2]+C

= —%[8 cos® xsin®x + 6 cos®xsinx — 3cosxsinx — 3x] + C

103. f(1) = a, + a, cos %r + b, sin%t

io =2y di ar = 0 cos T, b= L[ 5 sin T d
0= 1), SN E =L g o =5 fWsingdr

@ a5~ (13?(1“2)0)[33.5 T+ 4(35.4) + 2447) + 4(55.6) + 2(67.4) + 4(762) + 2(80.4) + 4(79.0) + 2(72.0)
+ 4(61.0} + 2(49.3) + 4(38.6) + 33.5] |
= 57,72
a, ~ —23.36

b= =275 (Answers will vary,}

H(t) =~ 57.72 — 23.36 cos(ﬂ) - 275 sm(%’)

6
(b) L(z) = 42.04 — 20.91 cos(%t) — 433 sin(%) () =
HAE :n
- N
) . 14

Temperature difference is greatest in the summer
{t = 4.9 or end of May).
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104. (a) nisodd andrn = 3

t) n—1 . /2 /2
cos” lxsinx n—1
cos" xdx = [ ] + cos" 2 x dx
o 7] 0 no g

— A3 4 of /2 — wf2
_n 1[[008 x sin x] n 3 cos"“‘xdx]
n n—2 0 n—2 Jy

_n=1 n— 3[[cos”‘5xsinx]”/2 R 5[”/2cos"—5xdx]

n n—2 n—4 0 n—4]j,

n n—2 n—4

_n-1 n-3 n~—5 w2
g 2 cos x dx
n n-2 n-4 o

— — — L7
=[n 1 n=3 =n 5---(sinx)]o

—1 n-3 n—5 ("
=7 .z A j cos" S xdx
0 -

n n—2 n—4

=n—1_n—3.n—5__
n n—2 n—4

-0EE)E) - 5
- )(2‘)(3) 5

(b) niseven and n >

-1 (Reverse the 6rdcr.)

/2 o " » 2 ‘
f cos® xdx = n_1 N 3. j cos?xdx  (From pait (a))
o o

73 :172 n*4
i w2
+Zsm2x):|

=[n—1 n—3 n—-5
n rR—2 n—4

NIH

=n_1 n—3 n_S-'-%T (Reverse the order.)

-
)=y

" _ 1[sin{m + n)x = sin{m — Jrz)x]"r B -
105, f cos(mx)cos(nx)dx~2[ o + pom— 77—-0, (m + n)

Il

il

—ar

2

- -

J?T sin(mx) sin(nx) dx = i [cos(m — n)x - cos(m + n)x] dx

1[sinfm — n}x  sin{m + n)x:r' '
= - =0
2|: m—n : m+n lew m # )

f " sin{mx} cos(rx) dx = -21~ ’ [sin{m + n)x + sin(m — n)x] dx

-

_ _l[cos(m + n)x . cos(m — n)x]"’: O )

2 m+tn m-—n
_ _%[(cosg:z-:-nn)w - cosf;n:nn)'.rr) _ (cos(mm++r.1’)1(ﬁ %) + cos(mm*wnzl(* 'rr))]

=0, since cos{— @} = cos 6.

jw sin{mx) cos(mx) dx = %smlzﬂ]:r =0

-
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N
106. f{x) = E a, sin{ix)
N
(a) Flx) sin(ny) = | Y a, sinfix) | sin(mx) - o fx)=x
=1
M i — L s dinxde =2
j Fx) sin{px) dx = [E a, sm(m)} sin(nx) dx “hT ﬁ,,,x S

- o -

= f a,sin?(nx) dx  (by Exercise 106) 2=y f_ﬂx sin 2x dx !
T 1 — cos(Znx) a =1 17Jcsin?axdx=2

= | o - 3

- [gs - )"

= %ﬂ(ﬂ' + @) = a,

Hence, a, = %J-W F(x) sin(rx) dx

Section 8.4  Trigonometric Substitution

1 %[4111’%‘ + /P + 16+ C]=d;dx[4]n| %2 4+ 16 — 4[ —4In|x] + m+ C:|

:4[x/‘/x2+16]_i+ x

|VE+16—4| x JE+i6

. 4x mﬂ+ x
JET/E 164 * Jevie

S — a2 16 F 16— 4) + 2(V/FF 6 - 4)

- x5+ 16(/F + 16 — 4

A — 45+ 16) + 1657 + 16 + 22/ 1 16— 42

- X2+ 16(/% + 16 — 4)

AR+ 160 - 16) -~ 4(x? + 16)

 xSETI6(JE T 16 - 4)

_ a2+ 16716 - 4)

Vst

dx, matches (b).

J’ i+ 16
X

Indefinite integral:

1 =

f‘"’”””"ﬂ] 5(m)+

(x+m) + x2 + x2 — 16
SR T6JE-T6+x 2B 18 . 2
_ 16+ 2+ 22— 16

2/~ 16
_2

7 — 16

2 %[s 1n|ﬁ2“——16 + xl —xez— 6+ c] = g{ﬁ”‘_/_____LM n

" Indefinite integral: J- matches (d).

xz
S =16
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3 % Sarcsini _x 12— 2 o ~5— i/?x/d,)z ~ xA{1/2)(16 ~ xZ)-I_ﬂz(—zx) + /16 —
__ 8 . » JiE-d
V16— 2./16 — »? 2
16 2 _{e-x _ ¥

= + =
216 - 2J/16—x 2 /16— Ji6 — 22
Matches (a)

4.%Sarcsinx;3-i-(x_3)‘/72+6xmx2+c]“8[m-% +%(x—3)J%’f__j§+§\/7+—sx——xz
_ 8 =3P SIB-G-3P
V16 —(x—3F 2/16 — (x — 3)? 2
=16—(x2—6x+9)+16—(x2—6x+9)
2/16 — (x - 31
_ 216 — & -3
216 —(x — 32
= /16 - (x —3)
- ST G- R

Indefinite integral; f /7 + 6x — x* dx, matches (¢).

5. Letx = 5sin 6, dx = 5 cos 846, /25 — 2% = 5cos 6.
1 de = S5cos §
(25 — x2)3/2 (5 cos @)

- = 2
% sec? A do

1
—,zstan6+C

X

=— +
2525 — &7

6. Same substitution as in Exercise 5

I 10 0 5 cos #dé 2f 2 —-2./25 — &2

—_— —dx =1 ————————— ="l 0df = ——cot§ + C=—— + C
22./25 — x2 (25sin2 )(5cos ) 3 5 5x

7. Same substitution as in Exercise 5 _
— 2 — ¢in2
j./zsx xzdx=fzscos edexsfl sin 9d0=5f(csc€—sin6)d6

5sin @ sin &
iS — 25 — £
x

+ V2B -F+C

= 5[In|csc # — cot ] + cos ] + C=51n
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8. Same substitution as in Exercise 5

L, -
f————-zj - 2 sin” 0 = %S-J(l ~ cos 26) d6
~ - X
2’;(6 - l311126) + C= _(9 — sin fcos ) + C
= %é{mcsm(;—c) - (%)(—255”8 )] +C= %[zs a:csin@ — /25 — xZ] +C

9, Letx = 2sec f,dx = 2sec ftan 840, v/x* — 4 = 2tan 6,

1 2 sec Atan 048
] = = + +
jmdx j 5t 0 Jsecedﬁ In|sec @ + tan 8| + C,
, —
zln§+—‘/x24’+c1

=m|x+m|¥mz+cl_=m|x+m|+c

10. Same substitution as in Exercise 9

f" ﬁme(ueceme)de 2ftan29da~2f(sec29*1)d

= 2an & — &) + C = 2{—X22—— - arcsec(a)] +C=x*—-4-2 arcsec(%) +C

11. Same substitution as in Exercise 9

J’x%/x2 —ddx = f(S sec? 6)(2 tan £)(2 sec Gtan §) d = 32Itan2 0 sec’ 9 do

3 5
- 32ftan26(1 + tan? 6) sec29d9—32(m o, ta’; 9) v C

(2 4P 62— 4)
E g [5“1‘.! 1 ]+C

=%tan3a[5+3tan29]+c=

= L - 20 £ 32— 4] O S0P PR 4R+ C

12. Same substitution as in Exercise 9

f\/z—d _szec BZSecBwne)d9=stw4éd6
x .
tan38) 8

3 +C==tan 6(3 + tan? &) + C

=8J’(1+tan26)scc29d9=8(tan9+ 3

2 2
=§(\’x 4)(3 +Z 4)+C=%\/P":Z(l2+x2—4)+C=%vx2'—4(x”8)+c

3 2 4

13. Letx = tan 6, dx = sec? 048, /1 + x* = sec 6.

3
jx,/l +dx= Jtan@(sec&)scclﬂd9=¥+ C=~:1J:(1 + XP2 4 C

Note: This integral could have been evaluated with the Power Rule.
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14. Same substitution as in Bxercise 13

tan? secs @

:sec29d9=9j(sec2e—1)sethan6d9=9[ —sec@]-f-C

J’\/l +x2
=SSeCB(sec29—3)+C=3\/1 +2(1+)-3]+C=3/1+x2x-2)+C

15. Same substitution as in Exercise 13

1 1 - [sec? 0d6
J(l FaE s f(f*""l +x2)4""“f sec
= jcos2 646 = —;—j(l + cos 28) dé

1 sin 20
+
2[9 2 ]

:§[6+ sin @cos 6] + C

a2 i) v € | ‘

1 x
wz[arctanx+1+x2]+c

16. Same substitution as in Exercise 13

X2 _ tan? @ sec? 946 -
f(1+x2)2dx_,”( VT + ) J sect @ Jsm 6as

 sinz# 1 :
—Ef(1~c0826)d6#§[8~ 5 ]—E[Bmsmﬂcoseﬁﬁ-c

1 _ X 1 :1 o x )
—z[arctanx ( —1+x2)( ‘,_1+x2):|+6‘ 2[arctanx 1+x2]+C‘

17. Ietu = 3x,a = 2, and du = 3 dx.
j\/—4+9x2dx=%f~/_(2)2+ G 3 x
= %@)(3;5,/4 T+ 4lnf3x + VAT OR|) + C
~ VAT + 2nlar + VAT 4 C

18, Letu = x,a = 1, and du = dx.

f,/1 FRde = /T A+ mh+ VT2 + €

19. f1/25w4x2dx=fz| /%ﬁ%ﬁ, a=%

1125 2x 25
—22[4arcsm(5)+x n x]+C

=Earcsm( )+ V5 A+ C

4
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20, J.\/sz— 1dx=J\/(ﬁx)2- Ly, u=-/2xdu= ﬁdx

LS -l vas v vaE ]}

S22l ey T v C
21. JL dx = 1 (x2 + 9)V2(2x) dx 22. jﬂi“_"dx =
V2249 2 _ NOEEZ
 =JE 9+ C =
(Powér Rule) (Power Rule)
23 J’;dx = arcsin(i) + C 24 J—l—
T V6= 2 4 IVB R

25, Letx = 2sin 0, dx = 2cos 046, /4 — 22 = 2cos 6.

fmdx=zf‘/mdx

= 2[2 cos 6(2 cos 6§ 46)

= Sfcoszﬂdﬁ

= 4[(1 + cos 20) 46
i

= 4[9 + Est&} +C

= 494—43111(90056+C

= 4aicsin(%) +x/A -2+ C

26. Letu = 16 — 42, du = —8xdx.

% j (0 )7 =2x) dv

-G =+ C

dx:arcsin£+C'

5

jxmdx = —% J(16 — 4?2 —8x) dx = [ﬁfi(m - 4x2)3/2] +C= —%(4 - AP C

7. Letx = 3 sec 0, dx = 3 sec ftan 046, /x> — 9 =3 tan 4.
3 sec ftan.8d0

1
'f/—xz_gd""f 3tan §

= Jsec 8do

= In|sec § + tan 8] + C,

x a2 9‘-
3773

=1n|x+-,/x2-—9| +C

=

+ C,
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28. Letu=1— ¢4 du = ~2tdr

j(l - ﬂ)m J(l -2 3/2( 2 dr =

29, Letx = sin @, dx = cos 8d8, 1 — x2 = cos 8.

1

V1 — 52 cos G(cos 6d6)
T = | T
X sin* #
= Jcotzﬂcsczﬂdﬁ

= —icot3 o+ C

3
==
= e +C

31. Same substitution as in Exercise 30

_3 _3
x = 2tan8,dx—2sec 8de
1 dy = (3/2) sec? 040
*SEE T 9 {3/2)tan 63 sec @
Z%fcsc 6do
= —%1n|csc€+cot9] +C
2
: 1ml\/4x +9+3}+C
2x
Vaxig

33. Letx = /5 tan 0, dx = /35 sec? 846, x2 +5=5sec? 6,

[ [2528

(5 sec? @)3/2

:M\/g Ea_‘mn_.-gdg
sec 0

:“ﬁfsﬂladﬂ

F3cos 8+ C
V3

= f5i—=—1C

Jx2+5
R
VX +5

+C

V1 -2

30. Let 2x = 3 tan 6, dx :%secz 840, V4t + 9 = 3 sec .

fmdx f?& sec 8((3/2) sec? § 4]
{(3/2)* tan* 8

8 {cosp
== d
QJsin46 o
o8
27511136

8 o3
e +
7 C8C 6 - C

_ (4 + 9P +
B 2753

32, Let2x = 4tan 6, dx = 2sec? 8d8, /4x* + 16 = 4sec 6.
1 dx—J 2 sec? 848
*SAZ + 16 2 tan §(4 sec §).

_ 1 [seco . 11} ;

—4ftm6d9—4fcscﬁd9
1

ﬂzlnicsc 6+cotd| +C

1 “/;.:2 +4+ 2‘
I I

+
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34, Letx = /3tan 6, dx = /3sec? 840, 2% + 3 = 3sec? 6.
J-\/gsec26’d8
3/3sec 9

1 X
—_—— + = ———
3fcosﬂd9 3sm6 C W

Jstammes

+C

35. Letu = 1 + &%, du = 2e¥ dx.

J?aﬁ??ﬁa=%Ju+emm@ému=§u+gmﬂ+c

36. Letw = x® + 2x + 2,du = (3x + 2) dx.

J(x + )/F + 2 ¥ 2dx = %j(xl + 2x + 2PV2(2x + 2) dx = %(x2 + 222+ C
P ‘

37. Let e* = sin 6, & dx = cos 046, /1, — & = cos 6. 38, Let /x = sin 6, x = sin® §, dx = 2 sin § cos 6,
. Y1 —x=rcosé
T % gy = 2 : o
J:y: L= efdx ICOS 848 ql—xdx: cos (2 sin 0 cos 8 d6)
S sin 6

= %j(l + cos 260) 48

1 “sin 24
_5[6+ 2 ]

=%(6+ sin & cos 6) + C

=2Jcos29a’6 ‘

- f(1 + cos 20) do

= (64 sinfcos ) + C

=-;—(arcsine"+e‘\/1~e7-“)+c : = arcsin/x + 21 —x + C

39, Letx = ﬁ'tanﬁ dx = /23ec?8d6, 32 + 2 = 2sec? 4.

V2 sec? 846
f4+4ﬂ+x4 J(2+2)2dx f 4 sect 0

=7 fcosz 040

I

—{g(%)f(l + cos 26) dﬁ'

S

‘ 1,
—“*é_(ﬁ+2sm29)+c

/2

zwgk(BJr sin B cos 6) + C

_ﬁ(mi% x| ﬁ)
T\ AT e 2

1 x 1
== + — — |+
4[ R ﬁarctanﬁ} C
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40. Let x = tan 8, dx = sec? 0d#, 22 + 1 = sec® 6.

P +x+1 1 48 + 4x 1
Jx4+2x2-’rl 'fo4+2x2+1dx+j(x2+1)2dx

sec? 6 d6
sect @

=

=—]n(x4+2x1+1)+f

oy

==In(x*+ 1) + %j(l + cos 26) d6

]

=-;—ln(x2 +1 +%(6+ sin fcos ) + C

1 2 X
—Z[hl(x +1)+arctanx+x2+1]+c

41. Use integration by parts. Since x > %,

1

u = arcsec 2x —> du = dx,dv=dx = v=1x

x/dxr =1
1 T
arcsec 2x dx = x arcsec 2x — | —————dx
f J\/4x2—1
2x = sec B,dxxlsecﬁtanﬂdﬁ, V42— 1=tan 6

2

{1/2) sec ftan # 46

arcsec 2x dx = x arcsec 2x —
tan 6

i

x arcsec 2x — %Jsec 6de

x arcsec 2x — %inlsec ¢+tan b +C

1

x arcsec 2x — %ln‘bc + JAxE — 1| + C.

42, ¢ = arcsinx = du:;—dx,dv=xdx‘=> v=£

2 2

Jxarcsinxdx mﬁarcsinx~ljx—2dx
2 2) /12
x =sin 8, dx = cos 848, /1 —x* =cos @

. 2 1 |sinté oA 1 B
J’xarcsmxaix =3 arcsin x = 2_[005 acos 8de = 2 arcsin x 4J(l cos 26)d8

x2

> arcsin x — %{6 — sinfcos d] + C

22 , 1 1, _
ﬁaarcsmx 4|:9 25m26]+C7

= %Zarcsinx - i—[arcsinx - x/1— xi] +C= i[(2x2 - Darcsinx + x/1 — xz] +C

-2
dx = arcsin(x ) +C

(.1 ~ 1
a. J\/4x—x2dx_f\f4—(x—2)2 2
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44, Letx — 1 = sin §,dx = cos 66, /1 — (x — 1) = /2x — »® = cos 0.

x:'. . x2
th—fdx~J«/l —(x—l)zd‘x
B j (1 + sin 6)cos 046)
C cos 6

=j(1 + 2sin § + sin? §) d6

3 , i '
= J(Z + 2sin 6 2cosZB)d€

—§6f2cosﬂ~lsin20+C

2 4
kg
*2872cosﬂ*~lsinﬂcosﬂ+c
) 2
3 1
= Earcsin(x — 1) = 2/2%x — 2% — E(xw D2x— 2+ C

= %arcsin(x —1) — %\/Zx —x+3)+C

45, Letx + 2 = 2 tan 6, dx = 2 sec? 9 d6, \/(x‘+ 2P +4=2sech

j x dx‘=J‘ x _ [(2tan 8 — 2)(2 sec? 6} d6
VRt A+ 8 x+2F+4 2sect

= ZJ'(tan 0~ 1)(sec 6) d§

x+2

V2@ 4

= 2[sec § — In|sec § + tan 4|} + C,

_ z[mm

2 | 2 2

= AT a8 AT T8+ +2)| —ma+c,
= FT &8 2P T B+ (x+2) +C

46, Letx — 3 = 2sec §,dx = 2sec Otan 646, /r — 37 — 4 = 2tan 6.

j\/xzwsx+5dxﬁj\/(xm3)24dx
_ (2sec 0 + 3)

> tan 6 (2 sec @tan §) 46

= j(Zscczﬁ + 3sec 0) do

=2tan @ + 3In|sec § + tan 6] + C,

e =P &

2 2

BN e T 1 (RN I~ gy sty e

+ ¢
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47, Let f = sin 0, dt = cos 8d6,1 — 12 = cos? 6.

@ 2 g = sin® @ cos 848
(1 — 232 cos? @

= ftanzﬁ_da = f(secz 6—1)do

=tamnf— 0+ C
= ! —arcsint + C
NASNZ ‘
NET 2 in 3
¢ t . 3/2 V3 ar
Thus, dr = - arcsin ¢ =2 aresin Y= = /3 ~ — = 0.685.
L {1 — fp/ [ T— 2 L /174 2 3

(b) Whenz = 0, 8 = 0. When r = +/3/2, 8 = &/3. Thus,

372 2 wf3
J; mde‘z[tanﬂ"ﬁ]o \/_“— 0.685.

48. Same substitution as in Exercise 47

(a) J'(l 71#)5/2 dr = JCOS 09 Jsec“@d@ = f(tzm‘"L g+ 1) sec® 40

COSS ]

1 1 t ¥ ¢
=t § +tan 6 + C = 3 + +C
3 3(J1_z2") 112

fﬁ/z 1 A f 3/2
Th = +
S o R A (T

0

3./3/8 f/z
T3/ AR =3t /3233464

(b) Whent =0, 6 = 0. When ¢ = /3/2, 6 = /3. Thus,

/32 1 1 o .
Jo =Rt [3m“33+‘a“9] =3 (V3P + V3 =23~ 3.464.

49, (a) Letx = 3 tan 0, dx = 3 sec? 8d, /x> + 9 = 3sec 4,

(27 tan® 6)(3 sec? 6 d6)
3sec O

[

= 27.[(35302 8 — 1) sec ftan 0 48

= 27[3 sec? § — sec 6] +C=9sec®>f—3sec ] + C

= 9[(——_-”‘23+9)3 - 3(WITSJ)J +C= %(xz +9P2 -9/ + 0+ C

.1 Vi _ g /3 ]3
us,J; \/;7+_9dx"[3(x2+9) 9/ f9 .

= (%(54\/5) — 27J§) — {9 - 27)

=18 - 9/2=9(2 ~ /2) =~ 5.272.
(b) Whenx = 0, § = 0. When x = 3, § = /4. Thus,

x _ sa ot B ol — A : y
Lmdx?[secﬂ ‘35606]0 =922 - 3/2) - 91 - 3) = 9{2 — 2} = 5272
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50. (a) Let 5x = 3sin 0, dx = %cos 8do, /9 — 25x%> = 3cos 6.

-J\/9 — 25x2 dx = I(S cos 9)%005 046
_ 91 +cos26
5 2

9 1
10[6 sin 26] C‘

de

9
= Z[8+si +
10[9 sin Bcos 6] + C

9 5x . 5x 9 — 23527
—_— — +
10[&1‘031113 + 3 3 ] C

l

/G = 75,2
US’J mdx—ﬂcs 3 +—5x 99 ZSX] —190["%]:3—707.

(b} Whenx = 0,8 = 0. Whenx =

'Jllu)

T
6&2.

w2
(@ + sin Bcos 0)] i(ﬂ) oo

1002 200

: Thusf \/9—25x2dx-'|i10

51. (2) Letx — 3 sec 6,dx = 3sec Otan 648, V& — 9 = 3 tan 6,

9 sec® d
dx 3 sec Htan 840
J-\/ j3tan9

= 9J'sec3 846

1
D
1

—;-sec‘ ftan 8 + %J‘sec Bdﬁ] (8.3 Exercise 98 or Example 5, Section 8.2}

{sec ¢ tan 6 + In|sec @ + tan 6]]
- Z —
FAED s + 25— 9”
J’ dx 9l x/2% — +4x2—9 ¢
S I N

%[(wgm]“@[) (S« nft 47))
_9J§2f+((6+f) (4+f))

DN BND
!

