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CHAPTER 2
Differentiation

Section 2.1  The Derivative and the Tangent Line Problem

1. (&) At{x,y,), slope = 0.
At {x,, y,), slope =~ %

(b} At (x;, ¥}, slope ~ -—%.
At (xy, ¥,), slbpc ~ Q.

@ ® T e-
YETTT

G~ +f=x+1

©y=LES0e gy

, ,
=2 )+
3(x n+2

=lx—1}+2

=x+1
fx) = 3 — 2xis aline, Slope = —2

7. Slope at (1, —3) M

At (xy, ¥,), slope = —%.

2. (a) At (x,y,), slope =~ %

2

() At (x,, y,), slope = ‘g‘.
At (Iz, y2)1 Slopﬁ = %‘

WOET ORI

8. Slope at {2,1) = lim

x—»O Ax
T
=h,m(1+Ax) 4 —(-3)
Ax—0 Ax
2
= lim 1+ 2(Ax) + (Ax)?® — 1
Ax-30 Ax

= AIJILI_T)IO [2+ (Ax}] =2

9. Slope.at (0, 0) = Jim L0+ A2 = f(0)

Ar50 At
_ 2 _
— lim 3An — (AP -0
Ar30 Ar

= lim (3~ A) =3

10. Slope at (—2, 7) = Him

4—1 3
f4) —f3) 5-475
ATy s T =025
f@ -~ 1) | f4 = fB3)
Thus, =5 4-3

(b} The slope of the tangent line at (1, 2) equals £(1).
This slope is steeper than the slope of the line through

(1, 2) and {4, 5). Thus,

LOES U

6. g(x) =3x+ 1is aline. Slope = 2

22 + A — g2)

Ax—0 Ax
- 2 _
- lim 5~ (2 + Ax) 1
Ax—0 Ax :
4 _ 2 _
- lim 5— 4 — 4(Ax) — (Ax) 1
Ax—-30 Ax

= dm, (74~ Ax) = -

A(—2 + A — h(—72)

A0 Ar
_ 2 _
_ Iim( 2+ A0 +3 -7
Ar—=0 “At
_ 2
- lim 4 — 4{A) + (A
At -0 Af
= Al}i{)n (—4+ A= —4

93



96  Chapter 2  Differentiation

. flx)=3 12, g = -5 13, f() = —5x
o o g FEE A — () iy — g 86t A% — 2() 0 = G JETAD )
r'e = it Ax 8’ = A, Ax & A, Ax
_ 3-3 _ . =5 -(=5) =50+ Ax) — (—5%)
T oS Ax . e = Jlim Ax
= lim 0=0 .0 — Fim 8 — —
) Ax-20 = Axm0 Ax =0 Aiiﬁo 3 3
: 2
14, fix) =3x+2 15. h(s) =3 + 35
5y 1 f(x'l-Ax)_f(x) his + A _.h
f(x) = AI:—D—A]D Ax h’(s) = }E_?OLQ—(S)
— i 3G Ax) +A2] - [3x + 2] L. s+ A - (3+ %)
Ax—0 x As—0 As
_ o 3Ax A 2 ,
—Alzlcj—lalo Ax ::EJEUBE—;E
= lim 3=73
Ax—0 ]
1
16. f(x) =9 — 2*
() o pie JEF A - f)
Fl) = Algo Ax :
= lim (9 — (1/2)(x + Ax)] — [9 — (1/2)]
Ax—0 - Ax ‘ .
- (_1) -1
- A;I—r»lo 2/ 2
17. fixy =2x2+x—1
0y o i St Ax} — )
Flay = 19.1;130 Ax
DR AP+ A — 1[4+ x 1]
= lim
Ax—0 Ax .
o (2x2 + 4xAx+20Ax2 +x +Ax— D - 222 +x — 1)
T Ar-0 ' - Ax
2
o i A AP LAY e b 2 Ax 1) = 4x
Ax—0 Ax Ax—0
18, flx)=1-—x2
gy e St Ax) — f)
@ = AIJIED - Ax
= lim {1 —(x+ Ax? —{1 — %
Ax—0 Ax
- m 1 —x2-2xAx — (Ax)2 — 1 + x2
Ax—0 Ax

- — (A2
lim 2x Ax — (Ax)

Ax—0 Ax = Algo (=2x = Ax) = —2x
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19, flx) =2 — 12x
fl+ Ax) ~ f(x) -

£ = Al}:[—I}o Ax

o [+ A - 12(x+ Ax)] — [ — 12x]

= lim
Ax—0 Ax _ :

~ fim x4+ 3% Ax 4 3x(Ax)? + (Ax)? — 12x — 12 Ax — x® + 12x
Ax—0 ’ Ax

o 3xPAx + 3x(Ax)P + (Ax)P — 12 Ax

= lim
Ax50 Ax

= Jim (3x% + 3xAx + (Ax)2 — 12) = 3x% — 12
Ax—0

20 flx) = x3 + x?
flx + Ax) — flx)

F) = :.\.l:lcglo Ax
. [+ AxP + (x + AxP] — [#3 + 4]
= lim
Ax 0 Ax
- lim 2+ 302 Ax + 3x(Ax)? + (AxP + 22 + 2xAx + {Ax)2 — 2 — 22
C Ax-0 ‘ Ax
. 3x2Ax + 3x(Ax)? + (Ax)® + 2x Ax + (Ax)?
= lim
Ax—0 Ax

= Jim (3x? + 3x Ax + (Ax)? + 2x + (Ax)) = 322 + 2x

2 10 = | 2. £ =
- | ,  fle+ AD — f()
R 6 = Jim S
1 1 1 1
L x+Ax—1 x-—-1 N 'xlim(—x—-’;éﬁwhﬁ
= lim : Ax—0 Ax
Ax—0 Ax

‘ _ o X (x o+ Ax?
im -1 —-—&x+Ax~1) T axs0 Ax(x + Ax)?x?
Ax50 Ax(x + Ax — Dx — 1)

- ¥m —2x Ax — (Ax)?
— lim —Ax a0 Ax(x + Ax)Px?
ars0 Ax(x + Ax — 1){x — 1) - lim —2x — Ax
iy -1 Ax—:f) (x + Ax)2x2
TS+ A =D =1 =2
1 o
= _(x - 12 _ 2
. : R

23 f) = JxT T
S+ Ax) —Fx)

f(x)=A];j£o‘ Ax ‘
- lim Jx+Ax+1—Jx+1_(Jx+Ax+1+Jx+1)
T AR Ax ' x+Ax+1+Ux+1

, x+Ax+ 1D - &+1)
= lim
a0 Ax[VXF R T L+ Va+ 1]
 lm 1 L 1 1
A=0 Sy + Ax 4+ 1+ Sx+ 1 SrxFl+Sx 1 2 x+ 1
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oot
24, flx} = W7
o = i I
4 .4
- lim Jr ¥ Ax  Jx
Ax—0 Ax

It

1i - .
A0 Axvx/x + Ax
dx — 4x + Ax)

NNy (ﬁ+m
Jx A+ x A+ Ax

= lim
Ax—0 Axﬁ‘/x + Ax(-\/; + Jx + Ax)
—4

- Alil—l’lo Vadx+ Ax(JJ_c + Jx + Ax)
- 4 -2 |
QRN RN RN

26. (a) flx})=x2+2x+1

oy SO A - £
Ax—0 Ax

)

_ h.m[(x+Ax)2+2(x+Ax)+1]—.[x2+2x+1]

Ax—0 Ax
. 2xAx + {(Ax)2 + 2 Ax
lim

Ax—-30 Ax

= lim (2x + Ax +2) =2x+ 2
Ax—0

At (=3, 4), the slope of the tangent line is m = 2(—3) +

The equation of the tangent line is
y— 4= —4x +3) '

y2~4x—8.

27. (a) flx) =x°
flx + Ax) — f(a)

flae) = ,:.lf-]}o Ax

3. 43
o BT AD -

50 Ax
C 3x2Ax + 3x(Ax)? + (AxP
= lim ‘
Ax—0 Ax

= lim (3x* + 3xAx + (Ax)?) = 3x
Ax-—0

At (2, 8), the slope of the tangent is m = 3(2)2 = 12.

The equation of the tangent line is
y—8=12(x — 2

y = 12x — 16,

25 (@ fly=x2+1

o= Aligo Ax ;
2 — 2
- lim [(x + Ax)? + 1] - [x% + 1]
Ax=0 Ax
- lim 2x Ax + (Ax)?
Ar—0 Ax.

= lim (2r + Ax) = 2x
Ax—-0

At (2, 5), the slope of the tangent line is m = 2(2} = 4,

The equation of the tangent line is

y—5=4x—2)
y—3=4x-8
y=4x—3.
(b) 8
\ 2.5
-5 53
_zjlI
(b) 5
(-3, 4 /
8 T A 3
-1
(b) 10

VAL,
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28. (2) f(x) =2 + 1 ' - ®) )
o e ST AR~ FG) e
S = Alxlglao Ax ' - - 8
g LB AP 1] P+ ) //
Ax—0 Ax —4
. 24 3xHAx) + 3x(Ax)2 + (AP +1 -3~ 1
- AJ]chO Ax

= Alim0 [3x? + 3x(Ax) + (Ax)?] = 3x2

At (1, 2), the slope of the tangent line is m = 3(1)? = 3.
The equation of the tangent line is
y—2=3(x—-1)
y=3x -1

29, (@) f(x) = Jx (b) 3
gy - p Jx+ Ax) — fix) ,
A f}/ 5

_ hm \/x+Ax—\/;c'\/x+Ax+\/J_c
Ax—0 Ax Jx + Ax + Jx

- lim {x+ Ax) — x’
Ax—0 Ax(\/x + Ax + \/;C)

. 1 1
= lim - -
A0 Jx + Ax + x2S
At (1, 1), the slope of the tangent line is

wo L1
212

The equation of the tangent line is

1
y=l=5&-1

1 1
y = Ex + 5
30. (@ flix)=Vx—1 {t) 3 '
(5,2)
f’(JC) — Al‘igof(x + Aij: = f(x) . f-/’j )

~4

o MxtAx—1—Vx— 1 (\/’x+Ax—1+\/3c—1
= lim - .
Vit Axr—1+x—1

Axs0 Ax
. (x+Ax—1)—(x—1)
= lim

a0 Ax(Vx F Ax— 1 + Jx— 1)

. 1 1

= lim =

A0 xFAx— 1+ Sx—-1 2/x—1
At (3, 2), the slope of the tangent line is

1 1
"o /5-1 4

The equation of the tangent ling is

1
y-2=kx-9)

y:ZerZ
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4
3L (a) fix) =x + <

i TE A) — fl2)

@)= Ax0 Ax
4 4
. (x+Ax)Ti-x+Ax (x+x)
AEE}D Ax

lim xlx + Ax)(x + Ax) + dx — 2%x + Ax) — 4(x + Ax)

(b) 10

*Ax)(x + Ax)
— lim €+ 2x2Ax) + 2(Ax)? — x® — xHAx) — 4(Ax)

Ax—0

Ax—0 2(Ax)(x + Ax)
o xHAx) + x(Ax)? - 4(Ax)
B ;.\.l}c]—-ralo xAx(x + Ax)
22+ x(Ax)—4
x(x + Ax)
_ -4 4

m
Ax—0

2

x* x
At (4, 5), the slope of the tangent line is
4 3

m=1—--—=-

16 4

The equation of the tangent line is
yﬂ5=%&—®

3
=Zx+2.
y4x2

1
x+1

flx+ Ax) — fix)
Ax
1
x+Ax+1 =x—+1
Ax _
~ lim G+ —(x+Ax+1)
ax—0 Ax(x + Ax + D{x + 1)
- fim - :
C a0 (x+ Ax+ Dlx+1)

32 (@ f) =

flx) = lim,

= lim
Ax—=0

I S
T +1p

At (0, 1), the slope of the tangent line is

—1

PRI

The equation of the tangent line isy = ~x + 1.
® L

N
e

-3

33. From Exercise 27 we know that f(x) = 312 Since the

slope of the given line is 3, we have

Xt =
x =+l
Therefore, at the points (1, 1) and (— 1, —1) the tangent
lines are parallel to 3x — y + 1 = 0. These lines have
equations

y—1=30(~1) y+1=3x+1)

and

y=3x—2 y=73x+2
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34. Using the limit definition of derivative, f{x) = 32 Since the slope of the given line is 3, we have

3x2 =3

P=1l=x==1

- Therefore, at the points (1, 3} and (- 1, 1) the tangent tnes are paraliel to 3x — y — 4 = (. These lines have equations

y-3=3x-1) and y—-1=3(x+1)

y = 3x y=3x+4.

35. Using the limit definition of derivative,

oy —1
f(X)_Zxﬁ-

Since the slope of the given line is m%, we have

1 1
2xVx T 2

x=1.

Therefore, at the point (1, 1) the tangent line is parallel to
x + 2y — 6 = 0. The equation of this line is

i
y-l=-3G-1

1 1
y—1= 2Jc+2

1
y= 2x+5.

3 ) =x = fx) =1 Matches (b).

39, flx) = ﬁ =3 f(x) Matches (a).

(decreasing slope as x -— oc)

41. g(5) = 2 because the tangent line passes through (5, 2).

1 __2__0”‘_‘&*;1
g =557 3

43. The slope of the graph of f
sl = flx)=1,

44. The slope of the graph of f
50 = flx)=0.

36. Using the limit definition of derivative,
Py = e
2(x — 1)¥?
Since the slope of the given line is —1, we have

-1 1
e —1p2 2

1=(x—1p2
l=x—-1= x=2.
At the point (2, 1), the tangent line is parallel to
x + 2y + 7 = (. The equation of the tangent line is

S PR
y— 1= 2(x 2)

y=—%x+2.

38. flx) = x* = f{x) =2x Matches (d).

40. f’does notexistatx = 0. Matches (c).

42. B{—1)} = 4 because the tangent lne passes through (—1, 4).

2 —_— ___6_-7, _4,. —2—
"("1)_3—(—1)—4_

45. The slope of the graph of f is
negative for x < 4, positive
forx >4, andQatx = 4.

-3 -2 -1 1 2 3 . -1+

2t
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46. The slope of the graph of f is ~1

47. Answers will vary.

48. Answers will vary.'

for x < 4,1 for x > 4, and Sample answer: y = —x’ Sample answer: y = x
‘undefined at x = 4, ' y
y
¥ 41 4
34 ERS
4L
2 2+
¥ F2 1{- 1
1+ O b2 T — e
—4—3-1—11 1 2 3 4 -4 -3 =2 1 2 3 4
e % -1 T
1 2 3 4 5 6 ' a2 2t
B ]
s al
—at -4t

49, fx)=5—-3randc=1 . 50. fx) =x*andc = -2

53.

+

5L f(x) = —x*andc = 6 52. f(x) = 2/xandc = 9

F0) =2 and f{x) = -3, 54, f0) = 4, Flo) = 0; f(x) < 0 for 55, f0) = 0; £(0) = G; flx) » Oif
—0o0 € X € 00 x<0,f(x) >0forx>0 x#0
Cf = —-3x42 ) = a2+ 4 flg =+
_z , 21
- o

56. (a) If f{c) = 3 and f is odd, thenf’{—c) = flc) = 3.

57. Let (x,, ¥,) be a point of tangency on the graph of f. By

the limit definition for the derivative, f(x) = 4 — 2x.
" The slope of the line through (2, 5) and (x,, ) equals
the derivative of fat x;;

5_—2@:4_
2—x ’

5y, = (2 — x4 2xy)
5 — (4xy — x2) = 8 — 8x, + 2xg>
O=x2—4x, +3

0=1(x - Dxo—3) = x =13

2x,

Therefore, the points of tangency are (1, 3) and (3, 3), and
the corresponding slopes are 2 and —2. The equations of
the tangent lines are: i

y—5=2(x—12)
y=2x+1

y— 5= —2x—2)
y=-2x+9

(b) If {c) = 3 and f is even, then f{—¢c) = —f'(c) = =3

Let {x,, ¥,) be a point of tangency on the graph of /. By
the limit definition for the derivative, f(x) = 2x. The
slope of the line through (1, —3) and (xy, ) equals the
derivative of fat x,: :

58.

=3 =y = (1 = xo)2x,
~3 = x? = 2%, — 2%
Xt —2x,—3=0
(g = Nxp+ 1) =0 = x,=3,-1

Therefore, the points of tangency are (3, 9) and (— 1, 1),
and the corresponding slopes are 6 and — 2. The equations
~ of the tangent lines are:

yt+3=-2x—-1)
—2x — 1

y+3=6(x—-1)
y=6x-9

y=

¥
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59, (a) g{0) = 3
().g3) =0
{c) Because g’(1)

——%, g is decreasing (falling) at x = 1.

(d) Because g’(—4) = 3, g is increasing (tising) atx = — 4.

(e) Because g'(4) and g'(6) are both positive, g(6) is greater than g(4), and g(6) — g(4) > 0.

(f) No, it is not possible. All you can say is that g is decreasing (falling) at x = 2.

60. (a) f(x) = a®

flx + Ax) — fx)
0 Ax

Flx) = AliI_I)l
2 . 2
- fim E AR -2
Ax—0 Ax
%+ 2x(Ax) + (Ax)2 — x2
Ax

. Ax(2x + Ax)
im -
Ax

= lim (2x + Ax) = 2x
Ax—0

= lim
Ax—0

=1

Ax—0

Atx = —1,f{—1) = —2 and the tangent line is
y—1==2(x+1)

Atx = 0,71(0) = O and the tangent line is y = 0.

Atx = 1,1} = 2 and the tangent line is y = 2x = 1.

NV
A

For this function, the slopes of the tangent lines are
always distinct for different values of x.

or y=-—-2x—1

-3

1
= 3x3

61. f(x)

By the limit definition of the derivative we have f"(x) = 3x2.

The Derivative and the Tangent Line Problem

. x4+ Ax) - gix
3 _ .3
= lim (x+ Ax)? — x
Ax0 Ax _
2 4+ 3x2(Ax) + 3x(Ax)? + (Ax)P — 2P
= Him
Ax—0 Ax

= Iim Ax(3x% + 3x(Ax) + (Ax)D
Ax

Ax—0

A1111:10 (3x2 + 3x{Ax) + (Ax)) = 3x?

Atx = —1, g'(—1) = 3 and the tangent line is
y+1=3x+1) y = 3x+ 2.
Atx = 0, g“(0) = 0 and the tangent line is y = 0.

or

Atx = 1, g/(1) = 3.and the tangent line is
y—1=3(x~-1) or y=3x—2

2

1/
/

g

For this function, the slopes of the tangent lines are
sometimes the same.

/

-2

x | —-2| =15 -1{-05]0|lo5|1|15]2
fey -2 “H 5| %ol m|i| B |2 N
Sl 3| B35 |ol s li|E |3

62. f(x) = 3x2 - s

By the limit definition of the derivative we have f/{x) = x. \ /

x |-2|-15 |-1 }-05 05 |1 |15 |2 -2 2
0 2] 1125 05| 01250 o0125) 05 1125 | 2 -t
W -2t-15 |[-1 | -05 05 |1 |15 |2
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Flx + 0.01) — £)

63. glx) = 0.01
= [2(x + 0.01} — (x + 0.01)% — 2x + x*]100
=2-2x-—0.01
a3
N . .
g The graph of g(x) is approximately
f the graph of £/(x} = 2 — 2x.
-2 . \] \ 4

65. f(2) =204 — 2) = 4, f(2.1) = 2.1(4 — 2.1} = 3.99

oy 399 — 4
=372

= —0.1 [Exact: f(2) = 0]

67. f(¥) = % and ) = 25

8

f ‘ As x—> o0, f is nearly horizontal
2 5

F-" and thus f = 0.

-5

69. f(x) = 4 — (x — 3P
@ + Ax) - £(2)

64. g(x) - f(x + %(())11) —f(x)

= {3/ + 001 — 3/x)100

8

The graph of g(x) is approximately
3
g ) =
, thegraphoff (x) N

-3

-1

66, f(2) = %(23) =2, f(2.1) = 2.31525

231525 — 2

F2) = 15 3.1525 [Exact: f{2) = 3]

x? S 3,
68.f(x)=—a~w3xandf(x)=2x -3

[}

Iy

. Y

T

-8

_f _
S (x) = Ay x—2+72 |
_4-(2+Ax—32-3, ,_1-(Ax—12 . _
= Ax —(x 2)+3__Ax x—2)+3=(~Ax+2)x—2)+3
@ Ax= LS, =@x—-2)+3=x+1 5
: ‘ Sa.1
P ) VI _3
Ax = 0.5 SAx—(z)(x 2 +3=>x ] ,
. -2 }J 7
—ot s =[P — 1 4 i )
Ax=0.1: SA‘_(IO)(X 2)+3—10x 3 =
(1) As Ax—0, the line approaches the tangent line to fat (2, 3).
70. f() = x + +
X
1 5
(2 + Ax) + - =
_ S A = fQ), _ 2+Ax 2, 5
Sac (9 = L EIZIB gy 4 1) = G-2+3
2 AP +2-52+A9, 5 _(Ax+3) S
- 232 + Ax) Ax w 2)“L2_2(2+AJ\<)(J‘ D+3
5 5 5 5
(a) Ax= 1 SM=g(x~2)+§=gx+g L/
Ax=10.5 S, =£(J«:--2)-i-§=;4.7c+i BT - 8
* 5 2 5 10 505
Ax=01: § -—1—6( —2)+§—1—6 4 Siﬂ‘*
FEOE LT T AT T TR

(b) As Ax— 0, the line approaches the tangent line to fat (2, %)
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7L flx) =x*— 1,e=2

. -2 _ . G-0-3 . a-2x+2)_ . _

(2) 42 x—2 _x—)z x—2 _xw)z x—2 —lgl%(x-_kZ)—fl-
72. g(x) = alx — 1).=x2-—x c=1

¢ (1) = Tim £8.= g(l) EPHNE Sk Skl SN ¢ ekl |

1 X — =1 x—1 x—)i)C"‘l T o
73 fx) =x*+ 22+ 1,e= —2
_ fx) = f(=2) (x®+ 224+ 1) — 2(x +2) 2
=2 = x%a—2 x+2 _xl—>n}2 x+2 _x-—>2x+2 xL—zx—4

74. f(x) = x* + 2x,é =1

- 3 _ —
£(1) = lim Fo) — D — lim * + 2x 3=lim x— DE2+x+3) hm(x2+x+3)—5
x—=1 x—1 x——)l_ x—1 x—1 x—1
75, glx) = V]|x[,e=0
g0y = lim g — g(O) i . Does not exist.
x—0 X — xaﬂ X
Asx — 0 M% L, e
S T
Asx — 07 |x|=i'——>oo
Ty \/J_C .
76. F(x) = 4, ¢ = 3
x
03y = g 29 —F6) A/ -a3) . 3-x 1 (_L)__l
fG)iiﬂ% x—3 x—)3 x—3 T xo3 . 3x x+37‘alrl—r+l§ x 9

7. fx) =(x— 623 c=6

vy o o F) — f6) (x — 6P -0
116 w:]r]—l;% x—6 x—>6 x—6 T e {x — 613
Does not exist. .
78 g(x)=(x+3) c=-3
B glx} - g(=3) (x+3)12-0 1
g'(=3) = xl—> 3 x—(=3)  i3-3 x+3 _me—la(x+3)2/3
Does not exist.
79. h(x) =[x+ 5|,c= -5
way o i X)) — A(=5) [x+5/ -0 [x + 5]
h( 5)“_,;!3)125 x—(—-S) _x—)_-S x+5 _;—s—s x+5
Does not exist.
80. f(x) = |x — 4,c=4 81. f(x) is differentiable everywhere except atx = — 1.
Discontinuit;
£10) = tig PO Ly 0 e ‘ Y
x——>4 x4 X — x—=4 X — 4

Does not exist.
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82. f(x) is differentiable everywhere except at x == %3,

(Sharp turns in the graph)

84. f(x) is differentiable everywhere except at x = +2.

(Discontinuities)

83. f(x) is differentiable everywhere except at x = 3.

85,

86. f(x) is differentiable everywhere except at x = 0. (Discontinuity)

87. f{x) = |x + 3| is differentiable 88. f(x)
for all x # —3. There is a sharp

comer at x = — 3,

5

]

1 is differentiable

for all x # 1. f is not defined at
x = 1. (Vertical asymptote)

L/

N

-1

90, f is differentiable for all x + 1.
f is not continuous at x = 1.

e/
o/

-3

92, flx) = V1 — x?

The derivative from the left does not exist because

. f(l) V1 — 2 - 0 _
hm
x— x—>r x—1 x—)l’

x—1-

-2

91, F(x) =

{Sharp turn in the graph)

£(%) is differentiable on the interval (1, o0).
(At x = 1 the tangent line is vertical.)

89, f(x) = x/ is differentiable for
all x # 0. There is a sharp corner
atx = 0.

T"-V—h_._\%\/_‘_'_,_,_o—'—‘_ﬁ.

-6

x — 1]
The derivative from the left is

o QW =10

x—-)l‘ x—1 A1

The derivative _frorn the right is
L R0 B el e S
—1t x—1 = x— 1 :

The one-sided limits are not equal. Therefore, fis not
differentiable at x = 1.

e SR c—;
1-x L-x = i A= — oo,  (Vertical tangent)
x—1 ‘,"l-ux"" —_i f’]__._

The limit from the right does not exist since fis undefined for x > 1. Therefore, fis not differentiable at x = 1.

x—1¥ x5 1
93. f0x) = {(x -1 xs1

The derivative from the left is

@ =y _

x—1

x—1P -0
x -1

x—>1* x=1"

lim (x— 1% =0
x—1-

The derivative from the right is

= f0) _ o = 1=
.ur-«~>1+ x—1 31+ x—1
= xllﬁl x—1D=0

These one-sided limits are equal. Therefore, fis differentiable at x = 1. (£{1) = 0)
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94,

95,

96.

. () The distance from (3, 1) to the lineax —y + 4 = 0js

x, x<1
x%, x> 1

=1

The derivative from the left is

(I (O S
1" x—1 1 x— 1 =1

The derivative from the right is

€ Ly () B Lp

x—1t x—1 1t x— 1

= lim (x+1)=2.
x—317 :

These one-sided limits are not equal. Therefore, fis not differentiable at x = 1.

x2+1,xs2

Note that f is continuous at x = 2. f(x) = {4x 3 x>2

FAC7 Rl A€ BN € S V R

The derivative from the left is lim
2 x—2 x—2- x—2

= lim (x +2) = 4.
x—2

fO) =f@) _ y Wx=3 =5 .y

The derivative from the right is lim
x—32% x—2 x—=2" x— 2 =2+

The one-sided limits are equal. Therefore, fis differentiable at x = 2. (F(2) = 4)

L
Lo+
Note that fis continuous at x = 2, f(x) = {i;z_x L i : ;

The derivative from the left is
1 : 1
- Ix+ 1) -2 Yo —
i SO Q) Gxr -2 de-2) 1
=2 x—12 X327 x—2 -2 x— 2 2
The derivative from the right is

i SR L@ VIx—2 J2x+2

-2 x—2 =2t x — 2 .‘/2x+2
, 2x — 4 o 2{x — 2) 2
=lm -———7—F———= = lim = lim ——
o (x- 2)(V2x +2) e (- 2+ 2) AR ikt 2

1
5

The one-sided limits are equal, Therefore, fis differentiable at x = 2. ( Fl)y = %)

lAx; + By, + C|
d=2 L -
JAT+ B? ‘ st

L m3) = 1)+ 4] [3m + 3 _
S+l UM+l T

(b) 5 1 2 3 i
e

-1

The function 4 is not differentiable at m = — 1. This corresponds to the line
y = —x + 4, which passes through the point (3, 1}.




108

Chapter 2 Diﬁerentia-tian‘

98.

99,

i01.

102,

103.

(a) flx} = x?and f{z} = 2x () glx) = x®and g'(x) = 3x? {c) The derivative is a polynomial of
degree 1 less than the original

¥

function. If A(x) = x", then
_ B(x) = nxnL,
g’y 2T
1+ &
A i
14
() I f(x} = x4, then
i g ST AR~ FG)
fl) = Jim A
' 4_ .4
- fim G802
Ax0 Ax
x4 4x3(Ax) + 6x%(Ax)? + 4x(Ax) + (Ax)* — x*
= lim
Ax—0 Ax
o Ax(4x® + 6x2(Ax) + 4x(Ax)? - (AxP)
T Ax-0 Ax
= Alirjo (4x? + 6x2(Ax) + 4x(Ax)* + (Ax))=dx3.

Hence, if f(x} = x*, then f{x) = 4x° which is consistent with the conjecture. However, this is not
& proof since you must verify the conjecture for all integer values of n, n 2 2.

+ Ax) — ' . :
False. The slope is  lim w 100. Palse. y = [x — 2| is continuous at x = 2, but is not
A0 * differentiable at x = 2. (Sharp turn in the graph)
False. If the derivative from the left of a point does not equal the derivative from the right of a point,

then the derivative does not exist at that point. For example, if f (x) = |x|, then the derivative from the
left at x = Ois — 1 and the derivative from the right at x = 0 is 1. At x = 0, the derivative does not exist.

True—see Theorem 2.1.

£l = {.5 sin(1/x), ii 8

Using the Squeeze Theorem, we have —|x| < xsin(1/x) < |x], x # 0. Thus, lg%xsm(l/x) =0 = f{0) and

" f is continuous at x = 0. Using the alternative form of the derivative, we have

ligg L0 = SO, xsinl/) 20 lim(sin l).
=0 x—0 =0 x— x=0 x ‘ ‘
Since this limit does not exist (sin(1/x) oscillates between — 1 and 1), the function is not differentiable atx = 0.

_ |x?sin{1/x), x#0
gt = {o, x=0

Using the Squeeze Theorem again, we have —x? < x?sin(1/x} < x2, x # 0. Thus, li-% %2 sin(1/x) = 0 = g(0)
X

" and g is continuous at x = 0. Using the alternative form of the derivative again, we have

_ 2 o3 —_
lip 22— 8O 2sinll/x) =0 _ oo
=0 x—0 x>0 x—0 x—0 x

Therefore, g is differentiable at x = 0, g(0) = 0.
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N

-1

As you zoom in, the graph of y, = x* + 1 appears to be locaily the graph of a horizontal line, whereas the graph of
.y, = |x| + 1 always has a sharp corner at {0, 1). ¥, is not differentiable at (0, 1).