Hence,

3 3

6 +3./3
=9/3 - 2/7+2 m(H\/_)

—9./3 27 + %m(("’ - ﬁ)3(2 + ﬁ)) = 12,644,

= CONTINUED -
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51. —CONTINUED—

(b) Whenx = 4, § = aIcscc(g). Whenx = 6,60= arcsec(Zl) =

s
X
J;\/xz — g

af
dx = 2[5% gtan 6 + Injsec § + tan Gi}
2 arcsec(4/3)

3

[ V342 + 3] - er+qg+%3]

6+ 3.3

=93 —2/7 + = m(4+f)%12.644

52 (@) Letx = 3 sec 6, dx = 3 sec 6tan 8.0,

V3 — 9 = 3 tan 6.
Vo
f = f;tan93sec9tan6d6

2 02
- tan 846: sin’ Bde
| sec & cos O

— 2
ZJ'I cos’f .o

cos &
= J(sec 6 — cos &) do

=In|sec § + tan 8 — sin ¢ + C

—_ 2z
P ERVE k| Bl
3 3 l X
Hengce,
6 /33 - 7 _ _gl®
J\/xz 9dx= 1n|£+\/x 9 V¥ -9
. X 3 3 x 5
:mh+Jﬂm%§

53, x%—\/xz“ixa?;, y3) =1

X

Letx = 3sec f,dx =3 sec Otan 0 46, /x2—9 = 3 tan 6.

~|3tan @ _ 2
y—f3sece3secﬁtm9d9—3'[tm fde

= 3](86026 ~ 1}d6 =3tan § — ¢] + C
_LE=9 xt—9 :
= 3{_—3 arctan(muwwmm3 )] +C
= Jx2—9—3 arctan(wfgzﬂg) +C

Y=L 1=0-30+C=C=1

m)H

y = x29w3arctan( 3

(by Whenx = 3,8 =0, whenx = 6,0 = — Hence

¢ /2D
3 X

/3
dx = [ln|_scc¢9+tan6| - sin@}
o

=12 + V3| —%.

54. m%=l,x2—2,y(0)=4

dy 1

& Jera
=f_l_dx

YTV /2T a

ILetx = 2tan 6, x2 + 4 = 4sec? §, dx = 2 sec? 446.

_ 1
Y 2sec @

= Injsec § + tan 6| + C

o)
_m‘_ﬁiﬁ.}_x

2 sec? 840 = jscc a4e

Ji+c

=m|/x + 4 +x + C
V0l =4 = 4=n2|+C, =C =4—In2

y=I|VET A+ +4-In2
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55, ‘/x2+10x+ (x—15)+331n|(x+5 + ST IO T i+c

J.\/ %+ 10x+ 9

56. j(x'-z +2x + 11)¥24x = %(x + D2+ 2x +26) /52 + 2+ 11 + '%Slnl\/xl +2x + 11 + (x + I)I +C

57, :é(x x2ﬁ1+]n|x+‘/x2~1|)+c

x2
X
J-\/xzfl
58. fxwx? = 4dxﬁ%x3\/xzu4“%x\/x2ﬁ4f 2hnjx + VP =4 + C

50, (3) u=asin ' 60. (a) Substitution: 1 = x2 + 1,dy = 2x dx
(b) ¥ = atan @ {b} Trigonometric substifution; x = sec §

(c) u=asect

6L (2) u=x%+ O, du= 2xdx

X _lfde _ 1 = e
HJ\xz_'_gdx#Z ulenl.u{-l-c 2lll(x +9+C

(b) Letx = 3tan §,x2 + 9 = 9sec? , dx = 3 sec? 6d6.

x 3tan § s
40 =
fx2+9dx J; G3sec 8 9 ftanﬂdﬂ

—In|cos 8] + C,

+C

i
N
~In3 + I/ F 9+ ¢

:%ln(x? +9)+ G,

I

The answers are equivalent.

#+9—-9  ff 9 s X ‘
62, (a)J.x2+9alx Jx2+9 dx—J(l x2+9)dxfx Sarctan(3)+c

(b) Letx = 3tan 6,3 + 9 = 9sec? 6, dx = 3 sec? §40.
x2 _ [9tan? @ 5
fxz+9dxHJ)QSeclﬁ3scc Bdﬂ.

= 3J’tan2 0do = 3[(88(32 86— 1)d8

=3tan § — 380 + C,;
—x—3a1’ct.‘:111(3)+C1

The answers are equivalent.

63. True . 64. False -

dx cos 848 ’ N tan &
= = B = —_— d = £ 2 d
J’m. f p—; Jde J . dx JSEC 6(sec O tan 0 d0) Ian 4o
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65, False
Jﬁ dx =r/3secﬁed9=j”’3cosed6
o (,/1 x2)3 . sec’d o _
66. True

1 1 w2 ' /2
21T —xdx=2] #/1 — Fdx = ZJ’ {sin* ){cos 6)(cos BdE) = 2f sin? @ cos? 8 d0
-1 e o

¢

67. A= Jg\/al-—xzdx 68. X2 + y2 = g
0
4p [ x=xJat — ¥
=7fﬁu—xzdx
o

44
A= ZJ Jat =y dy
A

a

(o) -

Note: See Theorem 8.2 for [/a? — x2 dx.

= [ib"(%)(al arcsin > + x-Jat — xz)]a u
a 0 = [a2 arcsin(%) + yJa? — yz] (Theorem 8.2)
s

= (azfzf) - (a2 arcsin(g) + hm).

2

= aT'n' —a? arcsin(%) - hJ& — B

69, (a) 2+ (y — kP =25 (b) Area = square — %(circle)

Radius of circle = 5
k2 =52 4 52 =50
k=352

P 2 _r
=25 4'11'(5) 25(1 4)

1 T
=y — = 2 43 —
{c) Area=r 411'1‘ r (1 4)

70. {a) Place the center of the circle at (0, 1); x* + {y — 1)> = 1. The depth 4 satisfies 0 < d < 2. The volume is
d . R d .
V=3- ZJ JI—(y—1Pdy =6 %[arcsin(y “ D)+ (y—0DJ1-(y- 1)2]0 (Theorem 8.2 (1Y)
A .
= 3arcsin(d — 1) + (d — 1)</T = (d — 1 — arcsin(—1)]

. 37“ + 3arcsin(d ~ 1) + 3(d — )24 — &2

{by 1 (¢) The full tank holds 377 ~ 9.4248 cubic meters. The hori-
zontal lines

3w _dw _dw
Y=LY= y=

[

. intersect the curve at d = 0.596, 1. §, 1.404. The
— CONTINUED— dipstick would have these markings on it.
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70, -—CONTINUED-—

; .
 v= 5‘[ JT= =1 ay (e) oo The minimum occurs at d = 1,

which is the widest part of the

av _dv dd ' tank.
= J_;—T— ’
T & =61 —(d—1}*-d'(r)

—— 1 K —
== =3 ) = —————
4 241 —(d— 13
1. Letx — 3 = sin 6, dx = cos 646, /1 — (x — 3)2 = cos 6. ’
Shell Method: ' ' o

4
V =dg] »/1 — (x — 3)%dx
2

/2
= 417[ (3 + sin @) cos® @ d6
—f2
3

/2 w2
= 4q7 —J' (1 + cos26) 48 + f cos? f sin 0d0
2 —mf2 —mf2

1 1 /2 -
= 417[ (9 + ~sm29) — =cos? 9] = fr2
2 3 —arf2

2. Letx — k= rsin 6,dx = rcos 846, /r* — (x — h)? = rcos @, ¥
Shell Method:

V= dn f‘:T:“Td

h—r

/2 . w/2
= 471‘] (h + rsin B)rcos‘ 8(r cos 8) 46 = 4'7rr2f {h + rsin 8) cos? 6d6
—qrf2 , —mf2

) A /2 /2 ) s
= 4qrr 2 {1 +cos20)d0 + r sin @ cos® 046
-2 -mf2

/2 3 w/2
- z»m-%[a + L 26] - [4wr3(°°s 3)] = 2mirih
2 —af2 3 — /2

'v‘rzf (qui‘l)2

, 1 , 1 x2+1
MWey=hxy = 1+EP=1+3=""—7—

Ietx = tan 6, dx = sec? 8d6, /x* + 1 = sec 8.

S | ST T
5= dx = | ——— dx
i x 1 X

= | el erpag— | 20 ) dé '
, tan @ tan & : :

a

b b
= f (csc 8 + sec ftan €) d6 = [—ln|csc 6 + cot 8| + sec 6]

[ 'W ‘+JPT

[ (f+1> f} [_lﬂ(ﬁ+.l)+\/§]

_ |52 +1) A /26 — _
—m[m+ + /26 — /2 43670 ms(ﬁ 1)+J‘ v
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74.y:%x2,y’=x,l +P=1+x
4 4 o
5= f V1 + xdy = B(x\/x2 +1+ 1n|x + /2t 1] (Theorem 8.2)
0 0 ‘
) ‘
= 5[4\/17 +In(4 + JT7)] = 9.2936

75. Length of one arch of sine curve: y = sinx, ¥’ = cosx

w
L =f V1 + cos?xdx
0

Length of one arch of cosine curve: y = cosx, ¥’ = —sinx
/2
L= A1+ sin® x dx
—a/2

i a -
f 1+c052(x——)dx, w=x-—,du = dx
—af2 2 _ 2

4]
f V1 4+ cosPudu

=j V1 +tcostudu=1,
)

.
76. (a) Along line: 4, = Ja* + a* = a-/1 + & y
Along parabola: y = x%,y" = 2x (o, a9

d2=fmdx
0

= %[2):,/4):2 1+ In|2x + VAP + 1|] (Theorem 8.2)

a
0 .0

= %[2&/44:2 +1+In(2a + VA7 T 1)

% + %111(2 + /3) = 1.4789.

Fora = 10,d, = 10./101 = 100.4988, d, =~ 101.0473.

(b) Fora = 1,d, = 2 and d, =

(c) As agincreases, d, — d; =0,

77. (a) &0 (©) y=x~-0005c2y" =1-001x, 1+ (y¥ =1+ (1 — 001x)?
Letu=1—00lx,du=—00ldx,a= 1. (See Theorem 8.2.)
' 200 _ 200
55 250 5= j JUH (1 —001x)?2 dy = — IOOI S = 001202 + 1(~0.01) dx
=10 0 ¢ . 200
= —501{1 — 0.01x}/(1 — 0.01x)> + 1 + In|{(1 — 0.01x) + /(1 — 0.0L 2+1]
(b) y = 0 for x = 200 (range) [( AV # | AR ] o

—s50[(= 2 + 0|1+ ¥2|) - (V2 + 11 + V2]

JZ2 A1
J2-1

100-/2 + 50 m( ) = 220.559



Section 8.4 Trigonometric. St::bstimtfan 157

78. (a) 25

=10 80
)

-5

D) y=0fcrx="72

72 36

e VA
326[(“36)\/(1—‘@ “ﬂ’(“““)* 1+

2 x\2
@y=x-2=y=1- +(y’)2:1+(1“—)

G
il

7%, Letx = 3tan 0, dx = 3 sec? 848, /2 + 9 = 3 sec 6.

4 4 ] 2
A=2J’ 3 dx:éf dx :6f3sec9d6
o 32+ 9 o Vxr+ 9 . 3secd

5 4
_____W} =61n3
o

b L]
== 6[ sec G40 = [6 In[sec & + tan 6|] =,{61n
i a a
Z = 0 (by symmetry)
UMY 3 e 9 [t 3[1 x]‘*
y—z(A)J4( ,—ﬁ+9)dx_12m3f_’4'x2+9dx am3[3 3,

(i,?)=( 2];3arctan4) (0,0.422)

80. First find where the curves intersect,
=16 — (x — 4 = —=x* .

162 — 16(x — 4)? = x*
162 — 1632 + 128x — 162 = x4
16 - 128x =0

i — D2+ I+ 32) = x=0,4

4 4 ‘
1 1 1 16
= —_ -+ = 2= — = —
A L4x2dx 471'(4) .1213]0-!-4'” 3 + dar

4 8 '
M, =J‘x[—1~x2]dx+jx\/16w( - 4)? dx
b L4 4 ‘

4 8 8
=%] +f(x*4)\/16(x—4)2dx+j4\/16—fx—452dx
0 4 4

- 8 _
=16 + [’“:;’"1(16 - (x - 4)2)3/7‘]4 + 2[16 arcsin >

1.3 [ ('n')] 64 112
= - + — — = Sl
16 + 3162 + 2 16( 5 16 + =5+ 16m = 2= + 167

—CONTINUED—

1= X
6

—18[(-vZ + ;|1 + V2)) - \/_+1ni1+\/_| ﬂ“36x/_+181(

i

o
/-

) = §2.641
1

4
413 3

+ (- 4)m]j
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80. —CONTINUED—

M, = 4l(l 2)%-;- L6~ - 4D
S AVl i A *
_[L. =) fﬂ]s
—[32 5}0+[Sx 6 4

_» (64_g)_32_416

s 6 15

__My_112/3+167 112+ 48w 28+ 12w oo
YTA T T16/3 + 4w 16+ 12w At 3w

M, 416/15 104

V=4 TU6/3) + Aw 3G+ 3w
(%, 7) ~ (4.89, 1.55)

8Ly=x%y =2x 1 +{3)=1+d?
Zx:tane,dx:%scﬁedf), V14 4x* = sec @

(For fsec5 0 d0 and [sec® 8 46, see Exercise 98 in Section 8.3.)
. 2
§= 2‘11' 221+ 4x2 dx = 277] ( 9) (sec 6)( sec? 6) 46
lt [ &
=—| sec® Btan® @dO = | | sec®8dd — | sec’ 040
4 a 4 a . a
|l 3 3 1 ) i
= 1]g|sec’ btané + E(Stzcﬂtanﬂ + Injsec @ + tan 6]) | — 5(sec ftan § + In|sec @ + tan 61} .
|1 i V1
= 74—[5[(1 + 42p/a(x)] — (1 + a0 + in| /T ¥ 42+ 2x|]]0
=%[¥_6_‘/§_},]n(3+2\/’2“)]

_ 3(51;/9? Cmf3 2J§)) = Z[102/2 = 1n(3 + 2/2)] = 1398

4 &

82. Letr = Ltan 6,dr = Lsec?8d8,r? + I2 = [?sec? B,

1 R omL 2mL L sec?0do
o (% + L2)3/2 LPsec’f

:EJ;CDSBdG

z[.%tﬂ_;"
RL /r7+1%],
2m

LJ/R? + I7
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83. (a) Area of representative rectangle: 2./1 — v¢ Ay
Force: 2(62.4)(3 — y)/1 —'y? Ay

1
F= 124.8J {3 — )1 -y dy
-1

1 !
= 124.8[3f VT dy - J YT = y"’d)}]
-1 -1
T 1/2 1
= 1248 E(arcsmy +y/T=32) + S5 ) - e

= (62.4)3[arcsin 1 — arcsin{—1)] = 187.2x 1b

. 1 1 1
(b) F = 124.8f (d— /1 —32dy=1248d| V1 —yidy— 124.Sj y/1—ytdy
. -1 -1 -1

1

1
= 124.8(%)[a1csi11y +y/1 — yz] T 124.8(0) = 62.47wd 1b

0.8
84. (a) Fiogae = 48 J 0.8 = »(2)V1 -y dy

-1
0.8 0.8 .
=96 O.SJ’ 1= yidy — J y/1 — 2 dy]
. -1 -1
08, . o 1 o8
= 96 7(arcsmy +yJT =) + FL =y = 96(1.263) ~ 121.3 Ibs
0.4
®) Fase = 64| 04 = )@ANT=57 &
-1

0.4 0.4 ' 04
= 128[0.4j V1 —yidy — J v/ —y2 a'y] = 128[02;4(;1rcsiny +yJT— %) +'~31“(1 - y2)3/2} = 92.98
-1 —1 : : -1

85, Letu = asin 6, du = acos 048, Ja? — u2 = acos 8.

J-\/a2 —wrdu = faZ cos? 46 = azj%dﬁ

Zgj(ﬁ-&-lsinZG) + C:a—2(9+ sinfcos @) + C
2 2 2

2 o ray) ‘
= a—|iarcsin§ + (E)(—“ﬂ—m)] +C= %[az arcsing + u/at — uz] +C

2 a a

letu=asec 6, du =asec@tan 840, /1 — a2 =atan 6.

j\/uz —-atdu = J-a tan 8(a sec Atan §) 46 = ctz.jtan2 6sec 640

azj(sec2 8 — 1) sec 8df = ai’j(sec3 6 — sec 0) 40

it

az{% sec §tan 8 + ljsec 6d6:| - azfsec 8do = az[% sec ftan § — -;—].n|sec 6 + tan 6|:|

2
2 52
____w}+cl

= %[M-,/u2 —a - alnfu + Vi - a2|] +C

i
=+
a

2la” o D®

a a

_ a2|:u W - a?

—CONTINUED—
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85, —CONTINUED—
Letu = atan 8, du = a sec? 846, /u? + a% = a sec 6.

f\/ W+ a2 du = J’(a sec B)(a sec® 6) df
= aZJscc3 9dg= ai[% sec Btan § + %1n|sec 6 + tan 6[] +

_{_J—+ e m‘___f“?
2 a a a

]+C‘1 [uw/u2+a2+a21n|u+ JiE +a|]+C

86. y =sinxon 0,2}

¥y = cosx

5= 2] V1 +cos?xdx  (=~3.820197789)
0

Ellipse: x* + 2y% =2

Upper half: y=,/1—%x2, -2<x<s 2

—X

2/1 —h/z)

‘zf \/ R e Tt J s

Letx = J/2sin 6, dx = fcos Ade,x?=2sin? 6,4 — 2x2 =4 — 4sin® § = 4 cos? 6.

wf2 23
2 sin*
= +
ZJ:—rfz 1 4CO26ﬁcos 0do

W
f 4 cos? & + 2 sin Bﬁ
—af2

cos 640

2cos 8

J""/z V2 + 2c0529d6
—r/2 \/i

arf2
= ZJ 1+ cos* 646
/2

=2j 1+ cos? §de = 5
o

87. Large circle: x2 + y2 = 25
=5 — 2, upper half
From the right triangle, the center of the small circle is (0, 4).
xtt(y—-4Pr =29
y =4+ /9 — 2 upperhalf

A= 2]3[(4 + V9= 2) = V5~ 2| dx
0

- 2[4x + é[g arcsm(3) + xﬂ] - l[25 arcsin(%) + xmﬂz :

2

9 , 25 .3
= 2[12 + ) arcsm(l) 5 arcsin 6]

= 12 -+ 92—7'-* ZSarcs.ln%N 10.050
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Section 8.5  Partial Fractions

L5 5 _A, _B , BP+3 A B _, ¢

Txr—10x xx—-10) x x—10 "x—8PF x—-5 (x—-572 (x—-5P

3 2x—3 _ 2x—3 zé Bx+ C 4 x—2 _ x—2 _ A + B

ST A1 xx2+10) x x24+10 a4+ 3 (+DE+3) x+1 x4+ 3

o 16 __A.__B o -1 _A Br+C, Di+E

Txx—100 x x—10 Talxt 1) ox X410 (32412

N 1 __A B oL _ t __A_._B
"x2—-1 G+ DE-1 x+1 x—1 "4x2 -9 (2x—3)2x+3) 2x~3 2x+3

1=Ax—-1)+Bx+1)
Whenx= —1,1=—24,4= -1
Whenx= 1,1 =2B,B =

1 1
'J’xz—ldx_ 2 J

1 - .
= —Eln_[x+ 1 +2]_n|xr 1+cC

1 |x—1

*zmx+1’ ¢
9 3 _ 3 - A " B
TxtAx—-2 G-Dx+2) x—1 x+2

3=Ax+2)+B(x—1)
Whenx = 1,3 =34, A = 1.
Whenx = —2,3 = —3B,B = —1.

3 1 : i
Jx2+x—2dx“J‘xfldx_J.x+2dx

=Inlx -1 —-Injx+2/+C
x—1
S
5—x S—x A B
11. - - +
P+ x—1 (@2x—1x+1) 2x—-1 =x+1
5—x=Alx+1) +B2x~1)

Whenx—g,i—*AA“B
Whenx=—1,6=—38, B= -2

e

=%mpr—H—ZMx+H+C

12.

A =A2x+3)+B2x - 3)
When x = 3,1 = 64,4 = &
Whenx= —3,1 = —68,8 = —L.

1 il
J4x2m9d?“6UZx3‘b‘ f2x+3dx]

:%[hﬂzx!?ﬂ — In|2x + 3|} +C
1. l2x—3
T 12 2x+3‘+c

x+1 _ {x +1)
10. ﬂ+%+3ﬂuﬁﬁﬂh+$

=j L =mx+3)+cC
x+3

Sa2—12x— 12 A B C
e - b
Mr—Dlx+2) x x—2 x+2

Sx% — 12x — 12 = A(x2 — 4) + Bx(x + 2) + Cx(x — 2)

Whenx =0, —12 = —44 = A =3 Whenx = 2,

—16 =88 = B=—2.Whenx = -2,
2=8C = =4

sz —12x—12
— 4x

e[

=3Injx| ~2Injx - 2|+ 4nfx+2|+C

dx

dx +

+2
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X2+ 12+ 12 A B C
. =2 +
13 x(x + 2}(x — 2) x+x+2 x—2

22+ 12x + 12 = Alx + 2)(x — 2) + Bx{x — 2) + Cx(x + 2)
Whenx=0,12 = —44,A = —3. Whenx = —2, -8 =8B, B = - 1. Whenx = 2,40 = 8§C,C = 5.

x4+ 12x + 12 1 1 1
f B — dx dx_sfx—de jx+2dx_3fxdx

=5Inx — 2| — Ifx +2| ~ 3z + C

B2—x+3 : 2x + 1 _ A B
14. ——x—1+x ) __I)fx 1 12 1

2+ 1 = Alx — 1) + Blx + 2)
Whenx = —2,-3=-34AA=1.Whenx= 1,3 =38B=1,

2—-x+3 1
—_ +_.,....r~+m-.- [
_jx2+x zdx jx 1 +x ]dx

m%~x+mp+ﬂ+mh—u+c=§—x+Mﬂ+x=q+C

2% —4x® — 15x+5 x+5 _ A B
15, P To—- #2x+(x—4)(x+2}_2x+x-—4+x+2

x+5=Ax+2)+ B(x — 4)

Whenx = 4,9 = 6A4,A = 3. Whenx = —2,3= —6B,B = —3.

fz,é—4x 15x+5dx=ﬂ2x+ﬂ—£]dx

x—4 x+2

3 1
= 2 - - - =
x+2mk 4| 2mp+ﬂ+c

x+2 A B ' 42 +2x-1_A B C
= e ==+ S
16 xx—4 x—4 x 17 2x+ 1) P2t Ea
x+2=Ax+Bx-4) 4x% + 2x — 1 = Ax(x + 1) + Blx + 1) + Cx?
Whenx = 4,6 = 44,A =3. , Whenx = 0,B = —1, Whenx = —1,C = 1. When
Whenx=0,2=—4B,B:_ﬁ%_ x=1A=3
4x2 + 2x — |1 3 i i
+ ———d= |t -+
ji 2dx=J[y—2—£]dx f x3+x2 dx J|:x x2 x+1:|dx
x? — 4x x— 4 x
_ 1
= o+ +1l+cC
=2 — 4] - il + C 3lfx| + — + Inlx + 1
2 2
=%+Mﬁ+xﬂ+c
2 -3 A B

Byt ey

2% -3 =Alxr— 1} + B
Whenx = 1,B = —1 Whenx=0,4A=2,

2x— 3 2 1 i
—_— = —_— — = u— +_
(x*l)zdx ‘”:xfl (xk})z]dx 2In{x — 1 x—1+C
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19.