Section 2.2

1L.(a) y=x?
y' = %x—uz
PV
3. y=8
y'=0
7 y = % = x"’7

-7
y’: —Tx 8= ?

1L fx)=x+1
fl =1

15. glx) = x2 + 4x3
g'lxy =2x + 1257

19, y=§sin3—cos6

y’=gcosﬁ+ sin &

1
23, y=;—351nx'

¥y = -;1; —3cosx
Function
| 25. vy = Zix?
26, y= 542;5

3
23 = o

®  y=x
vy’ = 3x?
y(1)=3

4 fl) = -2
f@=0

‘= —~§ o _°
y X %

12 g() =3x—1

g'x) =3
16. y=8-—1x°
y = —3x2

20. g{t) = wcost

glt) = —msint
Rewrite
y= %x-’z

Basic Differentiation Rules and Rates of Change

2. (a) y=x"V2
Y= —jam3
y(1) = -3
5 y=2a%
yf = 6x5

B fin=-280+%—-6
FH=—4+3

17. s() =P — 2t + 4
s = 32 -2

21,y :x2l-%cosx

1
y'=2x+ ?Z—sinx

®  y=x7!

y'=x

y(1) = ?1

-2

6. v=x8
y' = 8x7

10, y= x=x?

g Lyage o

4 4x3/4

M, y=r2+2r—3
y' =2+ 2

18, f(x) = 2x* — x* + 3x
Fl)=6x2—2x+3

22, y=35+sinx

y = cosx

24, y=6~5x—)5+ 2cosx=§x‘3 + 2cosx

8
r 5 - - —
y = g(—3)x 4—2sinx =

Differentiate Simplify
., _ . —3
y'= o5 y'=3F

’ = _ix—3 L _.i

7 3 Y 33
- __gx_4 re =2
YTy YT gt

-5
8x4

-~ 2sinx
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Function Rewrite Differentiate Simplify
T T 27 : 2ar
28, y = - =T N re
8 ¥ =Gy YT Y 9 7T e
% . l . 1
= = /2 fe _lo-ap P
29. y o y==x y 7% y 2532
4 = 43 ', s
30,y = J y' = 1222 y = 12x2
_3 WE’L(?’ ) 1,7 ( _l)
31 f(x) =a=%7 (1,3 32, =3 s (52 33l = + 5x 0,~3
-6 () = S iy = 21
Jix) = —6x3= ey F) = 5.2 = ?12
)= -6 fr(i) =3 f0) =0
5 3
34. y=33-6, (2,18 35, y=(2x+ 1)3, (0,1) 36. flx) = 3(5 ~ 22, (5,0
y' = 9x2 =4x* +4x+ 1 =3x% = 30x + 75
y4{2) =36 y' =8x+4 flx) =6x—30
y(o) = ¢ 76) =0
37, f(6) = d4sin & — 6, (0,0) 38. gl =2+3cost, (m,—1) 39, fx)=x*+5—3x2
(8) — deos @ — 1 6= —3sint
f1(8) ') f’(x)=2x+6x"3=2x+£3
fOy=41)—1=3 g(m=0 x
40, fx) = x* — 3x — 32 8. o) = - i3 43 42. f()=x+ 22
ffx)=2x—3+6x73 ) flgy=1-—2x2
g =2t4 1274 =2t + =% '
=2-3+% t* -2
x x
3 3 2 2 .
43. f(x) = xx—.;cci =3 4+ 4x2 44, h(x)=2'£%=2x—3+x_1
; 8 -8 ) 1 2x2 — 1
) =1-5="—7 () Z="2
45 y=x(x2+D=x3+x 46. v = 3x(6x — 5x2) = 1822 — 15%°
¥y =3x24+1 y—36x—45x
47, f(x) = v — 6¥x = x1/2 — 6512 48, flx) =3x + ¥x =23 + x5
1 2 1 1 1 1
) = = /2 — -2/} = — — = M) = —x—2/3 4 ——4/5 — L
£ x ~1/2 — ,-2/3 AT Jx) 3% tgx A T 5g s
49, his) = 545 — §2/2 50, f(t) =123 — (13 + 4
_ 2 4 2 2 1 2 1
= 1/5 - Zo~1/3 = — y — _
7 '(s) 3% 5515 35173 JU) = 5713 — 3! M= 373 3,23
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51 f) = 6/x+ 5 cosx = 6x/2 + 5cos x 82, flx) = ——Z'T +3cosx=2x"? + 3cosx
' x
3
W) = Aplf2 6 it ome D _ 8 o _ : _
| fo) = 3 Ssinx=—= = 3sinx flx) = sz-‘*ﬂ — 3sinx = —3x53 ~ 3sinx
53. (a) y=x*—-%%+2 54, (a) y=x"+x
y' =4x* — 6x y' =3+ 1
At(1,0) v’ = (1 — 6(1) = —2 : At(=1,-2: y'=3(-12+1=4
Tangent line: y—0=-2x—-1) Tangent line: y+2=4x+1)
x+y—2=10 4x—y+2=10
) 2 () 8 '
. 77
\ -5 - 5
= =
2
55. (a) flx) = v = 2x~ V4 _ 56. (@) y=(x*+ 2x){(x + 1)
3 s =x* + 3% + 2x
76 = e =
2 2x7/4 o oy =3x*+6x+2

At{l,6): y" =312 + 6(.1) + 2= li

-3
At{l1,2): F(1) = 5
Tangent line: y — 6 = 11{x — 1)

Tangent line: y—2=;%(x—1) 0=1lx—y—35 '
12
= Aéx + l ©
)
x+2y—-7=0
g W T ¢
)] \5 -2
Yai1,2)
-2 \ 7
it
57, y=x*—8x2+2 ' 58, y=i3t+x

v = 4x* — 16x ¥’ =3x2+ 1 > Oforall x.

= 4x(x2 — 4) Therefore, there are no horizontal tangents.

= 4x(x — 2)(x + 2)
y=0= x=0,%2
Horizontal tangents: (0, 2), (2, —14), (-2, —14)

i -

59,y—x2wx . 60, y=x*+1
y=2x=0=x=0
=237 = -t cannot equal zero .

Y x° ) Atx=0,vy= 1L

Therefore, there are no horizontal tangents. Horizontal tangent: (0, 1)
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6l. y=x+sinx, 0 <x < 27
y'=1+cosx=10
cosx=-1= x=m
Atx=m y=m

Horizontal tangent: (wr, o)

63. x2 — kx = 4x — 9 Equate functions.
2x—k=4 Equate derivatives.
_Hence, £ = 2x — 4 and

NR-2x—dx=4x - 9= —2?= -0 =px = %3

Forx =3 k=2andforx= —3,k=—10.

65. ];c = -—%x + 3 Equate functions.

k 3 .
= = ) - Equate derivatives.

Hence, k = 3x2 and

3.2
-3 3.3
g xtImgr= el
3
x>5x=3=>x=2=>k=3.

67. (a) The slope appears to be steepest between A and B.

{b) The average rate of change between A and B is ‘
greater than the instantaneous rate of change at B.

cy ¢

69, glx}) = f(x) + 6= g'(x) = fv)

62. y=\/§x+2cosx,05x<2w

64.

66.

68.

“ing (ie., f” < 0) would, in

y'= 3= 2siax=0

sinx=—3=> I=£°r'2f‘
2 33
Atx=g2 y=@§i‘”3"
Atx:%”: Y*g_@g"ﬁ ‘-
Horizontal tangents: (“;z @) (2'?’”’ @)

k- x2

i

—4x + 7 Equate functions.
—2x=—-4 Equate derivatives.

Hence, x=2 andk— 4= -8+ T==k~=3.

kv/x=x+4  Equate functions.
K =1 Equate derivatives
2z B '

Hence, k = 2-/x and
RVZ)Vr=x+4= 2 =x+d=x=4d=k=4

The graph of a function f such
that f* > O for all x and the rate
of change the function is decreas-

Pt

general, look like the graph at
the right.

70. glx) = —5f(x) = g'(x} = —5f(x)
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71,

73.

74.

7
Y/

If fis linear then its derivative is a constant function.

f) =ax+ b
fx)=a

If f is quadratic, then its derivative is a linear function.
f@)=ax*+bx+ ¢
flx}=2ax + b

Let (x,, ,) and (x,, y,) be the points of tangency ony = x¥?and y = —x? + 6x — 5, respectively.
The derivatives of these functions are:

y=2x=>m=2x and y' =-2+6=>m=—"12x,+6

m=12x=-2x,+6
X = —x,F 3
Sincey, = x,2and y, = —x,2 + 6x, — 5 i

Ya=n _ (—x? + 6x; — 5) ~ (x;9) _

—2%, + 6
A T X

Xy — .
(—x2 4+ 6x, = 5) — (—x, + 3F
Xz T (=x,+3)

*1

~2x, + 6

(—x? + 6x, — 5) — (2 — 6xy + 9) = (—2x, + 6)}{2x, — 3)
—2x,% + 12x, — 14 = —4x,2 + 18x, — 18

2x,? v-6x2 +4=0 y

2x, — 2, ~ 1) =0

x,=10r2

2, 4

fov oo on o

x,=1=y=0x=2andy = 4

Thus, the tangent line throngh (1, 0) and (2, 4) is

y—0=(g:?)(x—1)=>y=4x»4.

xn=2=y,=3 x =lady =1
Thus, the tangent line through (2, 3} and (1, 1) is

y_1=(z_})(x—1):>y=2xf1.

m, is the slope of the line tangent to y = x. m, is the slope of the line tangent to y = 1/x. Since
_ ;o =1 __1 fm__l —:.,1.
y=x=y=1=m= andy—;ﬁy = = my = o

The poirits of intersection of y = xandy = 1 /x are
1 2
x=;=>x =1 = x==%1.

Atx ==x1,m, = —1. Since m, = ~1/m,, these tangent fines are perpendicular at the points of intersection.
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75. flx) =3x +sinx + 2
fla) =3+ cosx

Since |cos x| < 1, f(x) # O for all x and f does not have
a horizontal tangent line.

77. ) =Vx (—4,0)

Foy =L
A 0-y
2/x —4-=x
.4+x=2_\/J_cy
4+ x=2/xJ%
4+ x=2x
x=4d,y=2

The point (4, 2) is on the graph of £,

. _0-2

Tangent line: y 2—_4_4(x 4)
dy—-8=x—-4
O0=x—4y+ 4

79. F{1) = —1

a4

0.7 [4wrdx=-1
aa

124

81. (a) One possible secant is between (3.9, 7.7019) and (4, 8):

8 — 7.7019
4-39

y—8=2981(x — 4)
y = S(x) = 2.981x — 3924

y—8= {x— 4

® £ = 307 = (@) = 50) = 3

Tx) =3x—4)+8=3x—4

S5(x) is an approximation of the tangent line T(x).

—CONTINUED—

76. flx) = 2% + 32 + 5x
flx)=5x*+9%2+5

Since 5x% + 9x? 2 0, f(x) 2 5. Thus, f does not have a
tangent line with a slope of 3.

2
78' f(x) = ;9 (5’ 0)
re = -2
2.0y
a2 5-—=x

x
—10+ 2x= —-2x
4x = 10
I
2 5

The point (%, ';‘) is on the graph of f. The slope of the

tangent line is f ’(%) =-%

Tangent line: y -
25y —20= —8x+ 20

B+ 25y —40=0

80. \ =1

19

dprdrsl
=]

20

4,8

-2 12
-
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81, —CONTINUED—

(c) As you move further away from (4, 8), the accuracy of the approximation T gets worse.

20

f
-2 T r 12
-2
@ [ A —3] —2 —1 05 |-o01 |o|er f[os |1 2 3
f{4 -+ Ax) i 2.828 5.196 6.548 7702 | 87 8302 9546 | 11.180 | 14.697 | 18.520
T4+ Ax) | —1] 2 5 6.5 77 | 8|83 t9s |1 14 17
82. (a) Nearby point: {1.0073138, 1.0221024) - " (b) flx) = 32
: 1.0221024 — 1 Tx)=3x—-1)+1=3x—-2
Secant line: y — 1 = W(x - 1)
. 1 (c) The accuracy worsens as you move away from (1, 1}.
y=730220x — 1) + 1 2
(Answers will vary.) - 2 /%1,1)
-3 )
()
-3 } 3 s ‘ /T
)
-2
@ [ay [-af-2]-1]-05 J-01 Jofor Jos [1] 2] 3
) -8 | -1 0| o125 | 0720 |1 |1331 3375 {8 |27 | 64
Tx) | -8 | =5 —-2 | 05 0.7 1]13 2.5 4 7110

The accuracy decreases more rapidly than in Exercise 81 because y = x? is less “linear” than y = x%/2.

83. False. Let f(x) = x? and g(x) = x* + 4. Then
Fix) = g'(x) = 2x, but flx) # g(x).

85, False. If y = 72, then dv/dx = 0. (w? is a constant.)

87. True. If g(x) = 37(x). then g (x) = 377x).

89. fi=2t+711,2]

=2

Instantanequs rate of change is the constant 2.
Average rate of change:

f@ = F) T2+ T =20 + 7]

2-1

1

2

(These are the same because fis a line of slope 2.)

“

84, True. If f(x) = g(x)l + ¢ thenf(x) =gx) + 0 = 2(x).

86, True. ity = x/7 = (1/7} - x, then dy/dx = (1/m)(1) = 1/m.

88. False. If f(x) = xi = x7", then f'(x) = —ax~""! = o,

80. f()=+¢ -3, [2,21]
Fi) =2t
Instantaneous rate of change:
2,1) = ) =202) =4
(2.1, 1.41) = f(2.1) = 42
Average rate of change:

F2)—f2) 141 -1
21-2 o0l

4.1
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oL A = —31;, [1,2]

! 1
f=15
Instantaneous rate of change:

1L-)=r=1

1 oy = L

(2-4) = ro-1
Average rate of change:

f@A - (Y- (-1 _1
2-1 _ 2—-1.

[\

93. (a) s(t) = — 162 + 1362
“w(l) = —32¢

(by 5%){;#1) = 1298 — 1346 = —48 ft/sec

) vt} = sty = —32
When r = 1: v(1} = —32 ft/sec
When ¢ = 2: v(2) = — 64 ft/sec
(@ 162 + 1362 = 0 '
_ve_ _Jm

1% = 16 = t=——4——m9.2265ec

® v(~/1362) _ _32(\/1562)

—8./1362 = —295.242 ft/sec

— 4912 + vyt + 5,
—49r2 + 120¢

v(t) = —9.8¢ + 120

v(5) = —9.8(5) + 120 = 71 m/sec
v(10) = —9.8(10) + 120 = 22 m/sec

95. ‘s(r)

I

97. From (0, 0) to (4, 2), 5(t) = ¢ = v{(1) = § mi/min.
(1) = $(60) = 30 mphfor 0 < ¢ < 4

Similarly, v($) = 0 for 4 < 7 < 6. Finally, from (6, 2) to
(10, 6), '

s} =t — 4 = v(1) = 1 mi/in = 60 mph.

i,

B —]

MW
[S3=]

Velocity (in mph)

B

¢
2 4 6 8 0

Time (in minutas)

.92, £(x) = sinx, [o,g]

f'Gx) =cosx
Instantaneous rate of change:
(0,00 = fF/O)=1 .
w 1 (7 = 3
(6’2) = f (6) = = (1.866
Average rate of change:

/)~ F©) _ (/-0 _ 3 _
(@& 0 (mje) 0« 0%

24, : s{) = —16:2 —22¢ + 220
v(e) = —32t — 22
v{3) = — 118 fi/sec
s = — 1642 - 22t + 220
= 112 '(height after falling 108 ft)
—1662 — 22t + 108 = 0
20— +2N =0
t=2
wW2) = —3202) — 22
— 86 ft/sec

96. s(r) = —4.92 + vyt + 54
= —49%? + 5, = 0 when ¢ = 6.8.
5o = 4912 = 49(6.8) ~ 226.6 m
98. v

]

o
=3
T
1

Velocity (in mph}
= 8
t }

i

2 4 [ B 10
" Time {in minutes)

(The velocity has been converted to miles per hour.)
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99. v == 40 mph = %'mi/ min i 109. This graph corresponds with Exercise 97.

2 A s s . = 10T 5
(3“ ml/mm)(é min) = 4 mi ] y

Eoer (10,6) 0+
v = 0 mph = 0 mi/min % 5 5 " F

E! €8 7 s+
(0 mi/min){2 min} = 0 mi 2 ) £ . (10,6)

2t g

v=601:nph=1rﬁi/nﬂ1_1 N e .g; T

ool 2 4 6 & 10 @ £

(1 mi/min)(2 min) = 2 mi

Time (in minutes)

t 1 } + t .'
©, 0y 2 4 & B 10

Time {in minutes}

ds

-101. (a) Using a graf:hing utility, (e} % = 001114y + 0.418
R = 0.417v — 0.02. For v = 40, T'(40) =~ 0.86.
(b) Using a graphing utility, For v = 80, 7/(80) ~ 1.31.
B = 0.00557v + 0.0014v + 0.04. For v = 100, T100) = 1.53,
(© T =R+ B = 0.00557v* + 0.418v + 0.02 (f) For increasing speeds, the total stopping distance
@ ® ' increases.
T B
R
a 120
1]
192. C = {gallons of fuel used){cost per gallon)
_ (15,000)(1_55) . 23,250
x x
dc 23250
dx x2
x 10 15 20 |25 | 30 | 35 | 40
c 2325 1550 | 1163 ] 930 { 775 664 | 581
ac —233 | ~103 | —58 | —37| —26} —-19| —15
dx =
The driver who gets 15 miles per gallon would benefit more. The rate of change at x = 15 is larger
in absolute value than that at x = 35.
103, V = 53, — = 352 104 A= sz,ﬁ = 2y
ds ds
When s = 4cm, e 48 cm? per cm change in s. When s = 4m,

= 8 square meters per meter change in s.
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105, s(r) = —%aﬂ + cand s(f) = —at

s(ty + A = s(ty — A [~(1/2)alsy + A + ] — [-(1/alt, — AP + )]

Average velocity: G+ 20 — (o~ &) = SAf
= (1/2)a(ss® + 215 Ar + (A1) + (1/2)alt,? — 26, A¢ + (AH?)
B 2 At
_ —2aty At
T 24
= —at,

= 5'(t,) instantaneous velocity at f = #,

106. ¢ = 1008000, ¢p
Q
dC 1,008,000 , |
- L0 16
C(351) ~ C(350) = 5083.095 — 5085 ~ —$191
— 350 9C . _
When 0 = 350, 55 ~ ~$1.93.
107. N = f(p)

(@) £7(1.479) is the rate of changc{ of gallons of gasoline sold when the price is $1.47% per gallon.

(b f7(1.479) is usually negative. As prices go up, sales go down.

dr’
108. — = K(T —
Lo k- 1)
109, y=ax* +bx + ¢ 110.y=i,x>0

Since the parabola passes through (0, 1) and (1, 0), |
we have: y'=—

0,11 =a(02+b0)+c => c=1 ’ o
R At (a, b), the equation of the tangent line is |
(1,00 0=a(1P+b(1)+1 = b=—g—-1 |

_ 1 1 x 2
Thus, y = ax? + (—a — 1)x + 1. From the tangent line Y-, = —a—z'(x —a) or y i + P
vy = x — 1, we know that the derivative is 1 at the point
(1, 0). ‘ The x-intercept is {24, 0).
'=2ax+(—a-—1 :
Y ‘ ( ) The y-intercept is (0, E) ' i
l=2all+{(-e—-1) a ‘ |
: 2
1=a-1 . The area of the triangle is A = %bh = -;—(Za)(z) =2, |

a=12 . . l
b=—-a—1=-3

'I'herefore, y=72x2—3x+ 1.
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UL y=2 =9
y'=3x2-9
Tangent lines through (1, —9):
y+9=(3—9x-1)
K- +9=33 -3 —G%x+ 9
0=2x% — 32?2 = x?{(2x — 3)
x= 0- or x = 3—_

The points of tangency are (0, 0) and (%, —%) At (0, 0), the slope is y(0) = —9. At (%, —%), the slope is y’(%) = —%.

Tangent lines:
y~0=—-9x—0) and y+8 =93
y=-—"9% y=—%x—-3§
9% +y=20 O9x + 4y + 27 =0
112, y=x*
y' =2

{a) Tangent lines through (0, a):
y—a=2x(x— 0)
a2~ a=12x2

—a =2

tVa=x

The points of tangency are (+/—a, —a). At (/—a, —a), the slope is y(~/—a) = 2/~ 4.
At (_ Vv a, “a), the slope is y’(~ -a) =—2/—a. ‘

Tangent lines: y + a = 2J—_a( - J—_a) andy +a = —ZJ—_a(x + «./—_a)
y=2/—ax+a y=—2\/—_alx+a
Restriction: a must be negative.
(b) Tangent lines through (a, 0):

y—0=2x(x—qa)

x? = 2x% — 2ax

0 = 2 — 2ax = x(x — 2a)
The peints of tangency are (0, 0) and (2a, 4a2). At (0, 0), the slope is ¥ (0} = 0. At (24, 407, the slope is y(24) = 4a.
Tangent lines: y=0=0x—0) and y— 4a2= 4a(x — 2a)

y=10 y = dax — 442

Restriction: None, a can be any real number.
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axd, - x<2
13, £ = {xl +b x>2

fmust be continuous at x = 2 to be differentiable at x = 2.

lim f(x) = lim ax® = 8a
2" =27

lhnf(x)leigl*(szrb)=4+b

=2+

F) = {3ax2, x<2

2x, x>2

8a=4+5b

8a—4=5%

For fto be differentiable at x = 2, the left derivative must equal the right derivative.

3a(2)? = 2(2}
124 = 4

cosx, x<0
ax+ b, xz0

114, f(x)={
flO)=b=cos(Q)=1=2b=1
sy |—sinx, x <0
f(x)_{a, x>0

Hence, a = 0. -

Answer: a=0,b =

116. Let f(x) = cos x.

Fix) = Alxifo fx+ ZXC‘) it

115, f,(x) = |sin x| is differentiable for all x # nm n
an integer.

fifx) = sinjx| is differentiable for all x # O.

You can verify this by graphing f and f, and observing
the locations of the sharp turns.

cos xco8 Ax — sin xsin Ax — cos x

- A]J{:I—?O Ax
_ cos x{cos Ax — 1) lim sin (sin Ax)
T A0 Ax arso MM T Ay

=0 —sinx(l) = —sinx

Section 2.3

1. glx) = (@2 + 1)(x? — 2x%)
g'lx} = (2 + 1)(2x — 2) + (x2 — 2x)(2x)

=23 — 2x2 + 2x.— 2 + 253 — 4x°

._ = 4x3 — 6x? + 2x— 2

3. hft) = Y2+ 4) = V37 + 4)
B = 1P + (2 + 930

244
3522

=243+

_ T +4
ETEE

Product and Quotient Rules and Higher-Order Derivatives

2. f) = (6x + 5)(x* — 2)
Fix) = (6x +5)(3x2) +.(x* — 2)(6)
18x% + 1522 + 6x% — 12 .

= 24x + 1522 — 12

4. gls) = ~/§(4.* s3) =524 — 57

§16) = VA28 + (4~ D351/

4 — 52
= —253/2 + 77
4 — 557
T oagl2
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5 flx) = x3cosx
Flx) = x¥(—sinx) + cos x(3x%)

=3x%cosx — x3sinx

x
7. /@ = x2+1 _
o 2D —a2x) 1 —a?
O =""fav1r  ~@rIp
_ <’/§ _ . xi/3
SRS s St
(3 + Ihx~2? — x13(3x%)
hx) = 2
x>+ 1)
_ 1) = a0
3x23(x? + 1)2
1823 ‘
T 3x2B(xI+ 112
sin x
11, g(x) = 2
oy XHcosx) — sinx(2x)  xcosx — 2sinx
g'lx) = (x2)? - 53 :

13, flx) = (3* — 30222+ 3x + 5)
Flx) = (x® — 3x)(4x + 3) + (2x2 +3x + 5)(322 — 3)

= 10x* + 12x3 — 322 — 18x — 15

f10) = ~15
. -4
15. f() =T
g _ = 3)2x0) — &2 — ()
f(x)_ .(x_3)2
_2x2—6x—x*+4
(e — 32
:x2—6x+4
(x—13)p
1 —6+4 1

f’(l)z (1_3)2 _'"'4‘_"

7. f(x) = xcosx
Flx) = (x)(fsiﬁ x) + (cos x}{1) = cos x — xsinx

f,(q_r) _ V2 E(ﬁ) _2

4 2 4\ 2 S

6. g(x) = Jxsinx

glx) = \/J_ccos:_c + sinx(—z-%) = Vxcosx + %ﬁsinx

242
8. s =3
=2 = (@ =20 26— 144
g’ = TEE) =TG-
5
10. M) = —=—
o (/5 = 1)) — s3s~172)
h'(s) (\/_ - 1)2 :
S e N R
(Ves—1F  2oAs-1)
12, flf) = 5‘:—?—’
oo . t=sing) —cos#3r?) _  tsint+3cost
fo = B = pr

14, f(x) = (2 — 2x + D3 — 1)
Fl) = (2 - 2x + 1)(3x%) + (3 — 1)(2x — 2)
=32x— 12+ 2x — 1)*x2 + x4+ 1)
=(x—1)(5x>+2x + 2)

=0
x+1
16. f(x)zx_1 |
oy = D) - &+ D)
_f(JC) (x”__ll)z
X 1l—x—1
(x—1)?
2
(x.—l)2
2

= -y =-2
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18. fix) = —
, xHeos x) — (sin x)(1
iy = eoss) ~ )
_xcosx —sinx
===
f,(g) _ (w/6){v/3/2) - (1/2)
& w2/36
337 — 18
-
'3(/3m — 6)
-
Function Rewrite _ Differentiate Ssm_glif\_)
X+ 2x 1,2 2 2  x+2
19.Iy= 3 y=§x2+§x y’=§x+§ v = 3
\ 5x2 = 3 5, 3 , 10 ., 5x
20. » 1 y=g i yE g y-—2
7 7
- — = —y—3 F o M —d [
21. y 0 y=3¥ ¥ Tx y v
4 4 ’ g - ’ 8
22,y=§ .yzgx2 y:—§x3 Y =35
45372 2
23,y = =4Jx, x>0 1= 5712 g
¥ x ¥ ¥y ¥ \/J_C
337 = 5 3, s , 6x ,_6
2.y 7 R YT yoat
: oy 42
25, f0) =22 2. 103 = rrixr2
s G (2 - 22— (3 — 2x — 2)(2%) ey @ = D{B3x% + 3) — (x* + 32+ 2)(2x)
flx) = 2 1) 1) = (x2—1)2
72x2—4x+2:2{x—1)2 _x =6 —4x -3
GEorGr- R
2 i
———-—(x+ 2’ x# 1
{4\ 4 _ 4 2 4[:: 1]
27, ) x(l_x+3) - 2. ) = 1 - x+J x| 2
. x + 3)4 '~ dx(1 , Mx + 1) — (x 1
pry =1 - R R e [ s
_EFErex+9 - I J [x2~l]
R S YE i eyl Rl eyl G2
x>+ 6x—3

T+ 3y

.2x2+x~w2
—n 3T X T 2
zx[ (x+1)2]
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29. f(x) = 2"} 5 _ oyl 4 5510
X
5 5 2x—-5_2qx-—35
M) = p=1/2 - D=3i2 = 32| 2 =
fe) == 2" ¥ [x ] 2xdx | 2%
30. fix) = %(ﬁ + 3) = x3(x1/2 + 3) Alternate solution:
‘ ' : x) = Yx(Vx+3
N T R
2 3 = x5/6 & 3x1/3
3 .
- gx—lls + x—2/3 f’(x) - %x—l/s + 23
_5 1 5
T 6x1/6 T 23 = an
3. k(s) = (s = 22 =s5— 453 + 4 32, hx) = (7 — 1)2=x* 222 + 1
k(s) = 655 — 1242 = 6s2(s? — 2) h(x) = d4x3— dx = 4x(x* — 1)
(l/x) 2x—1 _ 2x—1
3. f()“ -3 xx —3) 7 x2 - 3x
0 = (2 —3x)2 — Qx— 1)2x—3) 222 —6x— 4x* + 8x — 3
{x? — 3x)? (x — 3x2)2
_T2x*+2x -3 _ 2x*—-2x+3
{x2 — 3x)? x%(x — 3)?