- 20.

21.

22.

x2+3x—4_x2+3x~4_£. B N C
B — 4a2 + dx xM-22 - x @x-2) &—2)72

¥ +3x—4=A—2)2+ Bx(x — 2} + Cx

Whenx =0, -4 =44 = A= —1. Whenx=2,6 =2C = C=3. Whenx=1,0= -1 —B+3 = B = 2.
x2+3x— 3
—dx+ +
x3—4x2+4x f ax f( dx J(xfz)idx
3

= —h|x} + 2In|x ~ 2

+C

=)

4x? B 4x? _ 4x* A B _C
B+ —x—1 R+ -&x+1) @-1x+1) x—1 x+1 +I1p

A =Alx+ 1P+ Ba— Dx+ D)+ Clx—1)
Whenx = —1,4=—2C =» C= —2.Whenx=1,4=44 = A =1 Whenx=0,0=1-B +2 = B = 3.

jx3+x2—xm1 J;—de f 1 J(x+1

1n|x—1|+3]11|x+1|+( +1) +e

-1 A Bx+C

241 x 0 x2+1

2 1=AG>+ 1)+ (Bx+ O

Whenx=0,A= 1. When x= 1,0 = -2+ B+ C,Whenzx=—1,0=—2+ B — C,
Solving these equations we have A = —1,B =2,C = 0.

-1, [1 2
J-x3+xdx7 fxdx+Jx2+1dx

= —Injx| +In|x? + 1| + C

=In +C

x2+1’

Gx _ 6x _ A Bx+C .
P-8 (-2 +2x+4) x—2 FP+2x+4

Bx=AG +2x+H+ Bx+ Olx—2)

Whenx = 2,12 =124 = A =1, Whenx=0,0=4—2C = C = 2.
Whenx = 1,6 =7+ (B +2(-1) = B=—-1.

1 dH_J —x+2 o
x—2 x

x® = P+ 2x+ 4

_ 1 —x— 1 3
’Lmzdﬁjxuz +4d"+j(x2+2x+1)+3dx

=In|x - 2| - ;j-ln{x2 + 2x + 4} + \%arctan(xjgl) +C

= In|x — 2] —%lnixl + 2+ 4+ ﬁarctan(ﬁ?fl)) +C
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x? A B Cx+D
- —8 x—-2 x+2 x*+2

x2= Al + 2)(x? + 2) + Blx — 2)x2 + 2) + (Cx + D)(x + 2)(x — 2)

When x = 2,4 = 244, When x = —2,4 = ~24B. Whenx = 0,0 = 44 — 4B — 4D, and when x = 1,
1 =94 = 3B — 3C — 3D. Solving these equations we have A = £, B = —¢,C =0,D =}

%2 1 1 1 1
Jx‘*uzxZ—sdx“sfx—zdx Jx+2d"+2jx2+2d”}

x_21+\/§arctani}+c

23

x+2 N

xi—x+9:Ax+B+ Cx+ D
2+9?  +9  (2+9P

P—x+9=(Ax+B{x*+ 9N+ Cx+ D
=AP + B2+ (A +Cx+ 9B + D)
By equating coefficients of like terms, we have A = 0, B =1,D=0,and C = —1.

£-x—-9 1 _ X 1 x\ 1
G2 + 9)2 _jx2+9dx f(x2+9)2dx 3”“‘“() W9 T €

24.

x L A B Cx+D
x—Dx+DMEx2+1) 2x—1 2x+1 4x2+1

x=A(2x + 1){4x% + 1) -+ B(2x — 1)(4x2 + 1) + (Cx + D){(2x — I)(le+ 1)

Whenx =1,1 =44 Whenx = ~3, ~4 = —4B. Whenx=0,0=A - B — D,and whenx = I,
i =154 + 5B + 3C + 3D, Solving theseﬂquationswchaveA=~§~,B=%,C=—%,D=0.

X _1 1 1 _ x
j16x4—1dx8[ 2 — 1 _J2x+1dx 4f4x2+1d"} ml4x2+li+c

x2—4x + 7 __ 4 Bx+C
(x+ DE?2—2x+3) x+1 x?—2x+3

22— dx+ T = A -2+ 3+ (Bx+ Oz + 1)

Whenx = —1,12 = 64. Whenx = 0,7 = 34 + C. Whenx = 1,4 =24 + 2B + 2C.
Solving these equations we have A = 2, B = —1,C = 1, .

x2—4x + 7 1 —-x+ 1
- = = -+
Jx3—x2+x+3dx 2jx+1dx _{ch—Zx-l-EldJlf

=2In|x +1] —%m!xiwh+3§ +C

25,

26.

x*+ 35 — A Bx+ C
(x+Dx2—2x+3) x+1 x*—2x+3

x2+5=Ax*— 2x + 3) + (Bx + O){x + 1}
=(A+Bxt+(-24+B+Cx+(BA+C)

27.

When x = — 1, A = 1. By equating coefficients of like terms, we have A + B =1,—24A + B + C =0,
34 + C = 5. Solving these equations we have A = 1, B =0, C = 2,

¥ +5 i
J‘x3—x2+x+3 J dx 2‘{(*1)24"2(&

—1
=Injx + 1| + \/Z—arctan(x—\/?) +C
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X*+x+3 Ax+B  Cx+D 3 A . B

28. (x2 + 3)2 B (x2 + 3)? 2. (2x+1)(x+2)—2x+1+x+2
A xt3= (Ax+ B2+ 3) +FCx+ D 3=Alx +2) + B(2x + 1)
=A +Bx2+ (3A+COx+ (38 + D) Whenx = —3,A = 2. Whenx = —2,B=—1.
By equating coefficients of like terms, we have A = 0, J’ ! 3 _ J' Y2 _ J' 1
B=134+C=13B+D=3 Solvmgtheseequa— 0 2x2 + 55+ 2 o 2x + 1 + 2

tions wehave A = 0,B=1,C=1,D =0
[1nl2x 1| =t + z|]

x4+ x+3 1 X
jﬁ+6x2+9dx_f[x2+3+(x2+3)2:|dx =2
1 Cx 1
= — O T T
\/:)Tau‘ctan\/:‘)T 2 1 3) C

x—1 A B c
30, st == b ——
xMx+1) x x* x+1

x—1=Axx +1) + Blx + 1) + Cx2

Whenx=0,8 = —1, Whenx = —1,C = -2, Whenx = 1,0 =24 + 2B + C.
Solving these equations we have A = 2, B = —1,C = ~2,

P x-1 1
[t L [
[21n|x|+——21n|x+ 1]
1
s
_ x ‘+l
x+ 1 x|
5 4
=23
x+1 A Bx+C : 2x+1
3, =4,
A+ x24I ‘Sz'Lx2+x+ldx de J;x2+x+1dx

x4+ 1=Al*+1) + (Bx + O [x*m,xmrﬁli]

Whenx = 0,A = 1. Whenx=1,2=24+B + C.
Whenx = —1,0 = 24 + B — C. Solving these equations =1-In3
wehave A=1,B=—-1,C=1.

2 2 2 2
x+1 1 x 1
———— e = — —_— + [
_[x(x2+1)¢c Jlx‘tﬁ J 2+1"'i J P

[m|x] - -—]n( 24D+ arctanx]2

1. 8
21r15— 4+arctan2
=~ (0,557 -
3xdx 9
33'fx2*6x-+~9_3h1|x 3 xﬁ3+C sijl
4,0): 34 -3 -——+C=0=C=9 '
@0 3ml4 -3 - 57 ) (
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6x2 + 1 x— 1 .1 2 7
g dx = =+ ——t 4
i fxz(xfl)adx 3n ‘ +x x—1 20x-1pP ¢
. _1_ i 2_2 - = _‘ é ) -47 Qu
(2,1).‘31n‘2‘+2.+ n 2+C71=:-;~C 2 3]112 j
4
PAx+2, 2 x 1 x? 1 2
| Ty dr = =g+ C | g dx = S lnfx? — 4] - +
35, e dx ) arcl:an‘/E E D) C 36, j(xz— 4)2dx 2ln|x 4 e C
1 | 1 2 2 1
- —_— = m—— r—_ - — 4+ = = —— — -
©1: 0 4_+C I=C y) (3,4).21n5 5 C=4=C 5 21:15
3 8
-3 K -8 | 8-
=3 )
o2+ 2+ 1 20
37. 3—2x—3—%£—§—dx=m{x—2;+11n|x2+x+1|—.\/§arctan( )+c
x3—x2—-x-2 2 WE) Rm‘%
(3 1())'0+lh113—\/§arctan-z~+(,‘=10=;€=10*lh113+\/§arctani
s + 2 ﬁ 2 \/5 -2 [}
i’
#(2x — 9) 1 5 10
. = -2l +——+ +
38 Jx3—6x2+12x—8dx 2= 2|+ T T T C
(3,2: 0+1+5+C=2=C=—-4 G.2)
—10"""—%(} ooz 10
)
1 1 [x—2 x—-x+t2
. =- R e - + -1+
39 fx2_4dx 4111x+2'+c 40 Jx3wx2+x*1dx arctanx + Injx — 1| + C
' : | - +C= = 6 + arctan 2
(6,4):im\ﬁ\+c=4=>c=4—llnl=4+wl-ln2 (2,6): —arctan2 + 0 + C = 6= C = 6 + arctan
4 18 472 4 "
10 B
W
— 6,4 -2 5
-10 10
2
)
41, Letu = cos x du = —sinx dx.
_1 __4A, B
ww— 1) uw u—1

I =A{u— 1) + Bu
Whenu = 0,A = —1.Whenu=1,8B=1,u = cosx, du = —sinxdx.

1
a’x:—deu‘

1 1
_J’;duﬁfuwl

sin x
cos x{cos x — 1)
u
u—1

du =Inju| - Inju — 1| + C=1In

i+C:1n

Cos x

—’+c
cosx — 1
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42 letu = cosx, du = sinx dx.

1 A B
=2 =
wu+1) uw w+1

1 =Alu+ 1)+ By

Whenu =0,A=1.Whenu= —1,B= —1,u = cosx,
du = —sin dx. ‘

sin x _
fcosx+coszxdx_ f( )d
1
_J-u+ 1du f du

= Inju + 1] — Infu| + C

-+ 1
U

=

|+c

cosx + 1
cos x

+C

=In|l + secx| + C

1A, B
wu+1) uw w+l

1=Alu+ 1)+ Bu

u = tanx, dw = secx dv

When ¢ = 0,4 = 1,
Wheny=—1,1= —B=R=—1.

sec x dx _ 1 d
tan x{ian x + 1) W + 1)

| =f(i_u-1+1)d“

=Inlu| —Inju + 1} + C

i

=]nu+1

+C

tan x

—— +
tanx + 1 ¢

46. letu = ¢, du = & dx.

1 __4 Bu+C
@@+ Du—1) w—-1 " #+1

1=A@2 + 1)+ (Bu+ Cu — 1)

Whenu=1,A =
Solving these equations we have 4 = 3, B = —%5 C=
J’(ezx-I-l)e’— f(uz-!-l(u*l)

1 1 u+1
_2Uu-1d fﬂﬂd)

: 3cosx . 1
. fsm2x+sinx“ de_'sJ-uzjruffldu

w—1

2hlu+2

+C

-1 4+ sin x

=In 2 +sinx

(From Exercise 9 with u = sin x, du = cos x dx)

45. Let u = e, du = &* dx.

1 __A__ B
- Du+4d wu—1 " u+4

1=A(u+4)+ Blu — 1)

When ¢ = 1,A=%. Whenwuw=—4,8B= —%,u:ex,
du = " dx. :

o
=I@-n@¥@“

1f- 1 1
S(Iu—ldu_J’u-F‘ldu)

w—1
ut+4

et
fw_n@+@“

In

KX

i

&1
&+ 4

1
o=t

- Whenu=0,1=A—C Whenu=—1,1=24+ 28 — 2C.
—%,u:e",du = e¥dx.

= %(lnfu -1 - %ln]uz + 1l - arctanu) + C

:i(ﬂnfe"— 1} — In[e® + 1| — 2 arctan &%) + C
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1 _A B h 1 A B
. = . = +
47 x(a +bx) % a+ bx 8 @-x a—~x a+zx
1= Ala + bx) + Bx ‘ : 1=Ala + x) + Bla — x)
Whenx=0,1 =gd=>A = 1/a. Whenx = a, A = 1/2a.

Whenx = —a/b, 1 = —(a/b)B => B = —b/a. Whenx = —a, B = 1/2a. _
1 1f{1 b ' 1 1 1 1
. ==||=—= = — +
fx(a+bx)dx aj(x a+bx)dx J-az—xzdx 2a (a—"x a+x)dx

= é(ln[x} —Inja + bxi) + C 1

“(~In|a = x| + lnJa + ) + C

- 2a
1 X 1 a+x
== + =1 " 4
a |a+ bx ¢ 2a In a—x ¢
x A B i A B. C
) = + — e = 24 2
e (@a+ bxp* a+bx (g bx? 50. Pa+bx) x ¥ a+bx
x=Ala+bx) + B 1= Ax(a + bx) + Bla + bx) + Cx?
When x = —a/b, B = —a/b. Whenx —=0,1 =Ba = B = 1/a. Whenx = —a/b,
Whenx=0,0=aA + B = A =1/b. 1 = C@?/b%) = C = b*/a’. Whenx = 1,
={a+bA+ @+ + A= —bfa,
s ( i/b . a/b )dx 1=(a+ A+ g+ bB+C = bla
{a + bx)? a+bx (a+ bx)? 1 = (—b/a2 1/a + bi/a? )dx
IV‘ Jr J- *a + bx) x 2 a+ bx
blar @+ o :#%1n|x|——l—+%]n|a+bx|+c
1 ! l a( | ) . a ax  a
= —Inja + bx| + = + :
2 ;S
b P*\a + bx =_L+%]na+bx+c
] ax a x
bz(a+b +1n|a+bx|) =wi7£n P
ax a* je+ bx
dy 4 ' : g
ot - = . -5
52 il v o ¥ ¥0) =5 53. Dividing »° by x
8
; N
; N
, N
/: ! Sl S K
(PR EEErrry e o o e —
4 2
54 (a)N(x) 4 I 55. (2) Substitution: # = x2 + 2x — §
D@ T prtg bt op " ) SO
. N A 4B A, +Bx {(b) Partial fractions

e S e e ) .
D(x} (ax? +bx+c} {ax® + bx + o) " {c) Trigonometric substitution (tan) or inverse tangent rule
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3 1 .
10 12
56, A= | ~=——dr~ 3, matches (c). _ = —2
_[x(xz-{-l) e ©) A Jox2+5x+6“1br
y 12 _ 12 _.A B
P+5x+6 GF+H2+3) x+2 x+3

1
2de— 14f T

(From Exercise 48)

3 7
53.A=2L(1 - 16mx1)dx=

4+x

= [Zx m‘

¥

7

=6—Eln7ﬂ2.595

§ wle v e
P
—t

TR
—
-3 2 -1 I 2 3

(b) The slope is negative because the function is decreasing.

{©) Fory > 0, ;ILm ¥(1) = 3.
© k=1L=3

@90 =5 y=—2

5 = 2e7¥

(i) y(0) = =

3/2 DO B
T+ /e

-3
1+ 5%

—CONTINUED—

_ 12 =Alx + 3) + B{x + 2)
Letx=~3 12=B(-1) = B=—12
Letx=—2 12=A(1) = A =12

1
12 12
A_J;, (x+2 x+3)dx

~ 1
= [121n|x + 2| — 12mnjx + 32]
0

12[ln3 —tnd4—~12 +n3]

= 12]11(%) = 1.4134

80 124p

1
59. Average cost = . 75J;5 (10 + p)(100 = p) dp

1 8"( -124 1240 )
== + dp
5} \(10 + p)11 ~ (100 — p)11

g[ 111241 (10 + p) ~ %m(loo

= é(24.51)‘ =49

Approximately $490,000

dy A B

B —=—=L 2
L=y oy L-y

1=AL -y +By = A=

f y(Ldy ¥) J kdi
%U;dﬁ jﬁdy} - [ea

i
z[lnlyl

I
ST

~n|L -y =&+

>y |-
m(L < y‘ kLt + LC,

¥y

C,eftt =
2 L_y

0 b Yo

=, = —— = _ekLr
L-—y z L—y
Yk
Yo + (L — ygle "

Whent = 0,

Solving for y, you obtain y =

L—y "

2|
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60. —CONTINUED—
dy

® F=klL-y)
d*y dy | _
dr2“k[(dr)+(L )d:}_o
d
==»ydr -9
_L
= y=3

From the first derivative test, this is a max:mum

3 2

X
= dx

3 2x 2
61. V= ﬂj(x2+1)dx 4WOW
1

3
-4 ( -
WL 2+1

—4[ £ —1( (a +L)]3
= 4} arctan x — Starctanx + " 1|

= n 1)2)""”

(partial fractions)

{trigonomeiric substitution)

x P 3
= 271'[arctanx b JO = Zfr[arctan3 10] 5963

- [m(xz ; 1)}2 — 10

1

3
=ﬁ0(2‘ )d"
2

m['_’: — arctan 3] =~
In10

f 3(x2
1

e 1)2) &

2
*+1

1.521

x
+ 1)

2 dx

2
o~
[

o\ F 1

arctan x — %(arctanx +

"m0

I

]au 1 [arctan —L]
o Inl0 TTer1

_ 2[ x
T Inl0 2+1

X

2(x + 1)

2
In10}L2
(% ) = (1.521, 0.412)

[1
= w—| = arctan x -

62. y2=-—-—8;32 [0, 1]
2 —xP
e J AT
U 4 box
_W‘_J;(ler)’dx_J;{1+x)2dx+J;(1+x)2dx]

2— (41n2—2)+%—2h12]

%1——61112]-—[11 - 121 2]

3

(1.521, 0.412)

(partial fractions)

(trigonometric substitution)

In 10

3
[arctan 3 - 10] = (0.412
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1 A B 1
63. = + — B =
x+Dr—% =x+1 n—x’-A B n+ 1
1 1 1
n+lf(x+1+n—x)dx—kt+c
1 x+ 1
n+ 1 nmx;ktJrC
When £ = 0, % = 0, C = —+—In -
> 3 Bt 1 o
1 x+ 1 1 1
=kt + In=
n+l jn—-x ! M
1 x + 1 1
In —In—] =kt
n+1[ P ]nn}
nx +n
mre o+
P (n + Lz
nx t+n = e(n+l)kr
n-x : o
plelt e — 1] ‘
s= T Note: Jim x =
! A B
64 - * by (1) If lim x =y,
® {yo—aMzg— %) y—2x zo—x | B (D YD<Zo,rgon Yo
1 1 ‘ - D Ky, > ZO,I]LII;IOJC:ZO.
A~Z0ﬁy0, B = -Zo_y()’ (Assume y, # z,.) () Hyo = z then the original squation i
f : 1
1 j(l _ 1)dx=kt+C‘ f—“““““;dx=jkdz
7Y\ —X Zy—x o~ 3
_ g
: lllzo ;.x=kt+C,whent=0,xm0 (%% ) kt + C,
L~ Yo Wo— X .
x=0when:=0= —=(]
C= L }Ln9 : Yo
=Y Yo i+ 1
. i 1 =kt+~1ﬂ= g
ZO_.yO Yo X yOJ : l Yo —X T Yo
Yolzo — )] b Fiy, + 1
m[—: . \
e —m) @ _ N
_ X =y, -
Rz = M) _ elzo ok ktyy + 1

ZO(y{) - x) As t— o0, XYy = Xg

 Ypgolelom ok — 1]

S Bl ey T
Zpe™ yk!_yo .
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X _ Ax+ B Cx+ D
P+ 2 fAx+1 32— S2x+1

x=(Ax-+B)(x2—\/ﬁx+1)+(Cx+D)(x2+ﬁx+1)
= (A +C)x3'+(B+D—JﬁA+J§C)x2+(A+C—\/-2‘B+\/5D)x;l-(B+D)
0=A+C = C=—4
0=B+D—V2A+2C -2J24=0= A=0andC=0

1=A+C—/2B+ V2D —2\/§B=1=>B=—§andb=¥

65.