2 1 x2
= y2[ = — = —
M. o) =x (x x+ 1) 2x x+1

et 2x -2} 262+ 2+ 1) —a?—2x x4 2x +2
(x+1pP (x+ 1) (x+ 1)

gl =2

35, flx) = (32® + 4)(x — SHx + 1)
&)= (934:2 + 4x — 5z + 1) + (3x3 + 4x0{1){x + 1) + (3% + 4x)(x — 5)(1)
= (9x2 + 4)x — 4x — 5) + 3x* 4+ 3x + 4x2 4 4x + 3x* — 1523 + 4x? — 20x
= Ox* - 362% — 41x% ~ 16x ~ 20 + 6x¢ — 12x3 + 8x% — 16x
= 15x* — 48x% — 33x2 - 32x — 20

36 f) =02 — 2+ D2 +x+ 1)
FR=0Cx—-DE+DET+x+ D+ (2 —0Q06E* +x+ 1) + {22 - x>+ D2x + 1)

=@x—DE*+x2+2x2+x+ 1) +(x2—x)(2x3+2x2+2x)+ (x? *x)(2x3+x2+2x+ 1)
~2x5+x4+3x3+x—1+2x5—2x2+2x5—x4+x3—x2—x

=6x" +4x> — 32— 1



124  Chapter 2 Differentiation

x? + ¢? c? — %2
37, flx) = P 38. flx) = prR)
F0) = (02 ~ A2x) — = + A2x) #0) = (e + x2)(=2x) — (¢ — 29)(2x)
(2 — ¢ _ X = (2 + 222 '
__—4x? _ —4x?
(2 - c2)? ‘ - (c? + x2)2
39, f() = t2sint < 40. f(6) =(6+ 1)cos @
FA) =t%cost + 2tsint FU8) = (8 + 1)}(—sin & + {cos 6){1)
= t{tcost + 2sins) ' ' =cos®— {8+ 1)sin @
aL fl) = | . f = S0
! X
, ~tsint— cost £sint + cost s , xcosx — sinx
1) = 2 = 2 ‘ S = —
43. f(x) = —x + tanx ‘ 44, y=x+cotx
FG) = —1 + sec’x = tan?x . y =1 —cse?x = —cot?x
1
45, g(f) = &t + 8sect =1V + 8sect 46, h(s) = S 10cscs
1 X : 1
) = =¢34+ ttant = —— +
2’0 4 8 sec ftan f 4374 8 sectant his) = —;15+ 10csc scot s
©3(1 —sinx) 3 ' ‘ Sec x
C oy =  Seeex — 4. y=
47, ¥ o8 x 2(scc x — tan x) 8. v, ©
,_ 3 2 3 , Xxsecxtanx — secx
y' = 5(secxtanx —sec?x) = 5 sec x(tan x — sec x} y' = 2
— Jsecxtany —aFx—1) . _ secHxtanx — 1)
2 ‘ X2
49, y= —cscx — sinx 50. y:xsin}c+cosx
¥y =cscxcotx — cosx y’=xco§x+sinx—sinx=xcosx
cos x
= kg COS*
= cosx(csc?x — 1) -
= cosxcot?x
51. f{x) = x%tanx 52. fix) = sinxcosx
Flx) = x%sectx + 2xtan x F(®) = sin x(—sinx) + cos x(cos x)
= x(xsec’x + 2tanx) ‘ = cos 2x
53, y=2xsinx + x%cosx 54, K(6) = S5@sec O+ Qtan @
y’:2xcosx+2sinx+x2(—sinx)+2xcbsx : R{6) = S@sec Htan§ + Ssec 8 + Osec? § + tan §

=dxcosx + 2sinx — x%sinx




Section 2.3

Product and Quotient Rules and Higher-Crder Derivatives 125

X

58, gilx) = (x 1;)(21: -5

2x2 +8x— 1

56. f(x) = ("2

~-x—3

X7 OV :
PR )(x +x+1)

X +23+ 22 -2

g = o 27 (Form of answer may vary.) flx)=2 T+ 1) (Form of answer may vary.)
. @ _ _sin#
57. 8(6)_1wsin0 . 58. f(e)_lwcosﬁ
w1 —sin@+ Bcos f . 1 _ cosg—1
g6 = Er— (Form of answer may vary.) F(e = cos =1 (1 cos 6F
(Form of answer may vary.)
59. =1 Fesex
1 —cscx
. {1 — cscx}(—cscxcotx) — (I + csca)(csc xcot x) _ “Zescxcotx
: (1 — cscx)? (1 — cscx)?
—-2(2 3
y!(ﬂ) = M = —-4./3
6 (1—2p

60. f(x) =tanx cotx =1
flx) =0
f=0

62. flx) = sin x(sin x + cos x)

F'(x) = sin x(cos x — sinx) + (sinx + cosx) cosx
= sinx cos x — sin”x + sinxcosx + cos’x
= gin2x + cos 2x

AT .o

~|=sin—+cos— =1
f(4) 2

T

2

64. @ flx) ={x— 1G2-2), (0,2)
FO) = (x — D(2x) + (2 — 2)(1) = 32 — 2x — 2
F(0) = —2; Slope at (0, 2)
Tangentline: y — 2= —2x=>y=—~2x + 2
(b) 4

LN
AN

—4

6. A = 5‘3;5»5

_ tsecttan tj —~ {sec (1) _ sec(rtans — 1)

20 _— 2
, seca{mtanm—1) 1
R

63. (a)

b

65. (2)

(b)

Fl) = (3 -3+ Dix+2), (1,-3)

Flar = = 3x + 1)(1) + (x + 2)(3x* — 3)
' =4+ 62— 6x— 5

f1) = —1; Slopeat(1, —3)

Tangentline: vy +3=—-1x—D=2y=—-x—2

10

Il

1,-3

-10

f=-2 22

(= DO = 2() _ -1
G-1F G- IP

i) =
f2)= (—2'—:—11—)5 = —1; Slopeat ,2)

Tangentline: y — 2= —1{x — 2)=2y=~x+ 4

]

\\\l
1
»3_'_"-: 5

T

-5
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66, (a) flx) = o 1, (2,%)
O L O 2 L ¢ ) -
Fx) = (x + 1) x+1)?

F2y== Slope at (2 ;)

2 1
Tangent line: y — 1 = %(x - N =y= 5% "%

3 9
®) 4
./
-3 =
//“
68. (& f(x) = secx, (%T, 2)
fix) = secxtanx
AT _ o oot [T
f(3) 2\/3_',_Slopeat(3,2)
‘Tangent line: y—2= 2\/5(
éﬁx—3y+6—2ﬁw'=o
69. fl) =3 + 7 (2 iy
) = E2 DO - 8(2x)  —16x
{x2 + 47 (k2 + 4)2.
oy _ —16(2) 1 '
(2)'(_4+4)2_ 2
1 .
y=l=-35Gt-2
1
y=—~2~x+2
Zy+x—4=0
__16x [ . 8
. = Fe ( Z 5)
o) = (x2 + 16)(16) — 16x(2x)  256—16x2
S (2 + 16 T
ey = 256 = 16(4) 12
fED=""30 =1
12
+"5-=E(x+2)
L1216
Y=35% T35

25y — 12x + 16 =0

.67.. (1) f(x) = tanx, (7:5 1)
. Flx) = sec?x

ATy g ki
f(4) 2; Slopeat(4, 1)

Tangent line: y—1 =2(x—%)
T
y—1—2x—-2
_ 4x — 2y — 7w+ 2=0
{®) —

-4

M 2

-7
3

)= S ( 3%)

y (2 +9)0) — 27(2x)  —54x
(I) (x2+9)2 - ( T+ 92
" f_54(_3)_l
A 3)._ (9+9?2 2.
3_1
y—a—z(x+3)
y=%x+3
y—x—6=0
4x 4
7 =522 (2.8)
(2 6)(d) — 4x(2x)  24-482
f(x)_ (x2+6)2 _(x2+6)1
oy L 24— 16 _ 2
@= 25
4_2.
y 5 %2
2 16
Y=as* s

25y —2x—16=0
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x? 2 dx —2
73 ) = 74. f(;) = xzx—“ 75, flz) = xx2
D@ — 2 , 24 )2 ~ (D) ) A4) — (4x — 22
fx) = {x (l(z__x)l)z x%(1) ) = £ ()iQJ:). l)z(x )(2x) f(x) _=x 4 (xf' )(2z)
_xz—Zxk_x(xwﬁ) _ 2x ﬁ4'x2—8x2+4x
S E-12 T (x- 1) (e + 1) xt
f(x) =0whenx=0orx=2. fx) = Owhenx = 0, _4-4x
Horizontal tangents are at (0, 0) Horizontal tangent is at (0, 0). ®
and (2, 4). Ji)=0ford~4x=0= x=1.
Sy =2
[ has a horizontal tangent at {1, 2).
x4
76. f(x)gxsz
f,()z(xzf7)(1)"—(x—4)(2x)='x2——7—2x2+81 2=+ T7  x-=TNx-1)
* (2 — 72 -1 E-7n G 7P
’ — —1 7 = l = i
'l =0forx= 1,7, f(1) = > D 4
F has horizontal tangents at (1, %) and (7, 1—14)
7. f(x)=x+; 78. f(x)ﬁxfl
o _E=-D—-@x+1) -2 oy =1 —x ~1
f (x) = (_x — 1)2 = (x — 1)2 f (x) - (x * 1)2 - (I _ 1)2

2y+x=6=>y=~-;-x+3; Slope: —%

=2 __1
x—1 2
(x-—_l)l—
x—1=+2
x=-13 f-1)=0 f3)=2
__1 L 1.1
y—0= 2(x+1):>yw 275
1 7
y—2= {x 3)=>y ——2'x+'27

Let(r,y) = {x,x/(x — 1)) bea
point of tangency on the graph

of f.
S—/x—-1) _ -1
-1 -x TR _
4x =5 1
pon

GoUG+D Go1F zﬁ\i
x—5x—1)=x+1
42— 10x+4=10

|—

(x—2)(2x—1)=0$x=2,2

(l)mq @) = 2 ,(1)_,4 @)= -1
fz - ’f - vf 2 - ?f -
Two tangent lines: |
y+1=—4(x_%)ﬁ>y;——4x+l

y=2=-1x—-2) = y=-x+4
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@+ 3-31) 6

(LA Ay S 1 R G
L kDS - Gx ) 6
' = G+ 27 TGt on
Sy+ 4 3 x4+ 4
W= G+ T ary W2

f and g differ by a constant.

8L (@) p'(x) = f'(x)g(x) + flx)g’(x)
p/() = £ (0801) + £ 1) = 164 + o 1) = 1

oty = BRFR) ~ e 'x)
(b) q (x) - g(x)2

M- -7 _ _1

q'(4) = 5 3

83, Area = A() = (2 + 1)/t = 27/7 + p12
) 3 1
A =2_1[2 _|_._~—!/2
] (2t / ) 2:
= 3:1/2 + 11"1[2
2

Gt cm?/sec
2/

. C = 1005 <
85. C =100 ch+x+30),1 x

dC 400 30
o “’O( PR 30)2)

dC
(a) When x = 10: ol $38.13

(2(}0 x

(by When x = 15: % = —$10.37

(c) When x = 20: jx—c = --$3.80

As the order size increases, the cost per item decréases.

' T 4
87. P(f) = 500‘1 L !2]

v — zan] G0 T H(4) — (4)(20)
P{f) = 300 50 + ]

[ 200 — 41‘2]
| (50 + £2)2

50 — 12 ]
(50 + )2

~ P’(2) = 31.55 bacteria per hour

= 300

= 2000[

xcos x — 3) — {sinx — 3x)(1) _ xcosx — sinx

0. 76 = ina -
oo xoosx+ 2) — (sinx + 2x)(1) _ xcosx — sinx
4 (X) - xz - xz
_sinx+2x sinx—3x+5x
@) =—""= . _f(X)-!-SA
f and g differ by a constant.
82, (a) p'(x) = f'(0elx) + fx)g’(x)
p/(@) = 3(8) + 10) ~ 4
o 8RS ) — fx)g ()
b g’x) = B
wy . M2} —4(=1) 12 3
@M ="""5 T16 4
84. V=mrh=a(t + 2)(%\/5)
= S 2012y
e 13 N dta
VAN = 5 "211/ + 712 = T cubic inches/sec

86, P=—
a _ _k
av v
G
88. F= 312"'2 = Gmymyd 2
dF . —2Gmm,

d3
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89, (a) secx =
cos x
——[sccx] d[ } (cosx)(O) - (1)(~smx sinx 1 sinx soc x tan x
dx| cos x . {cos x)? " COSXCOSX COSX COSX
(b) csex = L
sin x
d - 1 :
—[csc xf= -—{ ] (sin 5)(0) (i)(cos D _ CO8F - O sexcotx
dxlsinx] {sin x) sin x sin x sinxy sinx
COS X
(c) cotx = i
d _ dfcosx]| _ sinx(—sinx) — (cosx)(cosx)  sin®x + cos?x _ 1,
dx[COtx] B dx[ sinx] B {sin x* h sin?x T Teimtx 09X
90. Flx) = secx
glx) = escx, [0,2m)
flo) =g
1 . sin x
- .
sec x tan x = —cscxcotx::bw= 1= Cosx CO8X . 1 sm3x =-1=tan’x=—-1 = tanx= —1
csCx¢otx ,Losx cos’ x
sinxy sinx
_3m Imw
TG
21, (a) n(s) = —3.5806¢% + 82.577t% — 603.60t + 1667.5 (b) ase 12

vt} = —0.1361¢% + 3.165:2 — 23.02¢ + 59.8

© A= _ _—O1361F + 316512 ~ 23,00t + 59.8
n(t) —3.5_8069 + 82.3771% — 603,60t + 1667.5
Q.05
L ——

5 112

Q

. A represents the average retail value (in millions of
dollars) per 1060 motor homes.

92. () sinf=

_r
r+h
r+h=rcsch

h=rcsc®—r=rlcscd—1)

93. f(x) = 4232
flx) = 6x1/2

3
() = ~1/2 = =
Fx) = 3x 7

; (o)

]

1z 12z

{(d) A’(z) represents the rate of change of the average retail
value per 1000 motor homes.

(b) h/#) = r{~csc 8 - cot )
R/(30°) = h'(g)
= —3960(2 - +/3) = —7920/3 mi/radian
9. fl)=x+2
rw=1-%
o) = 192

x4
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X
x—1

vy = D) —aA1) -1
f(x) - (x — 1P - x - 17

i — 2
f (x) - (x _ 1)3

95, f(x) =

97. f(x) = 3sinx
f{x) =3cosx

A4+2x=1 1
96. f(x)———-?#—fx+2 S
, 1
f=1+3
0= =5

- 98, flx) =secx

flx) = secxtanx

fAx) = —3sinx F ) = sec x{sec? x) + tan x{sec x tan x)
= sec x(sec? x + tan? x}
99, F'(x) = CO100. () = 2 — 2! 0L fx) = 2/ 102 FO() = 2x + 1
i (x) =2x ) =2 = ;2; f(4)(x) = %(g)x—l/g = % . f(S).(x) _,

f@=0
One such function is f(x) = (x — 2)2

105, F(x) = 2g(x) + Alx)
Fx) = 2g"(x) + h'(x}
£ =28"2) + h(2)

=2(-2) + 4
= ()

107, fix) = %

0 = He ) — gk 'x)
o — B2’} ~ g(2)R12)
O ="

(-~ 1)(~2) ~ 3)(4)
1y

=10

FO) =0

104. The graph of a differentiable function f such that f > 0
and f’ < O for all real numbers x would, in general, look
like the graph below.

¥

106. f(x) = 4 — K(x)
)= —Rhx)
F(2) = —k12) = —4

108. f(x) = g(x)h(x)
) = g®hx) + hx)g(x)
112) = g2)h'(2) + A(2)g7(2)
=@+ (- 1(-2)
=14
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109, »

It appears that f is cubic; so £ would be quadratic and

119.

f7would be linear. would be constant.
111, y 112, ¥ 113.
I
1 z 21!\
X -2
-3
—4-
114. 7 115, v() =36 —¢2,0<t<6
? . alty = -2
\ m" v(3) = 27 m/sec
2 /T \> ‘ a(3) = —6m/sec?
The speed of the object is decreasing.
100¢ _ 1500 _ )
1i6. - a) a(8) = 5= = 2.4 ft/sec
v(t) 2t T 15 ( ) ( ) IZ(S) + 15]2 /
(2t + 15)(100) — (1000(2) o 1500 2
al) = o + 157 ) al10} [5010) + 157 1.2 ft/sec
1500 - 150 2
PR L c) a(20) = s = 0.5 ft/sec
@ 157 ©) o0 = 30y + 157 = 05
117. s(f) = —8.25:2 + 66¢ Average velocity on:
8 = —16.50r + 66 75 ~
w0 g [0, 1]is % = 57.75.
alt) = —16,50
. 99 - 5775
l'(SCC) . 0 i 2 3 4 [1, 2] 15 ‘—2 _—1—“" = 41.25.
s(8) (i) 0 57.75 99 123.75 | 132 . r 12375 — 99 sas
v() = s ) (ft/sec) 66 49.5 33 16.5 0 P T T A,
alt) = v (ft/sec?) | 165 | 165 | —165 | —165 | 165 B
[3, 4] is 132 — 12375 _ 8.25.

4-3

It appears that fis quadratic; so f” would be linear and f”
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118. (a) (b) The particle speeds up on the intervals (2, £) and (4, 6).

Answers will vary.

§ position function
v velocity function

a acgeleration function

119, flx) = x” . 120, fix) = % _
70 = nln = 1l = 2) - @A) = ! o e - 2) - )
Note: n! = n(n — 1) -3« 2 « 1 (read “n factorial™) _ ) xnt!
o (= 1)!
xn+1

121 /() = gh()
@ £ = gloh'x) + hxg o)
F15) = () + g h G + Mg + h g o)
= g + 2 ) + hix)g 0
() = gloh” (x) + g () + 26 0O G) + 2g (W () + KDg ") + h g )
= R (x) + 3R + 3g" () + g7 (RIhtx)
1) = (x)hw ) + g IR + 3g () + 3g7A(E) + 3g A + 3g” (I ()
+ g () + g
= KN x) + dg )" (x) + 6g') + 4g " (DR'(R) + gUCA(x)

) — el 4 T D=2 @) nn = D=2 QM e
® /1) = ) e ol T @i - 26— 9 -

o = )01 =2)- Q) g 4
()(2)(1)[(?1—3)(11-—4 “20PE 2GR x) +

Al = 1) — 2) -(2)(1) ) )
= D=2 omns whe + g

+

+

~ GG + ﬁg’(x}hw )+ Fjéﬂg"(x)hw-w(x) e

+ G_nill)mg(”‘”(ﬂh’(x) + gGant)

Note: n! = nr—1)- - -3 +2 -1 (read “n factorial”)

122, [ = xf(x) + flx) :
[/ 01" = xf"x) + /() + £ () = xf"(x) + 21" ()
[ef )17 = xf"() + f7(x) + 2"(x) = xf"(x) + 3/"(x)
In general, [xf(x)]® = xf(x) + nfleUx).
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: cos
123. Ff(x) = x"sinx 124. f(x) = xnx =x""Fcosx
/| = R H—1 a3
FO) = xmcos x + mx sinx Fl) = —x"ginx — nx " lcosx

= x""YHxcosx -+ nsinx) = —x*"Wxsinx + ncosx)

Whenn = 1: f{x) =xcosx + sinx .
f() XSnx + ncosx

When n = 2: £{x) = x(xcos x + 2 sin x) i
When n = 3 f(x) = x*(xcosx + 3sinx) When n = 1: f{x) = _w
When n = 4 f{x) = x*(xcosx + 4sinx) Whenn = 2: ) = _xsinx + 2.cosx
For general =, f(x) = x"~ Y{x cos x + #n sin x). A x
; xsinx + 3cosx
When n =3: f{(x) = -7

inx +
When n = 4 f’(x) = _M

x
in x +
For general n, f) = -+t 20
125 y=Ly =3 2 ' 26 =2x3—5 +10
nY =Y 2 T8 . ¥ x
: 5 . ¥y =6x—6
#” L = 2l | = — = .
) yfh’ _ 12
—y" = xy = 2y = —12 — x{122) — 2(6x® — 6) = —24x?
127. y=2'sinx-i;3 | 128. y=3cosx + sinx
¥y’ =2cosx _ y'= —3sinx + cosx
y'= —2sinx "= —3cosx — sinx
¥+ y”: —2sinx + (2sinx + 3) =3 y*+y={(-3cosx —sinx) + (3cosx + sinx) =0
129. False. If y = f(x)g(x), then 136. True. y is a fourth-degree 131. True
polynomial. , ; y
d , . h'le} = flelg(c) + gle)fie
D (W) + s A e s 4 =709 * &l0f19
dxn : = Fe)0) -+ g(e)0)
= ()

132. True : 133. True ‘ 134, True.
' ' If v(f) = c then aft) = v/{(t) = 0.

135, flx)=ax* +bx+c
Ffix)=2ax+ b ‘
x-intercept at (1,O: 0=a+b+c
(2, Tyongraph: 7=4da +2b+ ¢
Slope 10at (2,7): 10=4a + b

Subtracting the third equation from the second, —3 = b + ¢. Subtracting this equation from the first, 3 = a.
Then, 10 = 4(3) + b = b= -2, Finally, —3=(-2)+ ¢ = ¢= -1,

fx)=3x2—2x—1
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136. fx}=ad +bx®+ex+d a+0
F0) = 3ax? + 2bx + ¢

—2b + /4b? — 12ac
6a

JR=0=x=

{(a) No herizontal tangents: £'(x) #= 0
48 — 12ac < 0
Bxample: ¢ = c=1,b= 0

flx) =22 +x

K2 ifxz0
137. Flx) =rx|x| = [—xz ifx <0

(b) Exactly one horizontal tangent {¢) Exactly two horizontal tangents
407 — 12ac = 0 4p% — 12a¢ > 0
Example: a = Lb=3,¢c=3: Example: b=l,a=1,c=0
Fx) =2 +3x% +3 flx) =2+ 22

138. {a) (fg' —f8)' =R"+Ffe' —re — 1'%
=18"—f' “True
b {(fe)"= (&' + fe 8
= fo"+ fg' + Fe + 1

; 2, ifx>0
f’(x)z{—z ifx <0 o opgr ey
, =Rt +f%.
F(0) does not exist since the left gnd right derivatives + fo" + fe False
are not equal. : _

Section 2.4  The Chain Rule

y = fg(x) u= gl

1. y={6x—5)¢ u=6x—35
2. y= 1 u=x-+1
" Jx+1

3.y=. x* -1 o= 1
4. y = 3 tan(mx?)- u = wx?
5 y=csc®x _ = CSCX
6. zcosg}z ,M:E
-y 2 2.

7. y=02x— 7P
¥ =302x — DH2) = 6{(2x — 7)?

b

g(x) = 3(4 — 9x)?

g = 12(4 — W)(—9) = —108(4 — 9x)*

y=rfG)
y=u
y:u—lﬁ.
y%ﬁ
y=3tanu
y =
y = cosu

8,y =134~ x2S .
' = 15(4 — x)H-2%) = —30x(4 — x2)*

18, f(r} = (9¢ + 2)%3

2 . 6
£ = §(9t +2)7153(9) = Vo3
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Section 2.4 The Chain Rule

1. fA=(1-n2

1 1
/| =1 — —1/2f ... = -
£ =50 = 971 = —
13, y = (9x® + 4)1/
6x

/=l-_ —2/3 —
v =308 + 98 =

15, y= 2(4 — x2)/4

12, glx)= /5 —3x=(5 - 312

) = Y5 =2 g) w —3

W g)=Vrr—u+1=J/—-1P=|x—1

vy _ 1L, x>
g(x)*{—l, x<1

16. f(x) = —3%2 — ox
£ = —3(2 — 9x)1/*

o Dea oy sty = X
¥y “2(4)(4 xZ) 3/4( 2) m 3 -
Fix) = -2(2 - 9x)-3/4(f9).: G = oA
17, y=(x— 2 18 s0) = 73— 19. £() = (: — 3)2
Y= 16 = 970 = ) = (2 + 3= 1) 110 = <2 =37 = =5
s = ~1F2 + 3 — 1722t + 3)
— (2t + 3)
TP+ -1p
5 _ : 1 |
20. y:**(}_l__?’)z' 2. y=(x+2)712 22, g(t)=_‘/m
y=-5+3" Lo v o) = (12— 2)12
. g 15 . | _
' 150+ 3 = N - §'0) = —2> - 2757320
=~ a"

23, flx) = 2%x — 2)*
£ = x4 — 2P0] + (x — 242
= 2x(x — 2P2x + (x — 2)]
= 2x{x — 2p¥(3x — 2)

25, y=zx/1 — 2= zx(l —xH2
y = x[%(l - x2)—1/2(H2x)J + (1 — 2)VH1)

= a1 = a2V 4 (1 — )2
= (1 A V-2 +'(1 — 53]

e 2x2.
ey

24, f(x) = x(3x — 9)°
£ = A30Gx — PG + Gr - 9P = T
= (3x_”—' 9)9x + 3x — 9]
= 27(x — 3)4x — 3)

26. y~ %x%/l& - x*

y=d

1306 2 12(-29) + 16 - )2

e

_ —x(3x% — 32)
S 2716 — x2
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X
= e 2+
RV R G

27. -1/2

y’=;{—%&1+1yﬂﬂ@ﬂJ+(ﬂ-FU”U%U

= -2+ )72+ (@ + )72
= (2 + 1)V -2 + (3 + 1}]

1
S

X+ 2
x+5 )((x2 +2)—(x+ 5)(2x))

x4+ 2 (x2 + 20

29, glx) = (

g7 =

2 + 52 = 10x ~ &%)
B (x2+ 2P

M. fy) = (11 ;2‘)")3

) = 3(11—+2vv)2((1 +v)(=2) - (1 - 2v)) |

{1+ vp?

=91 - )
(1w

Jx+1

Boy="a2i3

¥
,_ 1 =322 — 452 » [\>
W) 7 _

The zero of ¥’ corresponds to e
the point on the graph of y
where the tangent line is horizontal.,

x+1
= . 4 .
35, ¥ P .
: Vo + D/x 2|
Y = TS Y .Y
2x{x + 1)
Rl
vy’ has no zeros. s

28, y= e
Jxt+ 4
A 9V = plet + )7 2(4x)
h xt+ 4
_ x4 + 4 — 2&\14
T T AR
4= xt
T (xt+ 4)32
2 \?
30. b = (:3 — 2)
o 12\ + 2)(2) - :'2(3:2))
wo =255 (R
2N =Y 284 - )
T2 (2P
3x2 — 2V}
32. g(x)—(zx+3)

o f3x = 2V (2x + 3)(6x) — (3% — 2)(2)°
g(")":’(;ﬁs)( (2x + 3)2 )

3(3x2 — U622 + 18x + 4)

(2x + 3)*
_6(3x% — 2)%(3x% + 9x + 2)
B (2x +3)*
2x
- 7
M.y x+1
. ¥
P
T 2x + 12 Lz
L | e e |
¥ has no zeros. =
36, glyy=Vx—1+Jx+1
1 i
lx p— +
sW = ATT T 1T
g has no zeros. 6

-z
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+ 1 ‘
i y= el 3 38, y=x2 tf:ml : 3
X ¥ pe
d i 1 ol & 1 1 lJ/
— —ca _
Zy: arx sin wx 2cs1'rx s s —y=2xtan——sec2— o= s
x _ » dx X x ) /'wnl( ¥
Txsinwx + coswx + 1 3 The zeros of y’ correspond to e

x2

The zeros of ¥’ correspond to the points on the graph of y
where the tangent lines are horizontal.

39, (a) y = sinx (b) y=sinx
¥y =cosx y' = 2cos2x
y(0) =1 y(0) =2

1 cycle in [0, 2] 2 cycles in [0, 2]

The slope of sin ax at the

origin is a.
41. vy = cos 3x 42, y = ginwx
H_ 4y &y _
ax 3 sin 3x I 4T COS TTX

45. y = sin(arx)? = sin{#2x?)

¥’ = cos(m2x)[2m2x] = 272 cos(nrx2)

47. h(x) = sin 2x cos 2x
h'(x) = sin 2x(—2 sin 2x) + cos 2x(2 cos 2x)
= 2cos? 2x — 25in* 2x
= 2 cos 4x
sm 4x
cos 4x(4) = 2 cos 4x

Alternate solution: A(x) =

h(x) =

cotx COS X
49, () =222 = 5
&) sinx  sin?x

- sin? x{--sin x} — cos x(2 sin x cos x)
sin? x

fx)

—sin*x —2cos?x _ —1 — cos’x
sin® x sin® x

51. y = dsec?x

il

y’=8secx - secxtanx g®

.= 8sectxtanx

52. g(f) = 5cos? ot = 5(cos arf)?
10 cos mH{—sin mi)(m)

— 107 (sin art){cos i)

the points on the graph of ¥
where the tangent lines are horizontal.

40, {(a) y = sin 3x

¥ =3cos3x ’_(l) (E)
y(0) =3 - =lg)e3
3 cycles in [0, 2]

Half cycle in {0, 2]

The slope of sin ax at the

origin is a.
43, g(x) = 3 tan 4x 44. h(x) = sec(x?)
2'(x) = 12 sec? 4x h(x) = 2x sec(x?) tan(x®)

46. y = cos{l — 2x)* = cos((1 — 2xP)
¥ = —sin(l — 2x)*2(1 — 2)(—2))
= 4(1 — 2x) sin(1 — 2x)?
48. g(g) = scc(%ﬁ

) tan(36)
g'(0) = sec(lﬂ) sec ( ) tan(iﬂ) sec(%ﬂ) tan(%ﬂ)%
= § sec(76)[sec2(z0) + tan?(}6)]

50. g(v) = i: =cosv-sinv

g’(v) = cos v(cos v} + sin v(—sin v)

= cos?v — sin? v = cos 2v

53. f(6) = 1 sin226 = {(sin 26)?
£10) = 2(4)(sin 20)(cos 20)(2)
= sin26 cos 26 = 3 sin 48

— 57 sin 2art




138 Chapter 2 Differentiation

54, h(f) = 2co®{mt + 2)
h(D = dcot(mt + 2)(—esc{mt + 2)(m)
= —dar cot(mt + 2) esc?(art -+ 2)

56. y = 3x — 5cos(wx)?
= 3x — 5 cos{w™x?)

dy e
i 3 + 5 sin{w ) (272%)

=3 4 10w sin(mx)®

58. y = sinx!/3 + (sin x)!/3

i 1
¥’ = cos x*/3(§x*2’3) + g(sinx)*z/3 cosx

B l[cos X173 €08 x ]
T3l 42 {sin x)2/3

60.  y=(38+ 45, (2,2)
y = é(3x3 + 4x)"45(9x2 + 4)

L P+ 4
5(3:.3 + 4x)5

@) =

62. fix} = (xz——13x)2 = (x? — 3x)72, (4, IIE)

() = — - x—a' — =M
) =~ 268 ~ 27 - 3 = T
rw=-= *

6. S0 =% @.3)

= NN -G+ -5
16 = (2x - 3) - (22 - 37

@ =-s

55. f(t) = 3 secq(mt — 1)
£ = 6 see(mi — 1) sec(mt — 1) tan(mwi — 1)(m)

6 sin(mrt — 1)

= 2 - - =
6 sec(mrt _ 1) tan(mrt — 1) cosi(ar — 1)

57. y=Jx+ % sin(2x)?