0=B+D = D= -8B
Thus,

1 i
X —/2/4 V24

dx = + d
foi"ﬂc“ f[xz+\/§x+1 JENY P

_ 2 -1 1
4 f [[x Y N7 ey (ﬁ/2)2+<1/2)] =
ﬁ ——— [Harctan(——i—lx + /272 ) + arctan(x—l—l_ ~/2/2 )]1
4 l 0

1/f 1/V2 /2
[ arctal 2x -+ 1) + arctan(ﬁx — 1):|;
=3l

b | =

—arctan J_ 7 + 1) + arctan(/Z — 1)) — (—arctan 1 + arctan(—1)]

NI»—‘

= %[arctan(ﬁ - 1) - arctan(ﬁ + 1) + ’717 + %]

Since arctan x — arctan y = arctan[(x — y}/(1 + xy}], we have:

[t sl SGET) sl 23]

66. The partial fraction decomposition is:

A s 4 2 4
= x6 — —4x2 44—
i+ 2 x 4x% + 5x 4x 4 T
1 41 — x)4 7 9y 4 1
x X x X
el S == - = 4+ 5 o — + —_
jo — dx [7 3 X 3x3 4x ﬂfarctan;:c]0
1 2 4 T
= 3+1 3+4 4(4)
2 _
- T

Note: You can easily verify this calculation with a graphing utility,
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Section 8.6  Integration by Tables and Other Integration Technigues
1. By Formula 6: jlx—_:xdx = —%(2 —) 4|l 4 +C
2. By Formula13: (b = 2,a = —5)

2 1 o=\ =5+ 4 4
gfxz(Zx—S)zdx_S(ZS)L(—S+2x)+ 1“2;:—5”“3
8
7

x ’_2 (4x — 5)

x5 TC

375 7 2x - 35

3. By Formula 26; fe’k/l +eXdx = %[ex\/ezx T 1+ In|er+ JeE+ 1| + ¢

#=¢e%du=e"dx

4, By Formula 29: (a = 3) ‘ 5. By Formula 44 j __1 = s
fy2 —
%f—xx 2 dx = %m - arcsec%[ +C

X - 1 2x
6. By Formula 41: fﬁdx = gj—mdx
2

1 X
—2::11‘cs,m3 +C

7. By Formulas 50 and 48: j sin?(2x) dx = %Isih“(lx)&) dx

- - 3 e

—sin? ‘
%[w + %(2;; — sin 2x cos Qx)] +C

= "i%(Gx — 3 sin 2x cos 2x — 2 sin®* 2xcos 2x) + €

' CO8 \/_
8. By Formulas 51 and 47; dx =2 cos® /% ( )
y VR j x

= z[ﬁ‘ﬁz_@.ﬁ + %fcos \/E(E-lj.;) dx} = %Sin\/;c(cosz\/z_c + 2) +C

1
= Vx,du = —=d
u = /x,du 2\/.J;x

1 1 i
9. By F la 57; dy =12 (W)d
v rofmua 'J‘\/.;(I*COS\/;) x flmcosﬁ 2/ x
= —2(cotﬁ + csc\/;) +C
1

= du=—=d
u\/;uz\/;x
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10. By Formula 71: 11. By Formula 84:
1 1 I 1 1
Y R —_— =x— = + &%) +
fl—tanSxdx SII—tanSx(S)dx II_'_erdx x 21n(1 e + ¢

1 1 o . ‘ ’

= 5(2)(u In|cos & — sin u]) + .C
l -

= E(Sx — In|cos Sx — sin 5x]) + €

u=>5xdu=>5dx

12, By Formula 85: (a = ﬁ%, b= 2)

—x/2
J.e*xfzsinzxdx = (1/—"4)TZ(—%sin2x - 2(:0521') +C

4 1 .
il a=xf2 o — +
173 ( 3 sin 2x — 2 cos Zx) C

13. By Formula 89:

x4

16(41n]x| -1}+cC

fx3 Inx dx =
14. By Formulas 90 and 91; J(ln x)é dx = x{ln x)® — 3j(ln xf dx

= x(lnx)* — 3x[2 —2lnx+ (lnx)? + C
=x(lnxP - 3nx?+6lnx—6] +C

15, (a) By Formulas 83 and 82: J‘xze"dx = xl¢* — 2fxe"a‘_x
= x%*% — 2[(x — De* + C]
= x2e* — 2xe* + 25+ C

(b) Integration by parts: v = x2,du = 2xdx, dv = e*dx,v = &~
J’xzexdx = x2* — foe"dx
Parts again; u = 2x,du = 2dx,dv = e*dx,v = &*

fxzex dx = x%e* — ':erx — fZe" dx] = x2%% — xe* + 2e¥ + C

16. (a) By Formula 89: fx“]nxdx=%§[-—1 + (4 + Dinx] +C=%+%x51nx+ C

(b) Integration by parts: & = Inx, du = %dx, dv = x%dx,v= %5

. x5 X1 x5 x5
4 - — = == _
jx In x dx 5 Inx 5 xdx 5 Inx 7 +C
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17. (a) By Formula: 12,a =& =1,u = x,and (b) Partial fractions;
1 1/1 1 X 1 A, B C
—_ — 4= e 22 o EaE Y
J(x+l)dx l(x lln1+xD+c x+1) x xT ox+1
1 1=Ax(x+ 1) + B{x + 1) + Cx?
=2 - |+
x 1+x x=01=8
=_l hlx+l’+c x=—L1=C
x i=11=2A+2+1=A=-1
1 —1 1 1
J'xz(x+l)dXﬁJ.[7+;c—2+x+I]dx
:mln|x|—-21;+}nix+1{+c
1 -
- x—mx+l‘+c
18. (a) By Formula 24: @ = /75, x = v, and (b) Partial fractions: .
J' L - J75] . 1 __ A . _ B
=757 2 /75 |x+f| X2=75 x— /75 x4 /75
V3 ’ = Alx + /75) + B(x — V75)
=—1
x+\/_ A
1 3
x= /75 1 =24/7T5=A= ‘/—~— 03" 30
fl——mse\/ 5=B= ;/05
f 1 dx:ﬂﬁ/so_ ﬁ/3o]dx
x =15 x— /15 x+ /75
3 ix— /715
x + /75

9. By Formula 7%: fx arcsec(x? + 1) dx = %jarcsec(x2 + 1)(2x) dx

= %[(x2 + 1} arcsec(x? + 1) —

w=2x+1,du=2xdx

In((x2 + 1)+ xt + 2x2)] +C

20. By Formula 79: jarcsec 2xdx = %[Zx arcsec 2x — In|2x + /4x? — IE] +C

i = 2x, du=2dx

. . 1 x4
21. By Formula 35: J-xﬁ’-\/xz = 4dx i

22. By Formula 14: J

+C

1 2
Mimr2t \/Zlaman(

)+C;mcwn(x+g)+C

x 2 1
—_— = = = - +
23. By Formula 4: f(l T 2J(I mew 9(lnll 3x] + 72 33_6) c
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24. By Formula 56; 25. By Formula 76: _
o2 de = L] L 302 de eTarccos ¢ dx = & ar;:cos &=l —e®+C
I — sin & 31 ~sing? ‘

l = g% = pX
:%(tan93+sec93)+c W=e5du=e‘dx

26, By Formula 71: . 27. By Formula 73:
e* Lo . " C. X 1 2x
RS — = — — + —— [ i
fl m—l z(e Infcos e* ~ sin &]) + C _[1 mpven Loty e i

#= e du=e*dx 1
’ : = 5(1‘2 + cot x* + cscx?) + C

1 _ 1 o
28. By Formula 23; Jm dt = f———l (I t)z(t) dt = arctan(ln £} + C

u=]nr,du2%dt

. cos 8 _ﬁ 1+siné o x _
29. By Formula 14: f3+25in0+si1128d6_ 7 arctan( 7 )+C (3 =4 < 12 = 4ac)

i = sin 8, du = cos Bd0

30. By Formula 27: | x/Z + (322 dx = -217 J B2 (V2] + (323 dx

8(27) 3187 + DVZH+ 922 - 4ln3x + VI + 9% + €

1
31. By Formuia 35: —_— dx
Y : fxz\/z + 9):2 f (3x)2 2 4 (3x 2
32 + Ix2 ‘

=T ¢

‘ 2
B ERZH.

32. By Formula 77: J' /x arctan(x¥/?) dx = %f a:ctm(ﬁf?)(% x) dx

= %[xﬂﬂ arctan(x¥/3) — In T + 2 + C

Inx _ l _
33 By Formula 3: | ~— s di = 4(2h1lx| 310]3 + 2 Infx]) +

u=lnx,du:*1~dx
X
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e* %
A= e = oo

u=e"du=e"dx

+C

34. By Formula 45: J

35. By Formulas 1, 25, and 33: J(x Ll _2x-6+6_,

g U 646
2 — 6x + 10)° 2) (x? — 6x + 100

= %J(xz — 6x + 10)72(2x — 6) dx + Sdex

1 3[ x—3

- + 2 -3+
2(x2 — 6x+ 10)  2[x?2—6x + 10 o arctan(y 3)] ¢

3x— 10

3
1) 2 arctan(x — 3) + C

36. By Formula 27: .
f (o - 3B = T R = L[ 2x — DT T A d
= %(Zx —3@2x— 32 + 23/ (2x — 3 +4-In|2x -3 +.~/(2x -3 +4|+C

w=72x—3,du=2dx

. x 1 2
37. By Formula 31: dex = ‘ZJ- G2 — 37 - 4dx

u=x%-3 dy=2xdx

38. By Formula 31: %_de: Injsinx + -/sin?x + 1| + C
sin? x

u = sin x, du = cos x dx

2 (8 sin® 02 cos 646)
. J1/4—x2dx_f 2 cos B

=8J(1 — cos? @) sin 6 40

If

Sf[sm # — cos? B(sin 6)] d6

3
8 cos? 8 n

= —8cos 0+ C

SATE 8 /AR
=T +3( 2 )‘LC

1

m[—4 + %(4 —4x2)] +C
-4 57

:—3———(x2+8)+c

x=2sinf, dx=72cos 0d0, V& x2=2cos §
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3—x
o [ [,

9 - x2

1 —-x
=3 dx + dx
J’\/Q*xz J--J9—x2
=3arcsin§+\/9“x2+c

42, By Formula 67:

ftan3 0de =

tan? ¢

“fmanB

2
w6 | In|cos x| + C

44. By Formula 21:

\/_—— [ - xJ1+ ]
2 8
= —3"—(* D@ +3@ =3

46. By Formula 52:

T

J xsinxdx = [smx - xcosx]

0

48. By Formula 7:

4 4
x2 1 25
L e [27(3x 2+ 0y - 5|)]2
1 25
27[(12 -=+ 101:17) 6~ 25)] =

49. By Formulas 54 and 55:

fﬁ costdr = P sint — 3J't2 sin t dt
= sin¢ — 3[—!2cost + 2ftcostdr]

=gisint + 32cost — 6[!31111‘— fsintdt}
=tdgint + 37 cost — Gtsint — Geost + ¢

Thus,

/2
f t.3costdtﬁ[t3sint+3£2cost — 6rsint 76cost]
[¢]

-5

-— — 3r

ard
=T 46—
3 )+6 2 3

41. By Formula 8;

e3x _ (er)z (e
J(Hex)ﬂ*d" f(l rep )
2 1
p=—1 —_— + X +
(Yo qarep Rl
u=e*du= e dx
1
43, fxexzdx
0
By Formula 81;
1 L
fxexzdx = —exz] =—{e—1)
o 2 1o

45. By Formula 89:
’ 3
flenxdx = [icsg—*(ﬁl +3 1n|xl)]
1
26

=3(- 1+3]113)+—“9h13—3

3

47. By Formula 23, and letting # = sin x;
/2

J

COS X /2

m dx = [a:ctan(sin x)]
/2 >

—m/2

= arctan(1) — arctan({—1) = g

64
6 271“7

wf2

0
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50. By Formula 26:

1 .
f\/3 +xldx= [%(x\/x2+3 + 3 1njx + \/x2+3|)]1:%[(2)+31n3,—_3]11\/§] =1 +%h13
0 o

G 1 Qapur@) L, A B
*o{a+ bu)? B2 {a + bu)? b g+ bu (a - bu)
“%u—EMA(a+bu)+B {aA + B) + bAu

Bquating the coefficients of like terms we have aA + B = —4%/b? and bA = —2a/b. Solving these equations
we have A = —2a/b% and B = a2/,

u? 1 2af1 1 1 A 1
— - == —u -= +
J(a A blfd“ bZ(bM Tt b2 f(a T b T lnl" + bul b3(a ¥ bu) ¢

- 2alnja + bu]) +C

1 a*
b3(b a + bu

du 2
52. Integration by parts: w = ¢, dw = "V du, dv = —==,v = =/a + b
Feen R “ VZEr A

IJ+—5 2; a+bu——J'u" L/a + budu
a 7
2u" \fa+bu
by — —luw e + bu
b “ ju “ \/a+bu
2u" - 2n {aur=1 + bu"
=5 q+bu b P du
2u

a + bu — naf Ju_" du
s J—“ Tt
a1
Therefore, (2n + l)fm du = g[u"\fa + bu — mzjﬁ du] and

W 2 |—ri —— w!
fJa+bu“(2n+1)bL” @t bu ”"ff““‘awud”]'

53. When we have u? + a2 ‘ When we have u2 — g%
= atan § ‘ u = asecd
du = asec? 6d6 du = a sec ftan §d0
W+ a® = g?sec? 8 w2 — a*=q*tan? @
1 _fasec? 9da _. [asec 8tan 6d6
(1 + a2 du = a sec® § @ - da 3/2 @ tan® @
1 l{cosd , 1 '
= ;J'cos fdd . = ?jsinz Bdﬁ = ;ijcsc Acot 6d86
1 1
=—=sind+C =—=ocd+ C
a . . a
U —U
= : . S
a2+ at ¢ a2/t — a?

12 a?
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54, fu"’(cos u)du = v sinu ~ nfu"“l(sin u) du 55. J'(arctan u) du = warctan i — %Jl iuuz du
= = = n—1 = 8i 1
w=u"dv=cosudy dv=nm""ldyv=sinu = yarctan u — Eln(l )+ C

parctanu — Inv/1 + w2 + C

w = arctan u, dv = du, dw = -1-+Lu2-,v =u
56. j(ln W) du = u(ln u)* — jn(ln u)""(%)u du = ulln u)" — nj(ln w1 du
w = {lnu), dv = du, dw = n(ln u)*~ l(l)du,v =y
1 -2J/1—x
57, dx = +C
f,@/z\/l —x Vx ;
i ) -2/1/2 )
=S5k ———+(C=5=C=7 #
(2 \/1/2 -0.6 1.5
—~2/1 —x s
==X ,7
Jx
58. Jx\/xz + 2xdx = é[Z(xz + 2% - 3(x + D32+ 2x + 3Mnfx + 1+ SxPF Q;x[] +
1 135
(0, 0); g[3ln|1|]+C:0=>C=0 /
-8 .0 8
—15
1 1 x—3
59 f(xl 6x-|-10)ahC z[tan - )+x2—6x+10]+c _ .
(3 0) _[0 + “%] + C 0= C=0 ‘—'B J@_o) 8
iy . -3 =
y= 2[““1 G-+ 5oy 10]
3
V2 = 2x— A7 |3 + V27— 2x - 27 02
[ S ) S
60. J dx = /2 x \/'ml o |+ ¢ T = il )
(0,v2): V2 - VBI(v3+ V2)+C= VZ=5C= (V3 + 2) Y

61. J—lwdaz_cscﬁ-i-c 10

sin f tan @ : J

T 2
(4,2). ~%+c—2$c—2+ﬂ

y=—-csc9+2+\/§

—
Q1
(X3

— .

|
(B
_—1
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sin 6 a1 _—sinf |1+si1161 s LK
{cos 8)(1 + sin 6) 1+sm9) 2|1 + sin @ | cos 6 JL
1| —sing [1 + sin 4] -8 5
DO = e + ©; 1
010 C=1=» 2[1+sin6 | cos@ |] ! -
' : 2du
1 1+2 6 sin @ —sin &
e | T d0 = = tan— s N———df= — [ db
63 fZ—Bsm@da ’[2——3 PR ) 64 J1+00529 b J'l+(cosf3)1
: 1+ 42

e
201 + uw?) — 6u

1
_J‘u2“3u-1-1du

5
1 2
=~=In +C
V5 (u_z L5
2 2
1 |2u=-3-.5
= = pf————| + C
V5o u—-3+5
- i
| 2tan(§)—3-—\/§
=——In +C
V3 2tan(§9)—3+\/§
2 du
w2 1 2
65. .;d(i: 1+ u 5
, 1 tsin@ + cosé ol 1 + 2u 1—n
' 1+ur 14w

1
o 1+ u

=n2
u=tang
sin § 1 _2sing
67. J’3~2cosﬂdeﬁ2j372cosﬂ
e
2

=%]n(3 — 2cos ) + C

u=3—2c¢cos8,du=2sn6d6

“

cos &

1+ coséd

= —arctan(cos 8) + C

2u

_jl 1+
913

21 —#?)
1+ 2
1
-1
N 2L STl
2 . 1
[ﬁMCMn(ﬁu)]o

jg arctan Jg

cos (1 — cos 6)
+ cos 6)(1 — cos 8

Jo

jcos 8 — cos® 6

sin? @ a6

= J(csc fcot 6 — cot? §) d6

I

J'(csc fcot 6 — (csc2 @ — 1)) d8

—csc@tcotd+ 6+ C
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cosf 1 !
69. " Jseco—tme®” = i
’ /8 fcos f( \/E) : 70 fsec 6—tn g’ {1/cos 6) — (sin 6/cos 6) 0
=2sin /8 + C |
—cos 8
u=/0,du = Fdﬁ -
#=1—sin8 du = —cos 640
. . . . 2 x
TLA= | ———dx 72.A=f—zdx
f = o 1+ e*
[ 202 — x)\/—:| 1[? 2xdx
o 2t e

I

2 (4

= ? == ]13.333 square units

I, - |*
== %2 — In(l + &)

2 lo
:1[4411(1 +e4}]+-1—ln2

2 2

= 0,337 square units

73. Arctangent Formula, Formula 23, 74. Log Rule: f é du,w=¢e& +1 75. Substitution; ¥ = x%, du = 2x dx
1 1 4 — Then Formula 81.
R
76. Integration by parts ) 77, Cannot be integrated. ' 78. Formula 16 with 4 = ¥

2
7. (@) n=1: u= lnx,du=%dx,dv=xdx,v :%

x2 x* 1 X2 X2
fxlnxdx—zlnx. dx—-zlnx 4+C
n=2u =1nx,du=£dx,dv:x2dx,v=~xi
X 3
X3 x31 X X2
1 =lilmy- T e =Fme-Z +
J’xznxdx 3lnx 3y drx = 3Inx 5 c
‘ 1 x4
n=3 g=Inxdu=—dr,dv=:3dx,v ="
. x 4
Phxdr=5mx- |SlpoEne X4 c
4 4 x 4 16
i _ xrl+1 . xn+1
(b) xlnxdx—n_l_llnx PEEYE +C
80. A reduction formula reduces an 81. False. You might need to convert 82. True
integral to the sum of a function your integral using substitution or
and a simpler integral, For exam- algebra.

ple, see Formula 50, 54,
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s _
. 500x
83. W = | 2000xe™* - 84. W= | ———=dx
J; Oxe™ dx : f 26 — 22
5
= ‘ZOOOL e dx : _ = —zsoJ (26 — %)~ 12(~2x) dx
: . Q.

o= 2000J;5(—x)er(— 1) dx

{i

5
]:h“500\/ 26 — x2]0

. 5
= 2000[(~x)e—x - e-x]o = 500{-/26 — 1)
_ 2000(_%+ 1) =~2049.51 ft - Ibs
=~ 1919.145 ft - Ibs
- 2 o |
85, v = 20(?-)J0 “Tﬂﬁ—};;dy ' W = 148(80 (3 + Vi)
_ X . . o
- [801n|-y + m” = 118401a(3 + V10)
1, _
= 21,530.4 b
=80 n(3 + /10)
=2 145.5 cubic feet
By symmetry, ¥ = 0.
3 - 3
2 Jio
M= z\f—d [4m + ST+ } (3 +
Sl v R ! )

3
2y
M, =2p| =
= 2| S
- My _ _4p(v/T0—1
UM T spn(3 + 10

" Centroid: (%,3) = (0, 1.19)

[4ﬂm ] = 4:9(\/1_ 1)

~ 119
)T

1 % 5000 - 2500 [* —194t
86. — df = Y
20,1+ e*d-18 —19 o1+ &t
7 7 2
- —@9[(43 190~ (1 + a—s—&eﬂ
19
500 4.8
= —9[( (1+e))-(48-]n(1+e ]
2500 1+e :
——7[33+1n(1+ 43)]7401-4
87. (a) & dx=10 ) 154”
- @ b2+ 3x ' 2+3x
' fm 10 _ 10 10
S L - ~
1 1 0.6486
L2+3x‘i"‘ 507

. 30
= 15.417 (— m)
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88. (@) f 6x2e™ 2 dx = 50
0

By trial and error, k = 5.51897.

551807 _
(B), f 6x2e™ /2 dx
o .

89. LetIHJ-
1+(tan.x
Forx—";z u, dx = —du, and
J' —du - /2 du ™ (anu)? 4
/21+(tan 1r/2—u))~/_ o 1+ cotu)ﬁ_- o (tanu)v?+ 17"
dx (tan x)}¥2 J T
2= e N
1=, 1+(tanx)f (tanx)f-!-ldx )
T
Thus, I = e

Section 8.7  Indeterminate Forms and L’Hopital’s Rule

. sind5x .3
1. jli% s x 2.5 (cxact 2)

x —01 | —001 | —0.001{ 0.001 | 001 0.1 .
. . 4 \
o) | 24132 | 24901 | 25500 | 2.500 | 2.4901 | 2.4132 : / _
2 lim A=~y ,
x—0 X ’ .
. . - 3
x -01 | —001 | —0001 | 0001 | o001 0.1 '————HK
) | —09516 | —0.9950 | —0.9995 | —1.00005 | —1.005 | —1.0517 .-
3. lim xe~ 1% = Q : ax 101
. XS .
x | 1 10 102 108 10* | 10° '
&) | 09900 | 90484 [ 37x10° [as5x1009] 0 | 0 '
1] 1500
==
I
6x 6 :
4, Hm = 34641 | exact; —= &
o (o ) |

R v

x 10 10 | 10 10% 104 10 |
Flxt | 6 | 35857 | 3.4757 | 3.4653 | 3.4642 | 3.4641 0

100

=¥
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2 -3) 2:-3) .. 2 1
5'(3)3{?3 x -9 _x]ir%(x+3}(x—3)_xlgnéx+373
2 —3) L (@@ -3)] . 2 2 1
® iy = M ahe — 9] ~ iM%, 7673
W —x—-3 2x=3x+1) _
6. @ x—=—1 x+1 ! x+1 - x]inll (2x 3) =5
oW —x~=3 (@/dg[2x* —x—3] . dx—1
©® Mo =77 <A (dfdx)[x + 1] = Jm =S
LoMx+E1-2 0 Jx+1-—-2 Jx+1+4+2 x+1)—4 . 1 1
7. (a) lim Y———= = lim . = lim = lim —————— = =
xSy x— 3 =1 x—3 itl+2 -3 ari+2 smJari+2 4
o Sari-2 . @arri-2 o 1yeEr D) 1 '
© Iy = I i —a . A 1 3
. sindx sin 4x\ B . osindx . (d/dx)[sindx] ., 4cosdx
8 (@ lim =~ *}’i%z( 4x )’2(1)’2 ® i = e AT, T
52 —3x+1 . 5-(3/0+ (/) 5
@ Mm s T TS G s
o523+t dd)[5A—3x+1]_ . 10x—3  (d/d[lox—3] .. 10 5
® Jim a3 AT — 5] e T e T T e A6 3
L 2x 41 (2/x) + (1/2% O _
10. (a)xllﬂ;lo4x2+ T i 4+(1/x) _4——0
Lo 2x+1 L (Weizx 1], 2
(®) xl—u;go 4+ x xll»n;o (d/dx)[4 + x]  x=e08x+1 ¢
L o =x—=2 xx—1 ¥ —x=12 o —1
ll'th—ﬂ x—2  xo2 1 =3 12’x1;>-1 x+1 x]inzl 1 3
/4 — — — — 42 — — fd — 2
13, fim A2y, VAT 14, tim X gy 2
x—0 x x—0 1 = x—2 x 2 1 ‘
. .
= = — GO
x =2 4 — x?
15 fim 0D, gl 16, fy DX _ pp, 210%
x =20 X x =0 1 —=Ix?— 1 1 x2— 1
g2
=t 2x
1
=lne=1
o e—{+x . e&—1
i7. xi-]?l)l* 3 = Jcl_)m(}Jf o
= = oo

im — =
* 50" 6x
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18. Case 1: n=1

=1

e (tx)_ gty
x 0% X x-30* 1
CCase2: n=12
e — (1 +x e’“—l#l. &1
x =0 x? T x50t 2x wxgr01+2 2
Case3: nz 3 ‘
e—(+x e’—lz'l. o
x 20+ x ¥—0* pxt] xgg*' n(n — 12
T 31‘112x= imZCDSZJC:% ZO.HmS}nax:" gcosax _a 21 1imau'(:suuc=‘im1/\/1—J|L2
s08in3x  x—03cos3x 3 0 8inbx s0bcosbx b P90 x x =0 1
. arckanx — (w/4) . {1+ 1 L 3 —2x+ 1 6x — 2
= == 23, =
22 I == e 2 S e i S S
' ) .6 3
“limy =3
24, i x—1 - 5 LERPN 25 limx2+2x+3=l, 2 +2_
AR+ 3 s Zr 2 " e x—1 e 1
‘ . » 3% . . 352
- 26, lim o= lim e = oo 27. xlﬂ‘&eﬁﬁxh_f‘;(l/g)ex/z
. 6x 6 _
= i e — B wge ~ °
e 2x 2 . x ) 1
L lim = = 1im 2 = lim & = 29. lim = lim =1
28. lim == lim = = lim =0 = ST 1 e ST (10
Note: L’Hopital’s Rule does not work on this limit.
See Exercise 79.
x . COSX
. i = lim ————— = 31. lim =0byS Theorem
0. lim == = lim RO vt y Squeeze
(cosx < 1, forx > O)
x
32.]jm~*s-n}ix0 33. Iim@jziimﬁ=i' 1 =0
—oa X T x—oo x2 r—oo LX X—oo '.ZJC2
Note: Use the Squeeze Theorem for x > .
1 < sin x < 1
x—-@w x—w x—@
In x* 41lnx 4/x R - - N L ex/? (1/2)ex/2
. lim —— = = lim == 35, lim 5 = lim — = lim — = oo im — = Hm —— =
34 xll)IEc x3 o X0 x}in'olo 3x2 Fo00 X2 x—ro0 2X x—co 2 36. xlg.go x in)I{olc @
4
= Hm —— =
dmss=0
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37. (a) h_1>n x1n x, not indeterminate
X0

(&) lim x1lnx = {co}{oe) = oo
X—oo

(¢) =

L

39. (@ Jim (x sin %) - (oo)(b)

o1 sin(1/x)
(b) xl-i)n;}gxsmx - Xoo I/JC
=y (S 1/*)c0s(1/2)
R —y
= lim cos(l) =1
oo X
© 18
oL
iy,

-6

41. (a) lirg x1/% = Q% = 0, not indeterminate
x—0F
(See Exercise 106).

(b) Let y=x'/~

Iny = Inxl/* = -l-lnx.
‘ x
Since x— 07, i“hl}C-)(OO)(—oo) = —oo. Hence,

lny-—co = y—0%,

Therefore, lim x1/* = 0,
x0T

) 2

B /’ |

43. (a) lm x/* — oo
X —oo
(b} Lety = lim x'/*
X—roo
Iny = lim 2% = jim (_125):0
o X =\ 1
Thus,Iny = 0 = y = £ = 1, Therefore,

fim x7%* =1,

X0

38. () xl_i;%L % cotx = (0)(c0)

. . .3
(b) Hm x*cotx = lim —— = lim —— =0
A—0F x=0tfanx  x—0* sect x

©
| AN

\

40. (é) xli)rgo (x tan %) = {o0){(0)

(® lim xtant = lim 22009
x—)c.\_o X X200 I/x
TR T

lim secz(l) =1
X000 X

42, (a) xli:ga_ (&% + x)x = 1=

(b Lety.= lim (e* + x)é/‘,. \
x50+
X
Iny= lip 20+ )

x—0* x

- 1im Her + 1)/e* + 2} _
x—0% 1

- Thus,Iny =4 = y = e* =~ 54,508,
{c) & ‘

4

) 2

-5 20
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X
44, (a) lim (1 + l) = ] 45, (2) Hm (1 + )= =
i x—00 X x =0t
(b) Lety = lim (1 + x)x
(b) Lety = lim (1 + l)x 0
e x) . In{l + x)
: Iny= lim —=—=—
_ i Ny, 0+ /)] *
x —=0* I
[M] _ S
- 1+ (/% i 1 _ Thus,Iny=1 = y=e' =g
xm0 (=1/3%) w1+ (1) Therefore, Tim (1 +x)!/* = e.
X
Thus,Iny = 1 = y = e! = e. Therefore, © 6
1\ ‘\ _
lim (1 + —) = g, . :
X300 X ' k-\"““———-_..._..
(@ 3 -1 4
' w1
/ﬁ—'—_—_—d—
o ' 10
-1
46. (a) ]1_1)1] (1 + x)/* = ol 47. (a) ]il'{)l+ [3(x)*/2] = @@
X Eand .
() Lety = lim (1 + x)¥% : - {b) Lety = lim 3(x)¥/2
X—oo x=0*
. In{l +x) ‘ - [ E']
]ny:}i)ngoT Iny x]ﬂg& in3+21nx
(Y +2) . = [ y]
i (M029) s [ms 22
Thus,Iny =0 == y=¢&" = 1. =Hmm3+]immml*~[x—
Therefore, lim {1 + x)1* =1 #o0 350 —2/x
X o0
© ¢ . = lim In3 — fim 2
. X0 x—=0* 2
\“‘-5___ _ =In3
P 10 Hence, lim 3(x*? = 3.
. x—0% .
- : (© 7-/
-8 -3
1
48. () iim [3(x — 44 = 0° © =
x—4+ o
{b) Lety = lim [3(x — 4}~ /
A4t A
Iny = lim (x — Hin[3(x — 4}]
x4
o nf3(x — 4)] 4l 7
x4t 1/(x = 4) :
- 5 1/(x — 4)

ot —1/(x — 47

lim [-(x—4)]=0

x4t

Hence, lim [3(x — 4)]F ¢ = 1.
x—4+

I
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49, (z) lim (lnx)*~1 =00
_ x—1*
(b) Lety = lim (lnxp—!
x=41*
= lim {x — 1)lnx =0,
x-31%

Hence, lim (Inxy—t =1,
x—1*

© i
-4 J 8
ey
. 8 x N_ .
51.(a)x11_)3:r21+(x2_4 x—Z)_OO oo
. 8  x Vo 8-xx+2)
(b) ):lgg* x2—4 X*Z)_xll—-[)rll* ¥ —4

- lim (2 — 04+ x)
ao2r (x + 20 x—2)

— lim —x+4 -3
o2t x4+ 2
() :
-7 }E 5
(A
/]
e
53. (@) ]im(—m Z )" -
* a.xal* Inx =x-1 T
. {3 2 )\ . 3x-3—2Ihx
®) x12111+ (inx T x - 1) '_xh—{l}* (x— Dinx
i 3= ()
T D/ a7
T
- x\" .
- i
55. (a) a

-1

50. (@) lim [cos(fzf - x):| = (P

- 7 _ AT
(b) Lety = Xl_1)rg+ [cos( ) x)] .
. T
Iny = xl_L;IDl+ xln[cos (2 x)]
=0-0=0
. L * '
Hence, lim [cos - —x ] =1.
| X0 2
e} e

N}

0

. 1 x—1
52. (a) xlgg:+(x24u~ x2_4)_oo—oo

-1
8

. 1 Vx =1 Lol = Ux—1
(b)x11_1)121+(x2_4—x2_4)—x15121+ A — 4
- lm —1/2/x — 1)
x42+. 2x
= lim —he =
¥ 4y fx 1
(¢) oves .
2: 4
0.2

~20

x—3 . 1

® Im =5 =~ M 2e —3)
=S 1
isy 2 2
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56. (a) 2 {b} Let y = (sin x)*, then Iny = x In(sin x).
. Infsiny) .. cosxfsinx _ .. -2 _ .. —2x _
) \’/F\\_ Jm, 1/x = i, -1/ = ey A e O
-5 s : :
Therefore, since Iny = 0,y = 1 and lim, (sin xp = 1.
X .

]

| ' JEA 55+ 2+ x)
. "/2++—='\/_2+5—+—‘(
57, (a) 0 () Jim (Vo F 32 T2 x) = lim (V3 + 35+ 2 N
‘ _ im()62+5x+'2)“x2
B 1, ‘ imee 52 + Sx + 2+ x
) ~ lim S5x+ 2
oo /32 +5x+2 4 x
- Jim 5+ (2/x) _5
xoo ST+ (5/0) + /4 +1 2
X L 6 6
58. (a) k (b) x]-ggc e B xlggo 26 B xl—lgln 4e2% - xlglc‘:lo 8 =0
-1 ( 5
~a
0 oo
50, b 0 - oo, 1°2,0°% cc — oo, ac® 60. See Theorem 8.4
61. () Letf(x) = x2 — 25 and g(x) = x ~ 5. 62. Let f(x) = x + 25 and g(x) = x.
(by Let f(x) = (x — 5% and g{x) = x* — 25.
(c) Letflx) = x* — 25 and g(x} = (x — 53,
63. -
x 10 107 104 108 108 1010
4
(I“xx) 2.811 | 4.498 | 0.720 | 0.036 | 0.001 | 0.000
64.
X 1 5 10 20 30 40 50 100
% 2.718 | 0.047 | 0.220 | 151.614 | 4.40 x 105 | 230 x 10° | 1.66 % 103 | 2,69 x 10%

2
65 lim o — lim 2 = lim —2— =0 66. Lm 2o = lim 2o limfe%=lkn§g§=

—— = lim =
Fotoo €% x o0 5% x—oo 2567 19 €2 xoee 2% x5 oo

0
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1 2 )2
67. tim 2 _ gy 3nxP(1/x) 68. lim 2P _ 20/
X—on X x—eo 1 X—roo x3 X—roo 3x2
. 3(ln x)? 2lnx
= lim =2 =
Iﬁr{-{) x nga I% ‘
_ L saxn(/y) ok 2
= Hm 1 = him oe = }H&‘gf =0
— 1im 8020y, S
X—oo X =00 X
. (nx)pr ., nllnx)r1/x " I
. lim ~ im - =
69 o X7 xlggu mx 1 70. xlgrul:. oo RET
. n(lnx)»! -~ mlm — 2
= lim 2=/ = 1
X—oo mx™ :\;li)rgo n2e’”‘
. onlrn—=)(nx)? o m!
N J}gl;lo e N oo WM 0
. al
== Jim e =0
Ty =xY%,x > 0 ‘ 2. y=x%x>0
Horizontal asymptote; y = 1 (See Exercise 43.) Bm x* = co and lim x* = 1
4 xen =0t
Iny = 1 1n x ‘No horizontal asymptotes o
3 .
2, lfE = ].n
l§X=l(l)+(mx)(_1) ) Iny=xlnx | j(l 1)
yde  a\x 2 ld_y:x(;)ﬂnx el )
0 ydx
& _ 1/x 1 (1~Inx= (1/x)‘—2(1 ~Inx) =10 dy A
ol Al b nx) = x) = T x(1 4+ ) =0
Critical mumber:  x = ¢ Critical number: x = ¢! Do
. Intervals: {0, e) (e, oo) Intervals: {0, 1) (1, 0)
 Signof dy/ g‘x: + - o Sign of dy/dx: - +
y = f{x): Increasing  Decreasing ¥ = f(x): Decreasing  Increasing
Relative maximum: (e, e/¢) 1 {1\
Relative minimum: (e7L, (e71)") = (;, (Z) )
73, y = 2xe™> T4 y = lnTx
lim 2 _ lith 2 _ . Horizontal asymptote: y = 0 (See Exercise 29.)
x oo & Ao € ’
(1.2) dy  xf{l/x}) —(lnx}{1) 1 —-Inx
Horizontal asymptote: y = 0‘. 2 ot 10 e %) T e T 0
% = 2x(—e%) + 2e7% Critical number:  x = ¢
. - Intervals; {0, e) " {e, oo
=2e*(1—x) =0 . )
Sign of dy/dx. + -
Critical number: - x =1 v = f(x}: Increasing Decreasing
Intervals: (—oo, 1) (1, co) ]

Sign of dy/dx: + -
y = f(x): Increasing Decreasing

Relative maximum: (1, %)

' 1
Relative maximum: (e, ;)
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e ~1_0_
s gm St =10

Limit is not of the form 0/0 ot co/co.
L’ Hbpital’s Rule does not apply.
. 1
77. lim xcos— = co(l} = oo
X —+co X

Limit is not of the form 0/0 or co/co.
1’Hépital’s Rule does not apply.

79. (a) Applying I.'Hépital’s Rule twice results in the

original limit, so L’Hépital’s Rule fails:

1
= lim ————

oo xfJxF+ 1
L SETT

x—o0 X

lim x/x+1

=0 1

X
lim —=——
x5es /2 T 1

Il

. x
LRy
. x x/x
S Sy R i
1
]jm—____
x—en 1+ 1/x2

81. f(x) = sin(3x)}, g(x) = sin(dx)
F(x) = 3 cos(3x), g(x) = 4 cos(4x)

_f) _ sin3x ':f’(x)ZSCOSSx
N7 ok) sindx ?7 g0x) 4cosdx

As x—0,y,—0.75 and y,—0.75
By L'Hopital’s Rule,

Hm sin 3x _ ichos3x _3
0sindx xoo0dcosdx 4

76. tim S27* Z1 0 (Numerator is bounded)
x—3 X

o

Limit is not of the form 0/0 or co/co.
I’Hépital’s Rule does not apply.

. i 0 0
B e T 10

Limit is not of the form 0/0 or'oc/oo.
L’Hépital’s Rule does not apply.

tan x
x—af2” SeC x

., . oo
80. (a) is indeterminant: P

tan x ; sec? x

im m —
x—3 w27 SeC X x-w/iTSecxtanx

. Secx Q0
= jim —— -
x—rf2- tan x [oa]
sec xtan x
1 2
x-3q7f27  BECS X

X

1TEL
x—m/2” SEC X

tan x X
(b) = lim (cos x)
x—=wf{2” SeC X x=37/2” COS X
= Hhm sinx=1
x—yrf2T
e =

JT T,

82. flx) = ™ — 1,¢(x) = x
fx) =36, g'x) =1

_ Sl e -1 _f)
N T w0 T ek 0

=

5 y-3¢3‘x

4

Asx—0,y,—3andy,—3

By L’ Hopital's Rule,
3x X

lim & L g 2

x—0 P =0 1

t_a“n_, the original problem!
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voke“‘"’)
— &
. ﬁmn_(l M T S (e I )
k0 k el k o ol
o B0 F Ry vo)_
= fim i +1]¢ﬂ%(ef“ =32t
rn{
84.A:P(1+~)
n
m(1+5)
1nA=mP+n:m(1+§):mP+—Tl
‘ nt
¥ ¥ 1
e
tim 1| o i | LR | =t
n—yeo 1 n oo 1 n —oe ¥
o I I
wl Het n

Since lim InA = InP -+ rf, we have li_{n A = Prr = Pyt — pyt Alternatively,
A=boo

R0
rin r n/r|rt
lim A = HmP(l%w—) = Hm P[(1+—) ] = Pe,
n—ycc n—oo n n—o0 i3
85. Let A be a fixed value for . Then
N1 — 1)N-2 1NN — N3
x N VoA lim N~ 1)V — 2xN =3 — lim

xoe  EF X—oo oo e* i

—] =10, (See Exercise 70.)

_dy_y-(p+ /1 2)
86 (a)m—dx Y0
_ 144 — 32
x
HE R s
144 — 52
(b))’=—'f—x“‘dx

Letx = 12sin 8, dx = 12cos 8d8, /144 — x2 = 12 cos 6.

_— ai?
yz_fwmosgdgz_ufﬂdg

12sin 6 sin 6
=—12f(csc9-—si119)d9=—12]n|cscﬁfcot9|~12(:osﬂ+c S
. — 32 — 2
2 L VIR 12(__%%) L c
x X 12
— ./ — . 0] 12
=_12]_n‘1_2_.i¢x2‘_ 144~ % + C : 0

‘ _ T
Whenx = 12,y = 0 => C = 0. Thus, y = —12111(1—2————-— “i44x) ~ 14— 4,
12 — /144 — x
X

2
Note: » 0for0 < x £ 12

—CONTINUED—
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86. —CONTINUED—
(c) Vertical asymptote: x = 0

@ y+ V144 =12 =y=12—- /144 - 22

Thus,

(xet — 120 = (- /Tdd — )
Hem? — 2dxe! 4+ 144 = 144 — 2

™2+ 1) —24xe”t =0
Axle 2+ 1) — 247 1] =0

x=0o0rx = %46
e 1

Therefore,

[/ (T

1z
= f 12 = [12h1|x|]
7.77665 *

87. f(x) = 23, g(x) = x* + 1,[0, 1]
o) — fla) _ fle)
gb) —gla) g7
f) — f(0) 3
<)~ 50)

89, f(x) = sin x, g(x) = cosx, |:0, g]

flm/2) — 1O _ fle)
g(m/2) — g(0) g'lc)

1  cosc

-1 —sinc

—-1=—cotc
o=
4

. — J)
12 - V14— 2 = —121n(1—2m—%i4-3‘u) - Jidd = 2

—1 mln(_lg______

xe =12 -

12 _
_ j /2 + (1;124 X)) .
7.77665

= 12{(In 12 — 1n 7.77665} = 5.2 meters.

= i‘! g(x) = - 4, [1’2]

fQ) -1 _ fle)

g2 —gl)  g%0

—1/2 _ -1/
3 2c
.

6 2c3
2c3 =
c= %3

= Inx, g(¥) = 2, [1,4)
J4 - f(l) Fle

g —g(l) ~ g0
Ind4 _1/c _
63 3¢ . 363
331n4 =63
21
3 - A
“ T4

¢= '3/%&:’ 2.474
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91. False. L'Hépital’s Rule does not apply since 92. Palse, If y = /7, then
lim (3 + x + 1) # 0. -, R e xe(x— 2 elx—2)
x":g+ +1 1 : YT T T T T e
lim, *—""— = lim (x+1+—)=1+oo=‘oo
x—0* X x 07 X
%3. True 94. Palse. Let f(x} = x and g(x) = x + 1. Then

lim —— = £, but lim [x — (x + 1)] = —1.
+ X e

X X 1

95, Area of triangle: %(Zx)(l —~Qo8X) =X — XCOSX
Shaded area: Area of rectangle — Area under curve

X

2x(1 — cos x) -_ZJ‘

(1 —cos ) dr = 2x(1 — cosx) — 2[: — sin t]o
A :

= 2x(1 — cosx) — 2(x — sinx) = 2sinx — 2xcos x

, . X XCOSX , 1 +xsinx — ¢cosx
Ratio: lim — ~ lim -
r=02s8inx — 2xcosx x—=02cosx + 2xsinxy — 2cosx
. 1+ xsinx — cosx
= lim ——————
x—0 2xsin x

. xcosx + sinx + sinx
= lim -
x—0 2xcosx + 2sinx

- 1im xcosx + 2sinx  1/cosx
i-02xcosx + 2sinx  1/cosx

im x+ 2tanx
x—02x + 2tanx

o 1+ 2sec’x 3

T io02 4+ 2sec?x 4

96. (a) sin # = BD
cos@=D0 = AD=1—cos 8

Area AABD = %bh =%(1 —cos d)sinf = %sinﬂ—%sin cos B

(b) Avea of sector: %9

Shaded area: %0 — Area AOBD = %6 - %(cos H(sin 9 = %6 - %sin fcos B

© R = {1/2) sin # — (1/2) sin Gcos & _sin @ — sin fcos §
(1/2)8 — (1/2) sin @ cos 6 6 — sin fcos A

. .. sin@— (1/2)sin 24
@ Bm R = i = /2) sin 26

. cos@—cos20 . —sinf+2sin20 . —cosf+ dcos20 3
= lim = Jim = lim ==

-0 1 — cos2é 6—=0 2sin26 6-50 4cos 20 4
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4x — 2 sin 2x 4 — 4cos2x
i -1 X = (g% + l/x_
97 }g}) o i% 0 98. Lety = (& + x)
Infe” +
_ 1y 85in 2% lny=ih1(e"+x)=—"(£*;-"j)“
=0 12x
X + X +
. 16cos2x _ 16 _ 4 li D L2
BT 12T A
4 Hence, E_I;((l)(ex + )= g2,
Letc= 3 Let ¢ = ¢2 == 7,389,
99. lim a—coshr_, ' 100. We use mathematical induction.
x— X
. . )
Nearx = Q,cosbx ~landx?=~0 = a = 1. : Fornzl,limx—=]jm—=0.
oo €8 x—oo €8
Using L'Hopital’s Rule, : o
. Assume that lim — = 0.
. l—cosbx , bsinbx x—oa €5
lg‘% x2 B h—% 2x '
X X
Then, im 2 = Jjp DX
e bPcosbx _ 5 o ‘ Txo0 €% xoee €%
= 2 ‘

xk
' = (k + Diim ™
Hence, b* = 4and b = +2. & )x—>1m0 er

Answer: a = 1, b= +2 = (k + 1)(0) =0.

fath) —fl =B fle+ D) = = B

101. (2 Jim 2h Jim 2
R - R
= %‘i%[ 2 ]
L (x) ;f ) = %)
® 7
f

: g

t + t
x-h x x+h

Graphically, the slope of the line joining (x — A, f(x — A)) and (x + A, f(x + &) is approximately f/(x). And, as h—>0,

;E%f(x + k) :;lf(x —h) = f{x).

102, L TEF R = U0) + flx =By _ Pl B+ - A1)
A0 K2 a0 2%

Fle+h) - flx—h

= lm 2h

e £+ B = £ = (=)
>0 . 2

L CEY EF i)
B0 2

_ )+ e

2 = f(x)
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103, g(x) = {e"/ﬂ, x#0
, =
¢'0) = i £ EO gy € 7
Loty = <7 tentny = ln(e';/xﬁ) - ;15 L
= mﬁ”f% = —12/;3

we have lim (
x =0

—1—2%lnx

*

x—0

)= —oo. Thus, imy=e = =0 = g’(0) = 0.
x—0

2

Note: The graph appears to support this conclusion—ibe tangent line is horizontal at (0, 0).