= Vx + 5 sin(4?)

1 p, 1 2
it Sk cos{4x)(8x)

= 21? + 2x cos(2x)?
59, () = (2 + 2t + 8)2, (2,4)
#0) = 363+ 2 + 97V +2)

t+1

SR+ 2+ 8

57(2) = :j:

6L f() = ﬁ = 3(2 — &), (—~1, —%)

1) = =3t = 47 = —wgfxl)z
o 9
Fi-1= 75
+2
6. f@)=""—"7 ©,-2 |
pa _ =D -G +20) -5
f(t)_ (I_ 1)2 . (t* 1)2
[0 =-5

65. y =737 — sec¥(2x), (0,36)
y" = —3 sec?(2x)[2 sec(2x) tan{2x)]

= —6 sec?(2x) tan(2x)
y(0)=0
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_1 72
66, y= . + Jcos x, (2, fn')
P 1 sinx
Y X 2 /cosx
y’(#r/2) is undefined.
67. () flx)=/32~-2, (3,5 () 7
1 3x (3,5)
Hy) = (32 — 2V~ 12Ex) =
£16) = 5322 = 2)7/6x) N ] . \ / .
9 /]
f’(3) = g -3
Tangent line:
yﬂ5=-§4(x#3)=>9xk5y~*2:‘0
68. () flx) = —;ch./x2 +5, (2,2) ) 6 .
-4 k]

76 = 33 + 5)~1/2(zx)] + 1 4 sy

§2

3\/x1 +5

o =5 1(3)—19—3

\/xz +5

Tangent line: y — =~b——(x—2)=>13x—-9y—8=0
69. (2) y=(2x+1)?2 (—1,1)
vy =202 + 1){6x?) = 12x2(2x3 + 1)

y(=1) = 12(-1) = -
Tangent line: y — 1 = —12(x + 1)
y=—12x— 11

(b -

-1, l)\/’/)
" -3 ' 2

-

7L (@) f() = sin2x, (m,0)
fx) = 2cos 2x
flm} =2
Tangent line:
y=2x—-mM=2x—y—2w=0

b

-6

76. (3) f(x) = (9~ X223, (1, 4)

ey - 200 — 2y 13— = _ &
Fx = (9 3 V3 —2x) 3(9 — )i/
—4 2
F0) =350 = 73
Tangent line: y — 4 = —-%(x -1}
2 14
= —Zy+—
YT

(b 6

-2
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B T 2 - i
72. (a) y = cos 3x, (4, 2 ) 73. (a)  flx) = tan®x, (4, 1_)
y' = —3sin3x F/(x) = 2 tanx sec? x
) g
Tangent line: y + % = —_32‘/5 (x - %) Tangent line:
w —
_f3\/.2. 3 /im 3 y—1—4(x—4):¢4x y+ (1 —=m=0
Y= YTy T2
. (). 4
© JAVVAN
&2 JLAA
_E \ l' T (!(E 1)
N | v
1% I
2
- i __ 3 (13
74, {a) vy = 2m§3 X, (4,2) 75, (@) gl = NCE TN (2, 2)

v’ = 6tan? x - sec?x

v(2) = st - 12

Tangent line: y — 2 = lZ(x - %)
y=12x+2 - 37

® 3

1
il
)

76. () f(x) = Vx(2 - %7 (4,8)

x— _
iy - = 2=
fr4y=9
b y—8=9x—-4
y=9x — 28

() 1

' //4:8) |
u"_‘\“"“- [
Q

32+ 3 -2)

g0 = (62 + 2t — 122

® y-3 = 00— 0)

y=

W |

© 8

y=—3x+3
(¢} 5
Vi
. 53,
\ e
-z
7. @ s() = @:%—f— AR (0, g-) |
o m2JT Rt 2=t
s = 3 +3~/1+t
s'0=20
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78 (@) y=@-9J+2, 2,-10 79. flx) = V25 -~ 2, (3,4)
,_5[24"81‘—9 . ff() X I
LRI )=
2Vt + 2 25— A2
’ — 2 1) = -_é
= F@)=—y
27 ' : :
®y+10=216-2) y—4=-2(-3)
4
27 47
y=gr- o ‘ y = —%x + %; Tangent line
{c) 3 8
» 777, <
N
{2, ~10) -8 ol
18 -4
__ K ~ .
80. flx) = N (1, 1) 81. _ flx) =2cosx +sin2x, 0 <x <27

f'x)=—2sinx + 2cos 2x

s 2
f (x)ﬁ—-'—m(z__ 2y forx >0 = —2sinx + 2 — 4sin’x = 0

(1) =2 2sin?x + sinx — 1= 0
y—1=2x-1 (sinx + D2sinx— 1) = 0
¥ = 2x — 1; . Tangent line sinx=—1'=>x=3?w
3
’ sinx=l$ x=£5—w
2 6 6
a1 "
-2 2 - _23._175_1T
_1/ - Horizontal tangents atx = 2, =~ %

Horizontal tangent at the points (W 3\/§), (3—17 0), and

(52 _33
6’ 2

82. flx) = Vo il 83, flx) = 2(x2 — 1)
(zx — 1)1/: — x{2x — 1)~1/2 ‘ f’(x) = 6(x — 1)*(2x)
;= Zx - 1 = 12x(x* — 257 + 1)
o —1-x o , = 1225 — 240 + 12x
@R Py = 60x — 7227 + 12
= (—2;:—11)3/2— = 12052 — D@2 — 1)
ﬁ =0 = x=1

Horizontal tangent at (1, 1)
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84 fy =627

I = -2 =

@ =2-23= - 20

86. flx) = sec? mx
Fx) = 2 sec mwx{sr sec arx tan ax)

= 2ar sec? orx tan wx

85. f(x) = sinx?

fx) = 2xcos x?
F7(x) = 2x2x(—sin x?)] + 2 cos x?
= 2[cos 2% — 22 sin %]

(%) = 2 sec? mx(sec? mx)(m) + 27 tan (27 sec? mrx tan arx)

= 27? sec’ wx + 4n? sec? wx tan® mx
= 2777 sec? wx{sec? wx + 2 tan? 7x)

= 27? sec? wx(3 sec? wx — 2)

87 h() = 2(3x + 1), (1,69—4)_

o

B = é3(3x S 1P@) = (Bx 4 1)

A"(x} = 2(3x + 1)(3} = 6(3x + 1)
B(1) =24

89, flx) = cos(x?), (0,1)
Sxy = —sin(x?)(2x) = —2x éin(ﬁ)
F'x) = —2xcos(x2{(2x) — 2 sin(x?)
= —dx? cos(x?) — 2 sin(x?)

10 =0

The zeros of f” correspond to the points where the graph
of fhas horizontal tangents.

88 flx) = \l/,G"lTZ =+ 472 (0’ %) :

1) = =2+ 4y

wn 3 s/ 3
F = =

gy — 3
J10) = 128

90, g(d) = tan(24), (%’5 ﬁ)

| g'(8) = 2 sec:(21)
g”() = 4 sec(2r) - sec(2f) tan(26)2
= 8 secH(2¢) tan(2s)

SRy

£ is decreasing on {(—oc, — 1) so £’ must be negative there.
F is increasing on (1, 20) so f* must be positive there.
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The zeros of f* correspond to the points where the graph
-of fhas horizontal tangents.

95, glx) = f(3x)
g'(x) = (3x(3) = g'x) =3f(3%)

97. (a) flx) = glx)hl(x)
) = gWh'(x) + g ()R
F5) = (=3)(=2) + (6)(3) = 24

© =2

hix)
vy B () — gx)h’(x)
A TP
ey BNE) = (=3)(=2) _12 _4

98. (@) glv) =f(0) —2=2'(x) = f'(x)
) Al =2f() = h'(x) = 2f'(x)

o) rx) = f(=30) = r'(x) = f(=32)(-3) = =3f(~3x)

Hence, you need to know f'(—3x).
#(0) = =370) = (-3)(~%) =1
(1) = —350) = (<3)(-4) = 12
@ sx) =flx+V=s5(x) = flx +2)
Hence, you need to know f(x + 2).
s(—2) = £(0) = =%, etc.

94, ¥

s
X
B 4
p

-2+

w
}

-3t
et

The zeros of f* correspond to the points where the graph
of fhas horizontal tangents.

96, g(x) = f(x?)

g/(x) = £ = g'(x) = 227"

®) fx) = glh(x)
f(x) = g’ (R R (x)
f1(5) =g’ 3%-2) = —28°(3)
Need g’(3) to find £'(5).
@ flx) = [P
&) = 3[e0]%8 (0
£1(8) = 3(=3)%6) = 162

x -2 -1 0|1 |2]3
IR e e e
g’ | 4 | F | -F| -1 -2 -4
x| 8 | 4| -}|-2|-4]|-8
r’(x) 12 1

s | -2 -1 —2| -4

99. (2) Alx) = F(e(x)), g(1) = 4, g’(1) = =5, F/{(# = —1, W' (x) = f(s(e’ ()

B'(1) = fe()g’(1)
= f'(4g’(1)
= (-1~ =14

B s(x) = g(f{x), F5) =6, £(5) = —1, g'(6) does not exist.

s'x) = g (Fx) f )
5'(5) = g'(F(5))f/(5) = g’ (6)(— 1)

Since g (6} does not exist, s°(5) is not defined.
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100. @) A(x) = f(g(x)
7x) = flgx)e’ (%)
B'(3) = f'(g(3))g’(3)
= f(5K1)

1
2

101. {(a) F = 132,400(331 — v)~!
= (—1)(132,400)(331 — v)~2(—1)

_ 132,400
(331 —v)?

Whenv = 30, F’ ==~1.461.

102, y = %cos 12t —~ isin 12¢

=y =%[— 12 sin 12¢] - i[lz cos 12¢]

—4sin12f — 3 cos 12¢

I

When r = m/8, y = 0.25 feet and v = 4 feet per second.

104, v = A cos wi
. 3.5
(2) Amplitude: A = - = 1.75

¥ = 1.75 cos wt

20w
P 1 : —= ——
eriod 10=>w—1 3

i
y = 1.75 cos 5

0.357 sin m

R __'Tf E N . T
(yv=y 1.75[ 5sms] . S

106. () Usmg a graphing utility, or trial and error, you obtain
a model similar to

T() = 65 + 21 sin(%’ - 2.1).

b) 100

N

(by s(x) = g(f(x)
s'(x} = g'(fF) &)
s'(9) = g’ (N F(9)
= g'(8)(2)
(=D
.

(b) F = 132,400(331 + v)~!
F = (—1)(132,400)(331 + v)~2(1)

_ —132,400
(331 + )2

When v = 30, F' =~ —1.016.

103. 6 = 0.2 cos 8¢

The maximum angular dlsplaccment is 8 = 0.2 (since
—1 < cos 8t < 1).

@—02[ 8 sin 8] = — 1.6 sin 8¢

dt
When r = 3, d§/dr = —1.6 sin 24 = 1.4489 radians per
second.

105. S=C(R? - r?)

Since r is constant, we have dr/dt = 0 and

‘—fE = (176 x 102)(1.2 x 10-3(10-5)

= 4224 % 1072 = 0.04224.

{© I =11 cps(% - 2.1)

(d) The temperature changes most rapidly in the spring
(April-JTune) and fall (September—November).
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107. (8) x = —1.63727 + 19.3120£ — 0.5082¢ — 0.6162
by C=60x+ 1350

= 60(—1.6372¢ + 19.3120/ — 0.5082¢ — 0.6162) + 1350

% = 60(— 4911672 + 38.624¢ — 0.5082)

= —294.696 + 2317.44¢ — 30.492

The function dC/dt is quadratic, not linear. The cost function levels off at the end of the ciay, perhaps due to fatigue,

108. f(x) = sin Bx

(a) f'(x) = Bcos Bx

f(x) = — B sin Bx

F(x) = —p*cos fx

f@ = B*sin Bx _

(b) f"(x} + Bf(x} = —p*sin Bx + BHsin Bx) = 0
© f™(x) = (—1)p*sin Bx

FE—Dx) = (—1)k+1 g% 1 cog Bx

110, (a) r'(x) = f'(g(x))g ' (x)
_r’(l) = f(g(1)g (1)
5—-0

Note that g{1) = 4 and f(4) = rr i %

Also, g’{1) = 0. Thus, r*(1) = 0.

111, (@) glx) =sinx + cos2x=1=g'(x) =0

g’(x) = 2sinxcosx + 2cos x{—sinx) = 0

112. ) I f(—x) = —f{x), then
d d
L) = L1

FE=E0 = -G
f(=x) = f(x).

Thus, £/{x) is even.

13, Jul= V2
d d 2 _l 23172
Sl = [ V] = 2682 uu )

109. f{(x + p} = f(x) for all x.

(a) Yes, f*(x + p) = £(x), which shows that f” is
periodic as well.

(b) Yes, let g(x} = f(2x), so g"(x) = 2f"(2x).
Since f is periodic, so is g”.

®) s (v =g’ (F) ()
s'(4) = g’ (fa)r @

Now a0 = 5,5 = £ =

[T

2
iy =3 PR TEANE
f(4)—4.Thus,s(4) 2(4 2

(b) tan?x + 1 = sec®x

gl) +1=7f(x)

Taking derivatives of both sides, g’(x) = f().
Equivalently, f'(x) = 2 secx - secx - tan x and
g'(x) = 2 tan x - sec? x, which are the same,

) K f(—x) = f(x), then

L1 (-] = S 70)]
FED =0
=3 = =W,
Thus, f* is odd.

114, g(» = [2x — 3|

o) = 2(]—2:—;), x3




146  Chapier 2 Differentiarion

115, f(x) = |22 — 4| 116. A(x) = |x| cosx

x4

)= Zx(lxz—_zl“), xF £2

x
R(x) = —|xf sinx +
= ~lefsin ¢

118. (a) f(x) = tanzf fly=1
£ =T e ro =% =%
Fx)= %756521? « tan Ef(%) F= %(2)(1) = %

P =/~ D A= T 1D+ 1

—Tcosx, x 0

2

117, f(x) = |sin x|

Fix) = cos x(&) x# kv
[sin x|

P = YT = 1 O = 1)+ A= T 4 T ) 1

3

{¢) P, is a better approximation than P,.

(d) The accuracy worsens as you move away fromx = ¢ = 1.

119. (@  fx) = sec{2x)
F'(x) = 2(sec 2x)(tan 2x)
F7(x) = 2[2sec 2x)(tan 2x)] tan 2x + 2(sec 2x)(sec? 2x)(2)

= 4[(sec 2x)(tan? 2x) + sec® 2x]
8)==(3) =2
(3)

2 sec(ﬂ) tan(E) =43
f”(g) = 4[2(3) + 2*] = 56

3

a

3 3

P = 4ﬁ(x - %T) +2

Py = %(ss)(x - g)é N m(x _ %) 'y

xzs(x~g)’+4ﬁ(x~§)+2

120, False. fy = (1 — x)'/2, then
y= 41— ),

121. False. If f(x) = sin? 2x, then
Fx) = 2(sin 2x)(2 cos 2x).

0 0.78

(c) P, is a better approximation than P,.