Asx—a,Iny = —oco, and hence y = 0. Thus,

104, f(2) = xk; !
k=1, flx)=x-1
k=01 f() = oL jopor 1)
e F&) =4 *
k=001, £ =22 L1 oo - 1)
=001 f) = =550 iadae
=1 . #(nx)
kot k0 = Inx
105. (a) lim L (-~ x In x) is the form 0 - oo,
—Inx . —l/x
® Jlim = Jm =y = 6 -
105. lim ()2
y = flx)st
= g(x) Inf(x)
lim g(x) Inf(x) = (o0)(—00) = —oo

lenf(x)B(") =0,
x%q

108.

dv =B dt =

w=t—b =»

= fla)b —

v =7
du = dit

-2

@)~ a) - f £ = B dt = fla)(p — ) - {[f’(a)(z - 4)

@5+ 0]

() 1

-1 b~ 5

107, lim Flx)e
y = flxtd
Iny = gx) In fx)
lim g(x) Inf(x) = (~o0)(— o0} =
Asx—a,lny = oo, aqd hence y = oo, Thus,

fim f(9 = oo

X —a

- f bf’(t) dr}

=f(b) - fla)
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) L 2atx -t —adax
109, (2) lim, 0 /009 is of form 09, 110. lim™= xa s
X . —_

Lety = 5{m2)/{l +inx) :
E(Zasx - x)U2g8 — 4x%) — %(azx}—ma2

hy= B2 s = lim :
1+Inx x—a —Z(ax3)_3/4
In 2(1/x)
lmc}+ Iny = 1x =InZ2

%(a4)71/2(_2a3) ._ %3(513)—2/3

'I'h-us’ m x(l.ni)/(l+l.nx) = 2. =

x—0* . ﬁl 34
(b} lim x0= 2/ +a3) js of form oo, (@) (Bax)
X—=rco

Lety = x@2/(1+nx)
y==x L4

__Ilm2 ' _ 1—3_
1 +hnx Z(a—a)Bas)
i Ty o D20/
x—)aolny# 1/.1’ —In2.

Thus, lim xB2/+nz} = 9,

b L= =]

(©) Iirré (x + 1) 2/ {5 of form 1°°,
x—
Lety = (x + 1){n2/0

Iny

= = ey

4

3% 16
39
4

Iny =lnx—21n(x+ 1)

fim Iny = fim {In 2)1/(x + 1)
=0 -0 1

=In2.

Thus, lim (x + 1}m2/G = 3,
x—=0

sinx sin x

x+sinx x
—_—— =it —==14+—,x>0
x x x

111. (3) Alx) = J—”—;m—x | (b) Alx) =

Hence, lim h(x) = li_rn[l +%] =14+0=1
o P lel x

Tim A(x) = 1
X—voo

/| \/\_/\‘ {c) No. i(x) is not an indeterminate form.

-2 20
0

X — 1/x
112. Let f(x) = E . ‘; — 11] .

Fora > land x > 0,
Inx  Inle—1) Infa-1)

Inflx) = i[mi + Infe* — 1) — Infa ~ 1)] R -

+Ing—Ina.

Inx ]n(ax— 1) 50, and

Asx—;oo,TH;O, ln(ax* ) Inft —e™a] _In(l —a )

x x
Hence, In f(x) = In a. i
For0 <ag < landx > 0,

n f(x) = uﬁlx 4 ]n(lx— a) ln(lx- a)

—0asx— oo,

- . e if a>1
Combining these results, Lim flo) = [ Lif O<a<l’
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Section 8.8

i jl dx
o 3x —

3 k-5 . 2x—5
) 0352—5.x+6 (x—2}(x—3)
is not improper because

23 ) is continuous on [0, 1].

(x — 2)(x — 3

Improper Integrals

2

1
— is not improper because — pr is continuous on [1, 2].

win
B

> is improper because 3x — 2 = 0 when x =

a jl T

is improper because the upper limit of integration is co.

&, Infinite discontinuity at x = 3.

i 1
3(35_33/2

. Infinite discontinuity at x = Q.

e

b£%+f7dx

gylaa],
Jim, (4-2B) =4

j (x — 3)" 324y
b

[2x—3) ‘/Z]b
Jim, [2+ =2 ]zoo

I

Converges
Diverges

7. Infinite discontinuity at x = 1.
2 1 2
1 1 1
- = - + -
L(x—nzdx it ﬁ(x—nz“’"
A !
- b1—>mll‘J;(x— I)Z“ixJr L, L - 1)2dx

}: + lm, [—xi 1]2 = (oo~ 1) + (-1 + oo

e
b1 X —

Diverges
8. Infinite discontinuity atx.= 1,
1
f G=1pr T f

b
1
P f GopEe Tt f G-E

Jlim [W]G + 1%[32/;??“1] = (0 + N+(B3-0=6

2/3dX+f( 2/3dx

Ii'

Converges

9. Infinite limit of integration.

oo b
f e ¥dx= lim | e “dx

1¢. Infinite limit of integration.

o 0
f eXdy = lim e dx

¢ b 4 —oo b
: b 1,70 1 1
= 1i —p % = = — H —px| — — — - =
ahm [ e L 0+1=1 bllmé [ze ]b 2 0 )

Converges

Converges
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i 2
11. f ;lidx #= —2 12. [ 0 “21)3 dx # = because the integral is not defined
-2
because the integrard is not defined atx = 0, at x = 1. The integral diverges.
Diverges
13. J e *dx # 0, You need to evaluate the Hmit, 14. J’ sec x dx 7 0 because sec x is not defined at x = /2.
0 : o
lim b e~ dx = Tim [ ]b - The integral diverges.
bea o b—eo 0 .

oo b
15. iza:x= lim izdx ‘ 16. dx% fim | > dx
L X boeo Ji X b f; X3
. 1 5 .1 5
=liml—-——| =1 = li —xE ==
b‘—>oo[ x]1 bl—largo[ 2x :|1 2
w 3 [ i) b
= = 1 -1/3 s — ax = I —1/4
17. Jl \%_Cdx b].giolc 13x dx 8. J; {%.Fdx bh_l;gc 14x dx
b ' b
= lim [2x2/3] = = lim [gxy“] = oo Diverges
booo | 2 1 b0 | 3 1
Diverges 23\.:;\:

0 o
19. f xe ¥ dxy = lm [ xe ¥dx =
—o0 b f,

Jim L1+ @b+ De ) = —0o (niegration by par)
——co : -

Diverges

b= 0

oo b I
20. f xe *2dx = lim | xe "2dx = lim [e_"/z(—Zx - 4)] = lim ¢ #2(-2p— 4 +4 =4
o b0 0 b—roo

. o0 b : b 2
21. f Re*de = lim | xte=*dx = lim {*e"‘(xz +2x 4 2)] = lim (ﬁméw . 2) =2
o b Jo b—ren - 0 b—oo €
24+ 25 +
Since lim (—w) = 0 by L'Hdpital’s Rule.
Byeo e”

[s] b

== b . 5 . _
2. J (x — e *dx = lim J (x — I}e*dx = Im [—xe"‘] = lim (—b + 0) = () by L’Hépital’s Rule.
9 [ Y] o bh—oe eb

e *(—gsinbx — b cos bx)]c
a? + b o

23. J- e *cos xdx = lim 1[.‘.f”(--c:os;vc*% sinx)] 24, j e % gin bx dx = lim

o o b—ton 2 0 o o0
1 1 . -6 b

=g~ (-1 == =g-——2 -_ Y

2{ (-1} 2 0 al+ B gt + B
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3_
25. L x(ln b—iooJ. (]le
= Jim | -7 nx
1 1
= —3(n ) + ()
1 1 ___1
2222  8(ln2)?
o'] 2 0 o 2
S e P
0 < 2
—b-ljrpw . 4 xdx+clggc 4 + x?
= lim [arctan(i)] + lim |:arctan(£)]
bo—co 2 oo . 2
m\\ T .
‘@*(2D+@ @“"
o i ‘ b
”_[é+ =£&£1+h“
= lim [ ctan(e")]
_m_m_m
2 4 4

o0 . b
31 j cos xdx = lim [—1~ sin 'n’x]
o b—oe | T [1]

Diverges since sin orb does not approach a limit as b— co.

—11 1
33, J.xl b_g(l]L T]a b]i%l+[_1+b]_‘1+°°

Diverges

!
I'me dx
b8 )y /8 —x

o -3 23 b
ﬂﬁ&f?@‘ﬂ L-ﬁ

= [

1 2
. X
37, J;xlnxdx = blgg [ Injx| ]b

. —1 _ -1
'_&$[4 2 T 4] 4

2 '3 T
b]nb_l_b] 1

since lim, (5% In 5) = 0 by L'Hopital's Rule.
-0 .

zs,J. Elfdx lim h’xdx
1

Diverges

fral f _
28. Jo mdx—

Diverges

w o er
SO'J; 1+ &

Diverges

b—oo J§ X

2] -

dx =

2

b—oo

(]

. x . X
blggooxzﬁ-ldx blggon(ﬁ—kl)z
1 5
—b];l—)rgc[ (G + 1) + 2(x2+1)j|o
B
- 2

mﬁ@u+ﬁﬁ=w—mz

b—oo

oo b
32. J sinzix: lim [—Zcosi]
o 2 b—yao 2o

. . x . .
Diverges since cos = does not appreach a limit as x — oo,

g
34. J —dx = lm
o X b0+

2

48 ; 4
~dx = lim [Slnx] =oo
b—0F

b * b
Diverges
5 4 b
A JE—_xdx = bli)rﬁuﬁ L 4_(6 — x) V2 gy
=£E;[—sw-ﬂvﬂz
= —8(0) + 8.8
= 8./6

2

38, | mxldx = lim.fZInxdx
b20* Jo

b BN ]

I

Iim [Zx]nx - Zx]
b0

[
b

Jlim, [(2e ~ 2¢) = (2bInb — 2)]

0
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/2 k3 /2 i3
30. | wnédo= 1 []n ] - ] _ [ ] _
o [Cmodo- gy, foel e [Mecoin—, i [nicorma] o
Diverges Diverges
4 4 2 b
2 2 1 x T
4. | —/—————dx = lim | —=——=dx 42, | ———dx = lim [arcsin(—)] = —
J;x\/xl—él b%*_[,x\/xh-tt L./4—x2 TR 2/ 2
x 4
= lim [arcsec —:I
B2t 214

. {b
= lim { arcsec 2 — arcsec| =
2" . 2

N . + L
43, —Lﬁ = bll)n; [lnlx '+ JxE = 4|]b = 1I1(4 + Zﬁ) -—In2~= ]n(l + \/5) = 1,317

1y

2
1 o 1f 1 1 o flo 24 x
4. 04_x2dx—b15121_f04(2+x+2_x)dx—blgg_|i4h:‘2_x

Diverges

2 1. 2
1 1 1
45, | ——dx = dx + dx
Jc-)\3/x~1 4[3\3/36—1 J;\/3x—1
T P ,] , [z _ m]t;-z 3_
fi,‘?—[z(x 1) + lim 2(x 1) =5 +2—0

[s] c—1* c

3 2 3 7
2 — V873 o83
46. L p——TE dx L 2Ax — 2)"83 dx + 22(x 2)8/3 gy

b 3
lim f 20 — 2)"¥3dx + Lm J 20x — 2)"%2 dx
-2 | 2%

5

b2~

6 I 6 3
= lim [——(x -2 + 1 [——(x - 2)—5/3] - oo
1 c—2t 5 e

Diverges

__4 N 4
47'_’; \/J_c(x+6)d‘x—_l;\/)_c(x+6)dx+,£ \/;(x+6)dx

Letu = /%, 1 = x, 2u du = dv.

4 _ [4Cudy)  { du 8 u B X
j_ﬁ(x+6)dx_fu(u2+6)ﬁgfu2+6_\/3amtan(\/€)+cm\/g fan(ﬁ)-i-C
im |- canl[)—c 1 im —8~arc n-:‘/:lE i
[ Jomeel )] + s Sl )]
(iarctan(L) ———8—0) + (iq—rg%gmarctan<i))
V6 Ve V) \Ve2 Ve V6

_ 8 =2¢rﬁ
26 3

w 4
Thus,J —dx
0 Jx{x + 6)

1l
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48. J——de=h|ln W + ¢ B
amarmigy] ¥ 101X )
Thus,

© ]
—d
[ = [ | e

- Jim (1m0 + tim ||

Diverges

1 1
50. pr=1,f—)12dx-— lim, lnx] = lim —Ina=
0

a4=0 a a—0

Diverges. If p # 1,

1-p 11 1
J-— — x :l = lim [— —
aA:O* 1 — Pla a0t |1 ~ r

lpifl—p‘>00rp< L.

This converges to =

51. Forn = 1 we have

=+ &
f xe Fdx = lim | xe %dx

o b=reo’ [y

b
lim [fe"‘x - e‘x:|

b—eo o

lim [—e™?h — e + 1]
b—oo

i

= lim [12 _i. 1] =1 (I Hépital’s Rule).
—Yon

b ef

oo

Assume that j xRe~*dx converges. Then for n + 1 we have

[

fx""'le_xdx = —xAtig—% 4 (n + I)[x"e"‘a‘x

. o0 & &
49‘,pr=1,[ —l-dx=11'm ld,:c=]j1rn]nx]
1 X boo L X b—=oo 1
= lim[In&] = oo
b—po0
Diverges. Forp # 1,

o L-p b 1-p
idx=m[" ],=1m[b -

1 XF bei{l —plt bowll —p

ift —p <0Oorp > 1.

'This converges to P 1 1

(Parts: u = x,dv = e *dx)

by parts (u = 2"Vl du = (n + Dx" de,dv = e dx,v = —e™%),

Thus,

(=] b =]
J X lemrgy = b]jm [*x"“e”‘] + (n + I)J e Fdx =0+ (n+ l)f
0 300 0 0 -

52. (a) Assume f g(x) &x = L (converges).

[

Since 0 = f(x) < glx) onfa, o), 0 < jmf(x) dx <

(b) 2(x) dx diverges, because otherwisé, by part (a), if f
' a

1
1 . o
53. J; e dx diverges.

(See Exercise 50, p = 3 ¢ 1.)

oo
x"e * dx, which converges.
0

J o(x) dx = L and J’ Flx) dx converges.

g(x) dx converges, then so does f F) dx.
a .

1 ‘ :
54 f —1- Ml_ 3 5 converges.
BT T

. (See Exercise 50, p= %)

)
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55. f dx = converges 56. f x%e™* dx converges.
A .
(See Exercise 49, p = 3.) . (See Exercise 51.)
57, Since L -1—on[1 oo) and -—-dxcon rges by B 49, W—IMQ
» Since =7 < verges by Exercise 75 dx converges.
58. Since S S on [2, oo) and f -1 dx diverges by Exercise 49 f R dx diverges

1 1 * 1 = 1
59, Since = oni2, o) and f —— dx diverges by Exercise 49, f ————— dx diverges.
V=D - yerredad | o gy , Vi D 8

1 1 * 1
60. Since ——— < 5 on|[l, o0} and | —5 dx converges by Exercise 49, J' —————dx converges.
VAl +x) T B2 [1, 02} ﬁ /2 By f(1+x) 8

oo ‘
61. Since e < e*on[1, o0) and ‘- e * dx converges (see Exercise 9), e dx converges,
J0 o]

1 1 ; -1 S
62, > = since /xlnx < x on {2, co). Since j — dx diverges by Exercise 49, f dx diverges.
Jrxlnx % ( ) y X gesny , Jxlnx g
. 1 1
63. Answers will vary. 64. See the definitions, 65, e —dx = a‘_x + J x3
pages 578, 581. ‘ -1
These two integrals diverge by
Exercise 50.
. 66, 10 = 10 = x=0,2.

2 —2x xx—2)

- You must analyze three improper integrals, and each must converge in order for the original integral to converge.

[ = [swas [swa+ [sa

1 1
67. A=j e* dx 68. ijﬁlnxdx
o o
1 1
= lim e*dx = — Iimj]nicdx
bo—w f, b0t b
1 1
= ].]Inl:e{l :Mijm[xlnxvx]
b—oco B b0t b

~ im0~ 1) — binb + &)
b—0F

Jnle—el=e

Note: limbInb = hm nb— lim l/b
b0+

s—0+1/b £7u~>0+—1/b2 =90
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© 1 “ 8
69.A—J;wx2+1dx 70°A—f dx
=1 "1 dx + lim "1 dx = bLa‘x
_bau—ﬂwbﬁ+1_ boeafy 22+ 1 —JH— 2+4 b—)ooox2+4
o _ & o x\ e
= lim [arctan(x)] + hm[arctan(x)] = [4 arctan( ):I 4+ lim [4 arctan(—)]
b —co b b—oo 0 —P""'uo b byco) . 2/ 1o
= lim [0 — arctan(p)] + lim [arctan(b} — O
”ﬁ“w[ 2l b"m[ ( ] = lim [0 - 4arctan(é)] + lim [4 arctan(?-) - 0]
T T b— o0 2 b—ao| 2
=—|-=]|+=—=17
(-3)+3
———4( )+4(2)-—4w
M@ A= | evd n@a=| sa=[-1 =1
. (a) A= ; e ¥dx . (a = @ x =l
& : .
- lim [ke_x] 0—(-1)=1 (b) Disk:
e A o, i [ w]b o
(v) Disk: - Veml o ade= imi 73573
‘V - jw(e#x)zdx ’ (C) Shell:
0 T fes 1\ . B
. 1 _z{lb " V= 2".'Tj x(;) dx = bl_]{l;lo [27r(fnx):|l = oC
= lim n ~=e = — -
5o 2 o 2 : . '
Diverges

{c) Sheli:

V= Z?Tf xe * dx
(1]
P
= lim {217[—-3“‘(x + 1)] }= 2
b—oo 0

73. X3 4y =4
2 2y e
3 - 307y . 0

_ __y1/3
Y= an

y*3 A3 gy [ 4 _ 2 _
\/1+(y —\/l-i- SR = —XT: W:xﬁ’ (x > 0)
- ) 32/38 .
s¢4j;wcix=blgg+[8'5x ]b-—48

.’74,y=\/16—x2,0£xs4

y = —x
JI6 = 22
Smj\/ 16—x2 f‘/16~x
= mnf'—-4—dx
Bt N
x i
= 1im[4 arcsi.n(—)]
td— 4/

lim 4 axcsin(i) =27
13 4= 4
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75 -2+ =1
e —2)+ 2py'=0
7 "“_X"“z
=2
¥

Y1+ 0P = V14— 247

%(Assume y > 0.)

_ 35 _ ? x _ 3 x—2 2
S——4frr1ydx—4wl\/1_(x_2)2dx 4W,[[\/i—(x—2)2+Jl—(x—2)2}dx

=3

T6. y = 2e7%
y'= —2e
(26"‘ V14 de= 2 dx

Tetu=e¢ % du= —e*dx

J'e_x‘fl + 4™ dx = —J\fl + 412 du

—211'

I

S =

]
417blimf {791 + de 2 dx
—ao fy

If

&
~ lim [Ze""\/4e‘7-”+1 +In 267+ VA F T |]0

= aI—i>I§1+ {417[—“ 1= {x — 2)? + 2 arcsin{x — 2)T} = 470 + 2 arcsin(1} — 2 arcsin{—1)] = 872

—%[Zu\/dmz +1+In [2!4 + V4R + Il] +C
=L /aTH T + {2+ Vo B[] +

= m[2/3 + m(2 + /3)] = 18.5849
77. (a) Fx) = % 5= (TO%E,K = 80,000,000
— ] '
W= I 80, 000 (00 dx lim [ 80,000,000] 20,000 mi-ton
4000 B0 X 4000
b Lid — 10,000 = [ 80,000, 000:[ ~80,000,000 + 20,000
2 X 4000 b
80,000,000 — 10,000
b
b = 3000
Therefore, 4000 miles above the earth’s surface.
. ko _ 2 W 10040009 _ —10{4000%)
78, (a) F(x) et 10 = 40002,k 10{4000%) (b 7= 20,000 = [-—x—]m = + 40,000
= 10(40002 . [ —10(40002)7? 2
4000 b—oo X 4000 b
_10{4000%) . b = 8000
= 4000 40,000 mi-ton

Therefore, 4000 miles above the earth’s surface.



<=1, “1 . e
Ry i B P 2 a=t/7 - — T =
'79‘. (a) f_w7e dt L l,]e dt bll_l)go[ e ]o 1
41 4
() j—e"/7dt = [—e"/7] = -4 + 1
I o
= (,4353 = 43.53%

5
(©) f "f"' dt = hm [ fe~t7 — 78“’/7]

0

5
8L (a) C = 650,000 + J 25,000 e~ %06 gr = 650,000 — [
(4]

10

(by C = 650,000 + J’ 25,000 006 gy =~ $837,995.15
0

o0

{¢) C = 650,000 + J 25,000 9% dr = 650, 000
‘ 0

5

82. (a) C = 650,000 + J‘ 25,000(1 + 0.08r)e 000 gr
4]

0.06 0.06

25,000

25,000
0.06
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~2 ~2t/5 “2 —24/5 ; —25b

86. (@) SemwS gy = —e dr= lim {—e~?3 =1
o s 3 biao 0

42 4
(b) I __glelsdt = [_e—zr/s] am _678/5 +1
o 5 0
=~ (.7981 = 79.81%

( ) 721/5 dr = |:_mt 285 _ § 721/5]“& = é
¢ Paell ¢ 26 o 2

'006'] = $757,992.41

’} = $1,006,666.67

5
= 650,000 + 25 OOO[—Le'O%’ — 0. 08(—e‘°°5’ + © éﬁ)zefo-%')]o = $778,512.58

"10
(b) C = 650,000 + J' 25,000(1 + 0.08¢)e 00 4t
A )

0.06

1
— 4+ e =006 o ,—0.06¢
= 650,000 + 25 000[ o 062 0. 08( e +

(e) € = 650,000 + j 25,000(1 + 0.08z)e 008 g
CJo

= 650,000 + 25,000 lim [uLe*DOSf -0 os(
A2 | “0.06

2w NIr
k

83. LetK = . Then

= 1
p= KL o + xz)a/zdx

Letx = rtan §, dx = rsec? 0d6, /12 + 12 = rsec b,

1 rsec2df 1
J(ﬂ+ﬁ)3/2dx= 13 sectd =;J’C056d9
| _ 1 x
=;Sm€+c—ﬁ—*——m+c
Hence

_2aNI(S/r7 5 &~ o)
/A3

10
@ 6)22—0-0&)]0 ~ $905,718.14

b
g 00+ 1 3*0‘051) =~ $1,622,222.22
do

(0.06)

(R
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84, F= w(—G—_'—_—M%dx 85. False. f(x) = 1/{x + 1) is continuous on
h (@ +x
o [0,e0), lim 1/(x + 1) = 0, but
—~GM8 P x oo
= 1im[ :[ R | b
bowl g+ x o dleim[mgxﬂj] = o0,
b x+ 1 b—eo o
_ GM$ ‘
“a Diverges
86. False. This is equivalent to 87. True . 88. True
Exercise 853,
ool b ’
89, () j ;dx = blim [mlxl]] = oo {b) It would appear to converge.
1 ) oo .
¥
=1 . 1
1 ;:de _bli)nolc[ x]1_ 1 v
0.75
f 1 dx will converge if » > 1 and will diverge if n < 1, oS T
1 x 0251
{c) Letdv = sinxdx = v= —cosx B
1 1 BT
U = 3 = du= —de.

“sin x cosx |? “eos xl
dx = im[— ] - dx
. X B0 x h J #
“eos x
=cosl — —dx
. X

Converges

90. (a) Yes, the integrand is not defined at x = /2, ®

(c) As n— oo, the integral approaches 4{zr/4) = 7. X
/2

@ 1, = f . of—— :
Q .

1+ (tanx)"dx

-2

I, = 3.14159
I, = 3.14159
I = 3.14159

1, = 3.14159

91. ['(n) = f X lemx gy
o

oo b

e *dx = lim [w—x] =1
b0 0 .

(= =] _ . “ b
F(Z)ZLxe dx=blwr_r)[.1°[—e (x+1)]o=1

@rw-

¢}

o &

Ir@) = f x2e™*dy = lim l:—xzef" — 2xe % — Ze‘x] =2
o byo0 0.

b

o b
)y IMn+1) = f Xe *dx = lim [—x"e"’] + lim nJ P ledi =0+ al'(n)  (u=x"dv=e"dx)
o He-yoa 0 by o

{©) T(n) = (n — 1)t



Section 8.8  Improper Integrals 209

92, Forn=1,

T x L[ | 11 Pl
I = ————dx = lim =] (F 4+ )74 2x dx) = | T | =2
' J; @+ 147 e 2L( )y o) J_’f‘i[ 62 + 1)3]0 6
Forn > I,
o .x2n—-l ) ;x2nf2 b n—1 oo x2n—3 n—1
= b e Ty = + = -
L o ( + 1)+ de = Jlim, [2(11 +2)(2 + 1)"“]0 n+ 2J; =* + 1)"-+2d” O+ o= 2(1"“1)
= e 2n—2 = _ -3 - % = —1
(Parts. u=x""2du=(2n- 2 dx, dv GE T Iy dx, v T T 1)"*‘2)
= x ’ 1 1 . ‘.
@ fo G2+ 1)* dx = bh_fﬁ,[ 6(x2 + 1)3]0 6
=8 1 [* Iy 1
®) L @+ TT 4J; (2 + 1)4dx‘ 4(6) 24
z 2 [ 2 2{ 1 1
_(C) _L (2 + 1)¢ ‘§L @i 5(24) T 60
93, f(N =1 94, £(f) = ¢
~ . 1 _ P 1 «° . i I3
Flg)= | edt=lim |—=e™| =—5>0 Fls) = | tedt= Em |-5(—st — 1)
o . h—oo Ay 0 iy 0 b= ¥ o
1
= F’S >0
95. fl = ¢ 96. f(1) = e
(==} b oo (sl
F(s) =f e dr = lim [%{—;%2 - 25t — 2)5»’!] Fs) =j eMe i dt = j efla=s) g
A byoo | § 0 o 0
2 | | L sl
_ b !a—s,
=;§,5‘>0 bl—]{go[ﬂ_se ]0
=0- 1 = L L8 > d
a—s s—a
. 97, flt) = cos at . ) 98. f(#) = sinat
Fis)= J e ¥ cos at dt ‘ F(s) = f e~ sin g dt
0 o
. g=st . B . e ¥ . ) b
= blggo {m(us cos gt + asin at)L = bli)rg: [m(—s sinaf — a cos at)]o
— 5 .5 - _ae ___ 4
70+52+a2 s2+42’s>0 . 0+52+a2 s2+a2’s>0

99. 7(f) = coshat

o it at | p—at o=
Fls} = f e~% coshat dt = J e“’(i—-j-i-e——) dt = %f [e'(‘”.") + e’(*’*“)] ar
o .

o )
I T __]b 1{ 1 { ]
= et I R—— sta) b4 gt | =) — =
b]fanchI:(—sﬂ-a)e (—s—a)° o 0 2 (ws+a)+(—-.sw~a)

—_1[ L, ]= sl
2 |(~s+a) (—s—a 2’7
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100. f(f) = sinh at

(= =] =) e‘" _ e_a.[ 1 p==}
Fs)=| e “sinhatdt= | (~—) di = | [eteta) — grlms—a] gy
o 0 2 2 0

.L ml— t{—s+a) — _1._“ 1(—s—a)]b =0 — }_[ 1 - 1 jl
blglala 2[(— +a)e (s -a)° o 0 2l{(—s+a) (—s—a

- :2-1_[(""S1+ Q) (—SI— a)] G = ¢ > fel

e~ {x—T0R/18 04 102, (a)

101 @ 1) = 5 jg

00 . .
.Ln f(X) dx =10 §0 ' -'/\ a0

(b) P(72 < x < o0) = 02525 -0
(© 05 — P(70 < x < 72) ~ 0.5 — 0.2475 = 0.2525

These are the same answers because by symmetry,

P ST
P(70 £ x < o0) = 05 (b) Area = S (2 = 2

d
an Arc length is also %(2'17(2)) = 2.
0.5 =P(70 < x < ) ‘
— P70 < x< T2) + P72 < x < o0). . Hence, the corresponding integrals are equal.
-Xx
Lety = V4 -,y = ——==
YENETRY =T

—x

Thus, Lzmﬂ f m_

(area) (arc length)
103. F(———l - S )rix= mf(—l m—fm)dx
o \WAZ T x+ 1 bowfo\ /P + 1 x+ 1
= b]i)m[ln|x + xE+ ll = clnlx + 1|ilz
2
i 1

This limit exists for ¢ = 1, and you have

b+ J/p2+1|
lmololn{ B+ 1) ]_mg.

*f ex | P ex 1
104'_]; (x3+2 3x)dx_b13£.ln£(x2+2 3x)dx
— tim e + 2 — Ll P = 5 (ﬂ_*@_c_’f]"_- ®? + 272 clz]
_blgga[zln(x +2) 3111|x|]1 —blegoln[ A |, = dm | In3

* This limit exists if ¢ = 1/3, and you have

. (B> + 2J1/5 1/5]7_ 6 _ —In3
blgl;[ln VG In3'/¢] = ~In3'/% = g
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105. f(x) = {’él‘”" o

2
V= f {x In x)? dx
o

D<x=s2

Lety = Inx, e = x, e* du = dx,

n 2 In2
V= J (et du) = J & ut du

—oo

1
166. V = f(—lnx)zdx
o

1

= lim (In X2 dx
B30+

= 2ar

. W 2u
ba—oo|:7r|:3 9 +

1
lim mc[(lnx)2 —2mInx+ 2]
b~«>‘0+ b

lim #[2 — b(tln 6> — 26In b — 28]
h—0*

L -2

107. u = V%, 12 = x, 2udu = dx
1
S"”‘dx fsm(”)(z du) = J 2 sin(u?) du

0

'Itapczoidal Rule (r = 5): 0.6278

109. (@) 3

-1

110. Assume ¢ < b. The proof is similar if @ > b.

fwf(x) dx + L mf(x) dx

I

i \

@ d
Jim ff(x) dx + lim ff(x) dx

cl,ilzlm f o) e + Jim f bf(x)dx + f ?(x)dx

hm f(xdx+Jf(xdx+ limff

£~ oo

fwf(x) e+ L i) dx

21n2
9

|

7}8 = 2, 0155

108. u=\/l—xl—x=u2,2ud_u=*dx

0 2
CosX cos(lu u)(ﬂzu )

o~ 1- X 2. 1
1
= j 2 cos({l — M du
o
Trapezoidal Rule (n = 5); 1.4997
(b) Lety = e, 0 < x < oo,
Iny = —x?

x=J—Inyfor0<y=1

Thearcaboundedbyy=e"‘z,x=0andy=0is

Lme‘lzdx = J;\/—_]nydy, (= %’)

¥

a b

3

ot

4
ﬁﬁ\hmwx

1

ot

. (4 d
[[rwacs [0r0x] + m [0 0x = sim [S0ac+ pim [0
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Review Exercises for Chapter 8

1. jx,/_xz—mcz%f(xz— D225 d 2 fxe"a*lde% % 1(22) d
l(xzm—l)w =lx2—1+c
2 302 e : 2°
.I'. 2 3/2
3(x 132 4 ¢
x 1 2x
1 - /
3'fxikldx 5 ch_la‘x fﬂ j(l )V —0x) dx
= Lyl _ la=-xn
=Sl - 1]+ C -~ 17 +C
=—-J1—-x+C

5. Letuzln(lx),du=)lcdx. 6. Letu=2x—3,du=2dx,x=%(u+3).

g 2 1
f In(2x) dx = f udu f 2x/2x — 3dx = J (e + 3)u1/21du
1 In2 3/2 0 2
2 +n2 N 1" N
= _ /2 4 1/2
Z]mz _ ZL(M 3%y du

]2 1
= —{ = 52 + 3/2
2[5 u 2u ]0

=%[1 +2In2 + (In 2P — (152)2]

1 ‘ ‘ i
=5+ 2=~ 11931 “2[5+2:|
-6
5
16 _ ix 2+l x
7,Jﬁdx—16arcsm(z)+c 8 a1 _1+(x1+1)2
X+ 2+ x+ 1
T v #T fder f(z‘*l)zdx
xT 2(x2+1)

Je” sin 3x dx = —%e’*" cos 3x + %jez" cos 3x dx
I 2] a2 g )
3e cos3x+3(3e sin 3x SJE sin 3x dx
13 1 2
22 2% g — 1 = g
5 fe sin 3x dx 36 cos3x+9e _sm3x
) S
ehsin3xdx=?§(23in3x—3cos3x)+C

(1) dv = sin3xdx = v=—%cos3x 2) dv = cos 3xdx => V=%sin3x

= e = du = 2¢¥dx =% = du = 2e¥dx
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i0. f(ﬂ—l)édx=(x2~I)e"—ZJ’xexdx““(xlﬁI)e’—.’lxe"+2fe"dx=e’(x2—2x+l)+l
D dv=e'dx = v=¢& 2)dv=¢ds = v=¢&
u=x"—1 =5 du=2xdx E=x = du=dx
1L u=x,du = dx,dv = (x — 5)1/2dx v=z(3c—5)3/2 12. u = arctan 2x du:—z-“dx dv=dxy =x
. ] 3 s 3 ? 1+4x2 s ]
x\/x—deﬁzx(x~5)3/27 ~2—(x*5)3/2dx arctan 2x dx = x arctan 2x — dx
3 3 +412
2 4 ‘ 1
= Ex(x — 5)p/2 — E(x - 5P+ = x arclan 2x — Zln(l + ) + C
2 4
U Y| R
x—3) [3x 15(x S)]+C_
6 4
—(r—sp o B
(x—5) [15x+3]+c
2
:Tg(x~5)3/2{3x+10]+c
13. fxzsinlxdx=—%x2c052x+J’xCOSZxdx‘ J'hlw' dx-——f]n(xz—l)dx
*wlxzcost+~1~xsinZ Y 2x dx ‘"*lﬂx]n|x2~1Ef
- 2 Y R T2 P
w L X 1 ' 21 NETI FP
= —~5atcos2x + Jsin2x + - reos 2 + C | 2-35]:'1})&2 i jdx sz
(1) dv = sin2x dx = —Loos -1 Infxz—1|—x—1]nt——-i+c
xdy = v = —7cos 5 > T
u = x? = du = dx v = d = p=g
1.
(2) dv = cos 2x dx = v—Estx I Lt:]n(xz—l)ﬁdu:zzfldx
W=y =3 du = dx

15. fx arcsin 2x dx = xg arcsin Zx j

\/1741:2
2t (%)
_2arcsm2x SJW
2

1(1 ' ‘
= % arcsin 2x — g(a)[— (2x)/1 — 42 + arcsin 2x] + C (by Formula 43 of Integration Tables)

¥2

16[(fsx2 — Darcsin 2x + 2x/T~ 47 2]+ c

dv =z dx = v=T-

2 .

e
V1= 4t

u = arcsin 2x = du =
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dx

i6. f % arctan(e®) dx = e* arctan(e?) — j T j T

= ¢ arctan{e’) — %]11(1 + &) + C
_dv=e"cix = v=¢

e
I+ &%

u = arctan ¢* = du = dx

17. j cos¥(mx — 1) dx = j {1 — sin?(mrx — 1)] cos(mx — 1) dx
- -:;[sin'('rrx ~ 1)~ % sy 1)] rC
= 5 sin(as — 13 — sin(mx ] 0]+ ¢
= -;;sin(nx — B3 — (1 —cosHmx—1))] +C

= —3-11-—1_ sin(mx — 1)[2 + cos¥{mx — 1)] + C

(2™ 0 = (L - El{,l- } S ST
Is.fsm de fz(l cos mx) dx S|x — —sinmx +C 27]_['.-1'x sin 7wx] + C

19. f sec“(%) dx = J [tanz(g) + 1} secz(g) dx

= J’ tanz(g) sccl(g) dx + J secz(g) dx

S ) Sl 5] -
20. ftan Gsect 8dO = J‘(talll3 9 + tan 8) sec? 846 = itan“e + %tam2 6 +. o

or

ftan@scc46d9= fsecﬂ H(sec Btanﬂ)d9=%scc40 + C,

[ _ 1 1+sin6 | 1+sinf 20 _
ZI.J'I 'Gde_fi—sinﬁ 1+sin9de—f o 0 dB——J‘(sec 0+ sec ftan §) df = tan b + sec 8 + C

22, fcos 26(sin 8 + cos 6)2d6 = f(cosz § — sin? 6)(sin 6 + cos 6)2 46

= f(sin 6 + cos 8)*(cos @ — sin 8} df = %(sin &+ cosf)* + C
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3ar/4
23. A= J sin*x dx. Using the Table of Integrals,

w4
. -
sinfx dy = — X CO8BX 3 sin’x dx
4 4
—sin*xcosx 31 .
I e———— + — — —_

y) 4[2 {x—sinx cos x)] +C

Imf4 P | 34
sintx dx = l: sin’x cos x éJc—ésl'nxcosx]
8 8 /4
(L, 9_17 ) (—_1+E_i)
16 16 16 32 16
37 1
= "—6— , = 10890
25, —-12 dx = _.-24COS 8do

B2t — 2 {4 sin? 6)(2 cos )

= —3j08019d9

=3cotd+ C

_3v4-a +C

x

x=2sind dc=72cos 8dd, 4 —*=2cos 8

27. x=2tan §
dx = 2sec? d¢

4+ 22 =dsec*
x3 Stan’ 0
dx = - 2 sect G40
J\/m— J2SBC se¢

= 8Jtan3 f sec 6 dé
= SJ‘(SCCZ # — 1)tan Osec 6de

3 ,
= S[Se; o — §8C 9] +C

2 3/2
_ 8[& ;44) _ ,/x22+ 4} e

= M[%(ﬂ + 4) - ] +C

=éx2Jx2+4—§Jx2+4+C

= é(x2 + 4P - 8) + C

. /6
24, A= f cos(3xjcos x dx
0

/6 1
= f “[cos 2x + cos 4x] dx
s 2

_ |:si.n2x N sin 4x:|"/6
0

4 8
-(L+2)-0
3/

16

J#dx 3 tan (3secBi‘an0d6‘)

3s
= 3Jtan2 048
= 3[‘(8662 6— 1) de
=3(tanf — 6) + C
=/ -9-3 arcscc(s) +C

x=3secH dr=3secOtan 8d6, V=2 — 9 = 3tan @
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28..dex=%JW(2)dx

11 .
=3 2[9211'(:51‘:1

= %arcsin%ZE +—§W +C

30. Let # = cos 6, du = —sin 6d6.
/2 . 0
sin § _ L _
.J; 1+200329‘d6—£ 1 +2u2( d)
1
o1+ 22

1ff 1
*Efou/z)w?d“’ ‘A
%ﬁam(m)];
/2
2

du

arctan~/2

31. (a) Letx = 2tan §,dx = 2sec’* A d4a.

%+2xm]+c

0 ’ o
29. J A4 —xrdx = %[4 arcsin(%) + x/4 — xz]
-2 -2

%[0 — 4 aresin(—1)]

4]

=T

Note: The integral represents the area of a quarter circle
of radius 2: A = H(#2?) = . |

L I
®) JJ4+x2dx_J‘/4+xlx‘ix

X3 | 8tan* 0 s
j,/4+x2dx —j286062sec 0do :fw
u
= 8]tm3ﬂsec 6de Py
x =J‘(u2* 4) du
3
:sjsm&ds — L
oSy =W 4wt C
= 8](1 — cos? @)cos™* @'sin B4
=@ -1+ c
= SJ‘(COS—49*COS—2 B)sin 9 d8 ;
+
= ——~—""’3"(x2 —8)+C

cos 38 cos”!@
= g — —— | +
e st

= %sec Blsect8—3) + C

A2 o

:%\/H-+_x2(x2—8)+c

2 : j '
e) |————dx = 24+ ¥ — | 2x/4+ P dx
o 7=
=AVETE -2 C
dv=;dx=:> v=.4+ x*
4+ a2 :
u = x> == dy = 2xdx

w=4+ x% 2udu = 2xdx

/ 2
%{Izwg)%Pc
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2. (1) f x4 F xdy = 64 J tan? @ sec® A d6

= 64j(sec“ # — sec? H)sec Otan 6 46

64sec 6(3 B0 — 5) +
+ 5)3/2
=M(3x—8)+c
15
x = 4tan® 6, dx = 8 tan G sec? 648,
4+ x=2sech

{c) Jx\/4 + xdx.= J (137 — A1) dy

3/2
= 2‘1‘5 (Bu — 20) + C

o204+ xpr

5 (3x — 8} + C

=4+ x,du = dx

x— 28 _ A N B
2-—x—6 x—-3 x+2

x—28 = Alx+2) + B(x— 3)
x=—2= —30=B(-5) = B=6
x=3 = —25—A(5 — A=-5

_x—28
Z—x-6 x—3

33.

213*5x2+4x—‘-4 4 3

M. =2x—-3+--

—x x x—1

J“zx"u5x2+4x 4dx=j(2x_3+a_1___
: x x—1

2+ A LB+ C
-DH2+1) x-1 £+1

35,

P+ =AR+FD A+ B+ O x— 1)

Letx = 1: 3=2A=>A=%

2+ 2x 3
Jr”—xz-i-x—ldx 2
3

2

(b) JX\/4 + xdx = 2](144 — &) du

3
= 2115(&42 ~20)+ C

2(4 + x)32
=%(3x

W =4+ x,dr=2udu

-8 +C

(@) fxmdx = %’5(4 + x)32 — % f (4 +xP2dx

M_Z:’E 3/zﬁi 5/2
~3(4+x) 15(4+x) +C

4 x)372
TN
= VA de = v =S+ AP
H=x = du = dx

)dx= =S5hfx - 3| +6Injx+2|+C

)dx:xz~3x+4in§x|—3ln|x—1§+c

Letx=0:0=Auc=>c:% Letx=2: 8 = 5A+2B+C=>B———é
1 1(x-
fx—ldx 21
1 1
Jitqe i

1
dx

»+1

- PRI R 3
—2]n|x 1] 4In|x +1|+2arctanx+C

= i[ﬂnfx— 1] =~ In@2 + 1) + 6arctanx] + C



218  Chapter 8  Integration Techniques, L’ Hépital's Rule, and Improper Inregrals

x—2 A B
"3x—1P x—1 (x—10

4x—2=3Ax— 1)+ 3B

36

Letx = 1: 2=3B:B=%

Letx=2:6=3A+SB:>A=4

3
4y — 2 4af v, 2 1 4 2 2 1
_— = — | e— + - = — — — = — — — —_—
JB(x—l)de 3J’x~1‘b‘ 3f(x—1)2dx sl =il -zp—py * ¢ 3(2m§x t x—1)+c
x2 15 — 2x
37. x2+2x715*1+x2+2x—15
15 —'2x A B

G- +5) x—3 x+53
15 - 2x=Alx+ 5} + Blx — 3)

Letx = 3: =8A=>A:%

Letx = —5; 25 = —8B => B = #2?5

A2 - 90 1 5( 1 9 . . 25
j dx—J.dx+8Jx_3dx dxfx+8].n|x 3 81n|x+5i+C

x+2x — 15 8 Jx+35
sec? @ -1 1 1
38. J'tanﬂ(tane-—l)dagfu(u—l)du_J'umldqu'udu
_ o jtanf— 1 _ _
=Inju — 1| ]n|u|+C71n~—-——-tan6 l+C—-1n|1 cot 6] + C
u = tan 6, du = sect 846
1 A B
u(u—l)_u—’_u—l
1= A(y~ 1)+ Bu
letu=0 1 =—-A= A=—1
Letu=11=8
x [ 2 x —2(4 — 3x)
N dx = o e+ . = /ZF 3% + C (Formula 21
39 f(2+3x)2dx 9|:2+3x ]n|2+3x|]+C 40 jmdx - 2+ 3x {Formula 21)
(Formula D | e NN
41, Letu = 22, du = 2x dx. 42. Letuw = x%, du = 2x dx.
NEe /4 1 g
S S R p—— f—i—;dx=lf — du
o 1 + sin x? 2), 1+sinu ol ter 2jl+te
| 1 /4 1 !
= | tanu - : = 2|y —In(1 + &
2[tanw secu]o . 2[:«: { ):|0
1 1
=~ v2) -0~ 1) = 2001 — (1 + ¢)) + 1n2]

= —% | :%[1+ln(1ie)]



x 1 1
43 sz+4x+gdx-5[mlx2+4”31 ﬁ“fmdx]

2x+ 4
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(Formula 15}

= —;—[lnlx? + dx + 8] - 2[

=%1nfx2+4x+8{ *arctan(l +%) +C

3 3 1
YT [ SN | I S— = 3%
f 20 = 1 2] T =)

2
ta
216 “( 32 —

« |

x)

sin

= %arcsecf3x] +C (Formula 33)
1 1 1
46’f1+tan7rxdx_1_rfl+tanm(w)dx O
11
Wz[ﬂ'x + lnlcos e + sin ml] + C {(Formula 71)
47. dv = dx = v=x

# = (Inx)* = du= nlln x)"*li-dx

J-(]n x)"dx

= x(lnx)" — n f (Inx)"~!dx

49, Jﬂsm écos 9d6=%f€sin26d9

1 1 1
= —4600829+ 4jc0s2849— —46c052
dv =sin28df = vy = —%COSZBI
= du ~= df

u=4a

CSC\I

_ 50. 7

= /2x,

s 3
52. fﬂl +\/)?dx:ju(4u3~4u)du=j(4u4—4u2)duzﬂg——@—+

=N e = fjcsc Zx(\/z_x)dx-
*\/‘ln]csc\/Z_x+cot\/_|+C

du——dx

NG

=1+ Vo x=ut— 02+ 1,dx = (4 - 4u) du

16

i
TE COS TX

)} + C (Formula 14)

1 1
77 | sin.mmx cos mx

= -Iﬁin|tan x| + C
@

48. J’tan"xa!x = ftan”*zx(seczx - Bdx

= jtan"“zxseczxdx - Jtan"""xdx

a8+

o |

n—

x1/4 )
=41

1 .
I tan"~lx — ftan”“

u(e) du

:4( S 2i1)

= 4(%59 —-u+ a:ctanu) +C

4

(mde (u=m)

(Formula 58)

2xdx

ésinZﬂ + C = -é(sinZB- 28 ¢os26) + C

du

= g[r"/“ — 3x!% + 3 arctan(x'/9)] + C

u= Yx.x=ut de = 4o’ du

3

C =

%(1 + APP3x-2) +
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J1+cosx /1 —cosx 3 +4x Ax+B Cx+D
N \.n‘l*i’ = . 4' - +
| 3 f cos x dx 1 V1 —cosxdx 5 (212 2+1 0 (+ 1P
‘ :J sinx : 3 +dx=(Ax+B)x*+ 1)+ Cx+ D
V1~ cosx =A® +B2+{A+Cx+ (B+D)
=f(1—cosx)‘1/2(sinx)dx ' A=3B=0A+C=4= C=1,
: B+D= D=0
TR C 0= -
u=1-—cosx,du = sinxdx A, x X
ey Pt oy
= 32 S .
—zm&'FU 2W+1Y+C
55. fcosxm(smx)dxisinxm(sinx) - fcosxdx= sin x In(sin x) — sinx + C
dv =cosxdx = v=sinx
u = In(sin x) = du = 25X
sin x
56. J(sin9+cos 0)? df = f(sm29+ 2 sin @cos 8 + cos? §) do
=J‘(1 + sin 26) d6 = 9—%cos2ﬂ+ C:%(ZGMCOSZB) +C
5. y= |[—2>—dr=2In ’-‘—_——3—‘ +C  (by Formula 24 of Integration Tables)
Y X2 —-9 27x+ 3 4 niegr s
4 — 12 2 cos 6(2 cos 0)d8 2%+ x
= = - 2 = 2 _
58. y j 7 dx A0 0 | 59, y = jiﬂ(x + x)dx = xInfa® + x| Z T
=j(csc64si.nﬂ)d6 =xm|x2+x|—f2x+1
x+ 1

=[—In|csc @ + cos 8] + cos 6] + C

:_hl|2+\/4*x2|+\/4—x2

. 1
= 2 — —
xInfx? + x| Jde+fx+1dx
+C

x| 2 =xh?+zx -2+ I+ 1] +C

x=2sin6,dx=2cos 8d8, /4 — x* = 2cos 8
dv = dx = vy

=x
2x + 1
u~1n(x2+x):“—->du#x2+x

dx

. o
60. :J’ 1 —cos8do= i——dﬁ?:——J’lJrcost‘i"m——,sinf)d(9=—2 1+cosf+C
y= ) Y ( )7 A(sin ) v ,

# =14 cosf,du = —sin 646

62. Li(x——f)%f—ﬁi)dx = [21n|x - 4] = In|x — 25]:

=2mn3 24+ 2

|

2

<5 . . 5
61. J’ (0@ — AP gy = [g(xz — 4)5/21 =
2

9
—].1'18 == (1.118



Review Exercises for Chapter 8 221 -

lnx ‘1, - ? & I P
63, (1n 2| ==(n4) = 2(In 2)* ~ 0.961 64, | xe®dy = | —(3x — 1}| = (58 + 1) =~ 224,238
x 1 2 b 9 o 9
w T 3 3
. T ‘ x _[z2@ =% /—M*] _4,.4_8
GS.Lxsmxdx——[ xcosx-ﬁ-smx:lo—fn' . 66. o\/lTxdx_[ 3 14—3«70—3+3—~3
: 4 0 ‘ s
67. A=fx\/4—xdx=f(4—u2)u(—2u)du 68, A:j - dx
0 2 o 25 — x
o
1. |x—5]* 1.1 1
= 4 2 =] —— — R i Fr
LZ(u 4\ du | { thlx+5]o 101119 10]119 0.220

[y -1z
5 3k 15

U= \/4—x,x:4-u2;dx= —2udu

69. By symmetry, ¥ =0, A = "21-47. 70. By symmetry, ¥ = 0. y
: A= — ]
_22(1) 1( l_xzzdx:llix_if]l =i a+ do = S 2l
Y= E\z i ¥ 37 -1 3w 5= a) + 4(47w) Y ean . ‘
T+ 4ar 1 3 4 5 '
4 -1
x5 = (0 E) _ 7 i
=—=34 s
S
*7) = (3.4,0)
71. 's=f 1+ cos?xdx =~ 3.82 ) 72.S=J- 1+ sin? 2x dx = 3.82
o o
” .
73. tim [ 2020 ] = 1 [ 20230 x] _ 74, lim S0TE oy TS 7 1
x-1lx—1 -1 -1 _ 508N 2% x—02wcos2mx 2@ 2
ex 28 4e® e X _ 1
75 Jm e = lim = lim S e | 76. lim xe™ = xlglioeﬁ A e =0

7. y= lim (lnx)**
X oo

‘ M _ Il'gn [2/():1111:)] -

Iny = lim i

X oo X

Sincelny =0,y = 1.

78 y= lim (x— 1)

Iny= lim [(nx) oG ~ 1))

1 1
n(x 1| . | x—1 el _Z(x)(h1 sl
=1t _L r—1t (i) —1 x-1t | x — 1 x o1t l
Inx X/ x x x2

lim 2x{lnx) = 0
=1t

SinceIny = 0,y = 1.
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79. hm 1000(1 + £)ﬂ) = 1000 lim (1 + %)

n==roo
Lety == Hm (1 + LOS’_) .
n—3co n
0.09 —0.09/n* .
m(1 »09) 00/
Iny = hm nln(1+w)— lim ————— = lim 1+ (0.09/n) =}im———%=0.09
n n—co i oo 1 n—oo (009)
- - 1 +{—
n # n
Thus,Iny = 0.09 = y = "% and hm 10(}0(1 + ) = 100059 =~ 1094.17.
. 2 Z N x—2-2Inx
80. lir, (]nx x— 1) a XI%[ (nx)(x — 1) }
o 2~ (2/x) ]
= .hm. [(x “(i/x) + Inx
T A
xglll(xfl)-i-x]nx i1+ 1 +Inx
16 1
1 T4 e 32 : 6 . [ ]”
=gy = Sl =22 . = -1} ==
81. | i/;cdx 51§§+[3x ]b 3 82 Oxwldx blLI{l_ 61n|x -~ 1] .
Converges Diverges
o 53 b ] g1z b
83.j PInxdx = lim [—(~1+31nx)] = o0 84. s—dx = lim [e'l/x] =1-0=
1 bowo| @ ) 1 g X a—0 .
. b 00 .
Diverges
1 - . dl| b
85 letu=Inx, du=—dx dv=x2de,v=—x"1 86. —dx4 lim | x4 dx
X : . B0 Jy
Inx —nx 1 ~nx 1 4 2
et = = = —_— 4 = i - 3/4]
X2 dx = x * J’xz a x x ¢ bigralo[?ax 1
“Inx —Inx 17 3 4]
= 1i — — JL——
1 = o blggo[ x x]l blg{:lo[:’lb 3
., {—Wmb 1} Diverges
- blg{.‘o( b b) (=1
=0+1=1
iy lo =]
&7. j SOO,OOOe_O'OS‘dI — [500 000 o.osr] 88. V = f (xe"‘)zdx
o 0.05 ¢ 0 ©
_ 300000 o5, _ 1) . J ey

10,000,000(1 — e~0-05%)
@) 1, = 20: $6,321,205.59
(b) fo— oo $10,000,000

i
il

lim [—5’—7‘(’—(3:2 + 2 + 1)] =
4 o .

b—oo

89, (a) P(13 < x < oo £~ = 1R9P/2A0ISP gy = (,4581
@) ( ) 095«211'[13

1 = 2095
() P(15 € x <00) = ———== | o W 122095 gz ~ 00135

09527 J1is
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1. () J:u — ) dx = [x = 3?;]1_1 - 2(1 - %) =§

1 :
PR 16
— 22y = _ =y Xy BT G
f (1 — ¥ dx Ll(l 252 + M dx [x 3 + 5]71 2(1 3+S) =13

-1
(b) Ietx =sinu, dx = cosudnu, 1 —x2=1— sin®u = cos? u.

1 wf2
f (1 —)dx = f (cos® )" cos u du
-1 —arf2

/2
= cos? Ly du

—f2
_of2. 4.6 (2")] i
= [3 57 2n + 1) (Wallis’s Formula)

_ 2426 . (2p)?

—2[2-3-4-5- - (20)(2n + 1)]

_ 2(2’2n)(n!)2 _ 22n+1(n!)2
@r+1) (2a+ 1

1 1
2. (a) flnxdx= lim ‘[xln-x}
0 B0 &
=(=1)~ lim (blnk — b) = —1
5—0+

. = fig B2y B
Note: lim blnb = lim 757 = lim — 5 =

0

1 ‘ 1
J {In x)%dx = lim [Jc(ln)c)2 — 2xlnx + Zx}
0 , b0 | b
=2~ lim (b(inb) — 2Inb + 25) = 2
" (b} Note first that Jim, b(ln b)" = 0 (Mathematical induction).’
Also, f(ln xrtidy = x{lnx)" — (n + l)f(ln x)" dx.
1
Assumef (Inx)*dx = (—1)"a!,
o
. i, 1 I
Thcn,f (Inxp+ide = lim [x(]nx)”“] —(n+ l)f (ln x)" dx
o b—=0F .7 o

=0—=(n+ D(=1)n = (— 1)+ n + 1)
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) X
3 h,m(x+c):
x—oo \X ™ C} -
1i1nxh1(x+c)=1n9
_x—)oo x—c
]jmln(x+c)—1n(x—c)=]n9
X—oo l/x
11
h_mx-l-c x—c_Ing
Paresy 1
T
. —2c _
x]ﬂ{}o(erc)(x—c)( #) =9
: 2ex® \
xlibrgz(xz—cl)_lng
2c=1In9
2c=2In3
c=1n3

o= B~ pp cosd =
5. smf)-OP PB,cos 8 = 0B

AQ=AP = ¢
BR=0OR+ OB =0OR + cos 8
The triangles AAQR and ABPR are similar:

ﬁ_gg:s OR+1_OR+cost
AQ BP 0 sin 8

sin (OR) + sin 8 = (OR)é + fcos 6

_Bcos B —sinéd

OR="no-o
lim OR = lim Gco.sﬂ—smﬁ
80+ o—0+t sind — &

—@sin @ + cos 8 — cos
60+ cosf— 1

—@sin @
60" cos 8 ~ 1

_ —sin @ — fcos @

850" —gin 0
. cosf +cosfd— fsind
= lim

$0% cos 8

=72

. fx—ey 1
4. xlglc}c(x+c)_4
. x—c!_ ‘lm
xli)ri.}oxln(x+c)—h14
i RO~ ety
e l/x
Lt
im XS XT€_ 44
A—=oo _L
x2
2e :
S
Pyl (x—c)(x+c)( ) In
o 2ex®
xlggoxz-czfm‘i
2¢=1In4
2x=2In2
c=1n2
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6. sin @ = BD, cos 6 =~ OD

Area ADAB = %(DA)(BD) = %(1 — cos B)sin §

2
R ADAB  _ 1/2(1 — cos 6)sin 8
Shaded area 1/2(6 — sin 6)
_ ; _ in2
lm R = lim (1 cosle)sm o ' {1 — cos O)cos 0 + sin* 0
850+ 050" § — sin @ 850+ 1 —cosf

g 1 g 1 .
Shaded area = 7~ 2(1)(BD) =7~ sin g

{1 — cos #)(—sin 8) + cos ¢ sin § + 2 sin 6 cos 6

60" sin 6
— lim —31n9—.4cos fsind _ 1jm4cost53— 1 ~1
6-30* sin @ 850 1

Area =~ 00,2986

1]

(by Letx =3 tan B, dx = 3 sec? 046, x2 + 9 = 9 sec? 6.

X 9 tan? ¢
[T [ o
tan® @
B fsec (2] a8
sin? @
a J'cos g%

— g2
_ J'l cos Gde
cos 0

= Injsec & +'tan 4] — sin§ + C
tan~1{4/3)

Q

) o]

4 .
Area = J (xszdx = [ln|sec 6 + tan 6] — sin 9]
(0]

3 3/ AR+ 9
A5 A4 L 4
wf3+3)-f s

{¢) x=3sinhu, dr = 3coshudu, x>+ 9 = 9sinh?w + 9 = 9 cosh? u

ainh—1473) & s inh- 10472}
— 9 sinh? _ .
w= L (9 cosh? u)?/2 (3 coshu du) = L tanby u du

sinh—1{4/3} : sinh—(4/3)
=f Q —sechzu)du=[u—tanhu]
)

. 4 2
A= L o2+ 9pf

o -

I

4 4 4 16 4
= ainh—4 *) — inh~-H =) =1l 2 — =
sinh ( 3) tanh(smh (3)) ]11(3 + 5 + 1) tanh[ln(3 +

33 3 3

a3 /3 4
i sTas =3

= m(ﬂ + i) - tanh(ln(f‘i + 5)) = In3 — tanh(ln 3)

5]



226 Chapter 8  Integration Technigues, L' Hopital’s Rule, and Improper Integrals

x i—u o 1—w 3+
8.u—ntanE,cosxm1+u2,2+cosx—2+1+u2=————1+u2
i 2du
dx_1+u2 ‘
/2 1 2
1 1+u 2
_[, 2+cosxdxm‘[)(3+u2)(l+u2)du
' 1
2
—Lmd"
_ 2,1_man(_£)l
J3 3/,
_Lam(L)
V3 V3
2 7 w/3
= =T _ Y2 06046
Y36 9
L 2%
9.y = In(l — 2,y =1"
4x? [— 222 4+ x* + 42 (1+x2)2
2 — = =
S e (g 2 -2

1/2
Arc length = f 1+ )R dx
o

1/2
L+
J; (1—J\v2)‘bt
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= —%+ln3“—h12+ln2

= 1113—%*0.5986
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10, Letu = cx, du = c dx.

b ch b
- ' _2du 1 2
J’e“xdxﬁje"*z-fe“du

0 o < o

As b— oo, cb- oo, Hence,f e gy = lf e dx,
A :

o c
% = 0 by symmetry.

()
o[

ZJ’ e % gy
0

= ficzxzdx
Jo ‘

2 J- e g
)

o M,
y=—
: m

. 1
11. Consider fln : dx.

letu =Inx du = lcb:,;vc = g~ Then‘J;de = jie"du = J‘e—udu.
X Inx u u

1 3
If j e dx were elementary, then j—i— dun would be too, which is false,

1 .
Hence, f nx dx is noF elementary,

2. (@) Lety = f'(x), f(y) = x, dx = () dy.
Jf“l(x) = |y dy

— y£6) - ff(y) dy

- 271w - 10y
(b) f~Ux} = arcsinx = y, f(x) = sin x
farcsi'nxdx = x arcsin x — fsinydy

= xarcsinx + cosy + C

= yarcsinx + V1 —x2+ C

—CONTINUED—

[szmy}g) PR
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12, —CONTINUED—
() flx} = & fx) =lnx=y x=le=y=0zx=e=y=1

] e 1
J’lnxdx = [x]nx] - j e dy
1 1 0
1
=g — I:g)’]
o

=e—f{e—1=1

B.x+1=0+ax+ b +ex+4d)
=x*+(a+ e +{ac+b+dx*+ (ad + bo)x + bd
ﬁ=—c,b=d=1,a=ﬁ
B+ l=(2+ S2x+ )R- VZx+ 1)

J" Lo, ' Ax+B ' e+ D
x4+ 1 b+ S 1 a2~ /2x + 1
1 é—-%%x 1”'%'{"/75)6
= - dx
_Lx?+ﬁx+1dx J;xz-i-ﬂx+l
_2 _ V2 _ !
_Tmcmn(ﬁx+1)+arctan(\/§x 1) +3 (@ + vIx + 1) — In{x V/—?:x+1)0

i[arctan(ﬁ + 1) + arctan(/Z — 1)] + %[ln(z +V2) -z - V2] - if. _’E_ %] _ %2[01

= (0.5554 + 0.3116
= (),8670

14. (a} Letxﬁg_u,dx=du.

I= r/z L (ﬁ—u) (—du)

+ gin J’ T
o COSX T SINX cos——u +sm(§—u)

_ cosu
sin i + coS

I

Hence,

w2
sinx €OS X
A = ————dx + ——————x
' J; cosx + sinx j sinx -+ cosx
m
4’

/2
=J;. 1dx=*2":.-1g

w1=[ 5 (~d)

/2 o T I’IE_)
003(2 u)+sm(2 3

/2 -
cos™ u
= - du
o S u -+ costu

/2

ar T
'I‘hus,flle0 1dx—2 I.—4‘
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15. Using a graphing utility,
{2) lim (cotx + l) = 00
. x—0* X

(by lim (cotx - l) =0

x—=07t x

N 1 N2
{c) x]_l)l’éh (cotx + x)(cot:c - ;) 3

Analytically,
(a) lim (cotx+l)=00+oo=
x—07* X

&) lim (cotx B 1) = fim YoOLX =y FCOSX ~ sinx
x—=0% x

10+ x 0% xsinx

., COSx— x8inx — cosx
= lim - = [im
X0+ Sinx + Xcosx

_ —sinx — xcosx

im —
=0+ CO8x + cosx — xsinx

' 1 A RS &
{c) (cotx+x)(cotx x)fcot x5

_ Xleotfx — |
x>
x2cot?x — 1 . 2xcot?x — 2x%cotxcscty
———— = lim
x—0+ x2 x—0* 2x
. cot?x — xcot xesc? x
= lim
x—0t 1

cos?xsinx — xcosx

= lim e
50+ sin? x
. (1 — sin®x)sinx — xcosx
= lim 3
=0t sind x
, sinx — xcosx
X0+ sin® x
. Sinx — xcosx COSX — COSXx + xsinx
Now, lim — = —
x—0* sin’ x x—0% 3sin®x cos x

X

lim ———————
x>0+ 38inx - cosx

It

. ( x ) i1

o \sinx/3cosx 3
. 1 1

Thus, lim {cotx + ={cotx — =] =
x—=0" X X

The form O - oo is indeterminant,

=0t sinx + xcosx
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P P P
() N W WO "
D) x—¢ x—o x—c,

17.

N =Plx—e)x—e)..x—¢) +Plx—e)lx =g x—e) + -+ Px~e)lx — e . (x—¢,y)
Letx = ¢;; Nic,) = P,(c, — c)le, — ¢3)...(e; — ¢,)
Nley)
e — o) o= o)
Letx = ¢ N(c,) = Pyle, — e)le; — o). ey — ;)
N(c,)

(e3 — e)ecy — c3). . Loy — ¢,)

P =

P, =

Letx = ¢, Nic,} = P,lc, — ci)lc, — ). ule, — ¢,-1)

Nic,
B 3 (e o
IFD(x) = {(x — ¢ )(x — ¢ llx — ). . .{x — ¢,), then by the Product Rule
D@ =(x-c)x—c).x—cl+rx—c)x—e).la—c)+ - +{x—c)a—cx—cg)..lx— ¢}
and
De) = (e, — &)ley — ). ley ~ ¢,)
Dy = (ez — eley — &) - ey — 65}

D) = (e, — e)le, — e3). . e, — e, q)
Thus, P, = Nle,}/D(c,) fork=1,2,.. ., n
A -32+1 PP Py Py

2 . T + + ‘ = = - _ -3
x4 — 1322 + 12x x x—1 x+ 4 )C'“‘3z>cl 0,6’2 1’C3 4,64

N = — 32+ 1
Dx) = 43 — 26x + 12

P NO) 1

7 Doy 12
pooNO _ -1 _ 1

* p1y -10 10

p. = N(—4} —111 11
2T pq—4) 140 140
P - NE) 1

T pB) &2

—_ z
RX=37+1 1/12+ 1/10 + 111/140+ 1/42

T S T+ 1w x  x- 1 xt4 x-3
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18. s(H) = ‘ﬂ:*321 + 12,000 In 50,000 ]d

50,000 — 400¢

1

—16£2 + 12,000 f [1n 50,000 — 1n(50,000 — 400¢)] dt

1642 + 12,000¢ In 50,000 — 12,000[ £ In{50,000 — 4004 — J-—:iqqt— dt] '

50,000 — 400z
50,000 50,000
= — 2 T - ’
1622 + 12,000¢ In g ™= + 12,000:[[1 50,000 — 400J dt
50,000

I

1642 + 12,000t In + 12,0001 + 1,500,000 In{50,000 — 4007) + C

50,000 — 400«

5(0) = 1,500,000 1In 50,000 + C = 0
C = —1,500,000 In 50,000
‘ 50,000 50,000 — 400r
= — 2 MUYy VMY 2O e
s(1) 16¢2 + 12,000:[1 + mso,ooo — 40():} + 1,500,000 1n 50,000

When ¢ = 100, s{100) =~ 557,168:626 feet.

19. By parts,

[0 ax = [ros ] - [[7096/6) ot = 5600 - ')
- - [Fes s
~[r@s] = [trt atu= o= ¢ a1
- [ressw a

20. Let u ={x—alx — b), du=[(x — a) + {x — b)] dx, dv = () dx, v = £{x).

[e-ate o= ap- or6] - [Te-a + - 01w s

u=2x—a—b)

[—(Zx —a—b) f(x)]: 4 J "2 ) dx

=2J:’f(x)dx

Tt | 1 1 T 1,1, 2
21 J;[x5+x1°+x15]dx<J; xs_ld’c<£[x5+xw+xls]dx
N O A : [ L1 1]b
blglgo[ 4yt Ox® 14x1“]z < _L ¥-1 dx < b]inc}o 4xt 0xF Txl4,

1
0.015846 <£ pe

g= =]

dx < 0015851
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