(d) The accuracy worsens as you move away
from x = 7/6.

122. True
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123. flx) =a;sinx + @ sin2x + -+« + g, sinnx
f(x) = a, cos x + 2a, cos 2x + - - - + na, cos nx
f0)=a, +2a,+--- + na,

la; + 2a; + -+ + na,| = |£0)]

= lim M‘
-0 X — O
¥=0 i8I x X

= 1im L& < 4
x=0 |S1n X

dl__ Pz} ]_G*= 1R &) — Bl + DEF — 1)kt
124, E[(x" — l)nﬂ] = (ck — 12

_ {x* = )P (x) — (n + Dxt* 1P (x)
(xk — 1)n+2.

d" 1
= k_— 1yttt
P = = ] o)

P = Gt = 2 L L] = - e () - (4 D8,

Pooi(ly = —(n + DEP(1}

For n = I’Eé[xk L J = (;",;kikl)lz = (xfl_(x)l)z = Py(1) = —k Also, Po{1) = 1.
We now use mathematical induction to verify that P,(1) = (—k)"n! for n = 0. Assume true for n. Then
P, (1) = ~(n+ 1DkP,1)

= —(n+ Di(—krn!

={—kPTln+ 11

Section 2.5  Implicit Differentiation

1 R+ =136 | 2. A-y=16 3. M rpnmg
2x+2yy'=0 2x-2yy’=0 . _]_-.x*_1/2+_:_l_y_1/2y.r:0
2 2
,__I ) :_E :
T ' Y3 , w12
¥ =_"y—1/2
N
x
4. 13+y3=8 . 5. xq—xy-\f-y = 4
I+ 3y =0 : _ ‘ -y —y+ 2y =0
ro ® @y -y’ =y—3?
¥ ’_“_? P
; )’—3
y —_
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6. Xy + yhx = =2
Ay + 2y + ¥+ 2y’ =0
(o + 20p)y" = = (5 + 2y)

s ooy +2)
x(x + 2y)

8. ) —x+2y=0
I ’ !
Ty ) -1+ 2y =0

X

’ Y ’ 2 2
y! e — 1+ 2y’ =0 , by — 3% — 2y
2/xy 2V xy Y 4xy — 3x2
'y =2V + 4 yy =0
v = 2%y~ y
4.5 + x
10. 2sinxcosy = 1 11  sinx+2cos2y =1
2[sin x(— sin ¥}y’ + cos y(cos x)] = 0 cos x ~ 4sin 2y)y’ = 0
,_ Cosxcosy po. COSX
sin x sin y Y 4 sin 2y
= cotxcoty
12. : (sin x + cos wy)* = 13. sinx = x(1 + tany)
2(sin wx + cos wy)[7 cos wx — wlsin wy)y’] = 0 cosx = x(sec? y)y’ + (1 + tam y)(1)
. ar cos mx — w(sin wy)y’ = 0 ,_cosx—tany— 1
. xsecty
, _ cos 7x
sin 7y
o . )
14. coty=x—y 15. y = sin(xy) 16. x = sec 3
(—csc?yly’ =1y’ y =[xy' 4 y] cos{xy) T
y .
, . Il = —%5sec —tan —
= ¥’ — xcos(xy)y” = y cosxy) ¥
P :
L= oscly , _ _ycos(xy) Y= -y
1 ) 1 — xcos(xy) sec(1/y) tan(1/y)
= 3 w —fan ¥y
o {5)e=(3)
.= —y?cos{—Jcotl =}
¥ ¥y ¥y
17. (3) 2 +3? = 16
¥y =16 -a
Ty =416 — 2

(c) Explicitly:

D _ 4 Le - 21—
= = +5(16 ~ £/~ 23)
+X X

T2 262

=_x
y

7. BY—y—x=0
339y + 33—y - 1=0
(3392 — 1)y =1 — 3aH?

,_ 1= 3%
YNy
9. B = 3y + o2 = 12

32— 3xty’ - bxy + Ay’ + 22 =0 ‘
(dxy — 3x%)y = 6ay — 3x* — 2y*
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18. (@ (P -+ 4+ (P +6y+9=-9+4+9
(x -2+ (y+3P =4 Cicle
(y+3P=4- (20

y=-3+/4— (x— 2P

{c) Explicitly:
2 - 4 - (- DI - 2)
Tx —2)
Va—-(x-2)7?
—(x—2)
+ /4 =[x~ 2)2
~x—2)
~3+ /4~ (x—2F+3

_—=x-2
- y+3

19. (2) 16y* = 144 — 9x*

2= Ljag - oy = 216 -
¥ 16(14.4 o) = Z(16 - )

y= /6
(¢) Explicitly:
dy _ 3

i i§(16 ~ x%)"12(—2x)

I S
4./16 — 2 4(4/3)y 16y

20. (2) B2 =x2+ 9

2 2
2_____7:__'_1=_1c+9
YT 9
Vi'x2+9
YETT3

(c) Explicitly:
dy _ £3(2 +9)7V2(2)

dx 3
_ +x L E X
322+ 9 3(3y) 9y
21. w=4
xw' +y(1)=0
xy'=—y
v 2
Y X
At (-4 ‘—'1): y' = -
i 4

b

@

(®)

@

x

R
“T

R
L—1
4 5

(@) Tmplicitly:
204 2y — 4+ 6y’ =0
2y + 6y’ = —2(x—2)

s —x-2)
B y+ 3
b
)
Implicitly: 18x + 32yy’' =0
. —%
¥ 16y
4
qu‘_\-j-ﬁ
..-r"‘""-——_-__-“"'-'-u.
Hnplicitly:  9y? —x2=9
18yy' — 2x =0
18yy’ = 2x
i X
Y T 18y T 9y
P-y=
- Bl =0
3
y 3y2
ALYy =2
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24

7 _ %

By xt+ 4
40 (2 - a2
o (* + 4p
Yo = 16x
yy_(x2+4)2

o 8x
YT+ 4P

At {2,0): y'is undefined.

25. 2+ =5
2 2
L3 4 213y = g
3 ¥
. .._xfI/S'_ 3/
A= CaaN
, 1
At (R, 1) y' = -5
27. tan(x + y) = x

{1 +y)sectx+y) =1

1= secHx +y)

’

yf

secH{x + y)
. _—tanx +y)
Ttan(x + y) + 1
= —sin(x + ¥)
T2+l
AL(0,0): y’ =0
29. 2+ 4y=28
(2 + 4y +y(2x) =0
s T2y
P T Era
_ —2x8/(2 + 4)]
h 2+ 4
- —1l6x
(2 + 4P
o321
At(2,1): y' = 3 = 32

(Or, you could just sofve for y: ¥ = ;z-i_—4)

24.

26,

28.

30.

(o yP =ty

x3+3x2y+3xy2+y3=f+y3
3% + 32 =0
x1y+xy2.=0

x4y’ 4+ 2y + 20y’ +y2=0
(2 + 2)y" = — (" + 29)

L My + 2
x(x + 2y)

At(—1,1): y' = —1

B+y=4dy+1
C3x2 4 3ty = 4wy’ + 4y
(B3y2 — dx)y’ = 4y — 322

Ay — 3
YTy 4
4—-12 8
At(2, 1) y' = -8 "5
xcosy =1

-y siny] +cosy =0

,_ SOsy
xsiny

i
= —cot
3 ¥

_ coty
x

T : .l
A2, 7 )y =—=
( 3) YT

(4= xp? =
(4 - D) + (1) =34
. 324
Y T — )
At(2,2): v =2
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31 (2 + y2)? = dx2y
202 + y1)(2x + 2yy") = 4%y’ + ¥(8x)
45 + iy’ + b + By = by’ + Say
Ay’ + 4y — dady’ = Bxy — A -~ diy?
d'(Py + ¥ -2 = 42y - 2 — o)

f___zxy_xs_xyz
Y Ry vy

At{(1,1: y'=0

33 (y-22=4x-13), (40
2y -2y’ =4

At (4,0 y'=—1
Tangent line: y — 0= —1(x — 4)

y=—-x+4
35, =1, _(1, 1)
' +y=0
P
> = x

At (1, 1) y =1
Tangent line; y —1 = —1{x ~ 1)

y=—x+2
37. Ay —9x2— 492 =0, (~4,2.3)
x2yy’ + 207 — 18y — 8yy' =0
, 18x — 2x?
yr= 8o 2y

2x%y — By

B o 18(=4) — 2(=4)(12)
A(-4.2V3) ¥ = VA — 1675
24 1. 3

"B/ 23 6

Tangent line: y — 2./3 = %(x +4

Y3 8
y = 6x+3ﬁ

32.

34,

36.

38,

By —bxy=0
3 + 3y —bxy ' — 6y =0
y'(3y* — 6x) = 6y — 32
by 322y
Y 332 — 6x v — 2x
,_{16/3) — (16/9) _32 _ 4

48
At (5’ 3): Y T 64/9) — (8/3) 40 5

(x+ 12+ (y—22=20, (3,4
x+ ) +2(y-2p'=0
2y~ = -2k + 1)
k1)
V-2
At(3,4): y' = -2

Tangent line: y —4= —2x—3)

y = —2+ 10

Txt — 6332y + 132 ~ 16 =0, (V3,1)
ldx — 6-/3xp" — 6/3y + 265y’ = 0 '

,_ 63y — 14
Y T 26y - 6/3x

L, 6/3-143  —8./3 :
At(V3,1): y' = - - -3
(V3.1): y 26— 6373 B V3
Tangent line: y — 1 = —/3(x — /3)
y=-/3x+4
B 40 =5, (8,1)
2

gx—l/a + %y—m =1

R
AL Dy =5
. 1,
Tangent line: y — ! = _E(I -8

i
y~—§x+5
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35, 302 + YR = 100(s* - »?), (4,2)
6(x2 + yI)2x + 2yy’) = 100(2x — 2wy")
At (4,2):
6(16 + 4)(8 + 4y") = 100(8 — 4y”)

960 + 480y’ = 800 — 400y’
880y" = —160
[
Yy o=
Tangent line; y 2= —&x — 4)

1y +2x—30=0

— 2 30
y= —{ix 1

40, yHx2 + 93 =22, (1, 1)
yzxz + y4 = 252 '

Zyyx? + 2yt + 4y’ = 4x

Ae(l, 1)
29"+ 2+ 4y’ =
6y’ =2
=L
Yy =3

Tangent line: y ~ 1 = 3(x — 1)
3

x2 2 P o
. — —_— = e = — e = f =
41. (a) 5 + 3 1, 1,2) 6] pe: + = B 1 = o e =y s
' —bx
X+ 0 Y= ¥ = —a—(x — xp), Tangent line at (x,, ¥o)
’ 4x Yo¥ Yo _ —%eX | X
= ——— ot = — o ——
Y ¥ | at a?
At(L,2): y"= 2 Smce—- + yb% = 1, you have )’bozy + 2 =1,
Tangent line: y — 2 = —2(x — 1) _
y=-—"2x+14 .
Note: From part (a), l(x) 2(8y) =1 = %y = -—%x +1 = y= ¥2x + 4, Tangent line,
2 _¥F_ 2_2_ 2 2y -
42.(&)6 8_1, 3 -2 (b)‘a2 11’2—1=>a2 b24~0=>y o
X ¥y, _ _ xgh? .
i 0 Y=Y = ;O-a-i(x — xp), Tangent line at (x,, yo)
Y X Wo _ Yol _ XX _ X
7 T3 ® B ar g
I ﬁ___ XoX _ Yo _
=3 Since TR i, you have P L
4(3})
ZoY = - _
ALB, =2y =3 = 2
Tangent line: y + 2 = —2(x — 3)
y=—2x+4
Note: From part (a), % - (_—82)—2 =] = %x +%= 1 = y= —2x+ 4, Tangentline.
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43, tany = x cosy = x
y secty =1 —siny-y =1
yh= e = cos?y, ~S<y<z y’=—~’._1, O<y<m
secty 2 2 sin y

sec’y =1+ tan’y =1+ 52

1
Y 1+ x?

~1
o I |
¥ 1—x¥ :
45, x*+y?=36
2x -+ 2yy' =0
y,=—_x
¥y
o YDty tal=xfy) oy - =36
¥ y ¥
46. A7 — 2=
2y + 2yt —2=0
By +0t—1=0
P St
| SR
2oy’ + X2y + Py 2y’ + Y =0
4oy + 2y P+ 2y + ¥ =0
4 -4 (1 — %
+ ” =
= 2y +axyy'+ ¥ =0
dxy? - dfy* + 1 — 202 + A%yt 4 xhylyT 4+ xtyt =0
iyl = 2yt — 2yt — 1
| g 2% =22 -1
y 3
47. a2—y=16 B.1-xy=x—y 49, y2 =3
x—2y'=0 y—xy=x—-1 2yy”"= 322
’ x x—1 ’ 3x2 3x2
y == y -1 ¥ *"-—--w-_...._.ﬁ
¥ 1—=x 2y 2y xy
x—yy'= y' =0 _y Ay
- 2
1=-y"=(P=0 y'=0 >y
” x\? y”:M
¥y fy ) _
., Y2 —16
¥ zy))a =73 ___3_y=£
42 4y

sinfy + cos?y =1
sin2y =1 — cos?y

siny = /1~ cos?y = /1T — x2
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50, y?=idx 51, Vit JSy=4 9
2yy' =4 ERSY S Sy P
T + 77 H'=0 a
f 2 _ ©.1)
y e Yy yr — —‘/5 -1 ) 14
. -1
v oy -2] 2 -4 Vx
Y=y == ]
Y yo¥ At(9,1): y' = .y
. 1
Tangent Hne: y—1= —E(x -9).
1
y=—3* + 4
x+3y—12=0
-1
5. y=2= 1
S .|
1y = 225 D) = (& = 1)20) | e
B o N N e
_B 128 4 2 S
{x* + 1)
, 1+2x—x
YT HE + 12
JS‘) 1+4—4 1
At|2,=—} y'= =
| ( 57 TesAsla s 1045
V3 1
Tangent line: — Y (2
angent line y==5 10‘/5(34: )

0By - 10=x—2
x—10/5 +8=0

53. x+y =125

2% + 2y’ =0
o
f=_

Y y

At (4,3):

Tangent line: j:—3=~";—4(x—4)=>4x+3y~—25=0
. 3
Normal line: y — 3 =Z(x—4)=>3x—4y=0
At (—3,4):

Tangent line: y—4=%(x+3)=>3x—4y+25:0

Normal line: y—4=_?4(x+ D= dr+3y=0

(4,3)

L

TR
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»

At(0,3): - -6 /
Tangent line: y = 3 . ' k_./

Normal line: x = 0 -4
At(2, V5); 2
' -2 (/- 25)
Tangentdine: y — /3 =—=G -2 =>2x+ /5y —9=0
\/g -6 -/ \ 8
Normal line: y—\/_=§(x*2)=- Sx—~2y=0 ' =~
55, at4yr=2 : 56. yr=4x
2x +2yy'=0 ‘ 2yy’ =4
,_ =X . .2
y' = T = slope of tangent line = ; = lat(1,2)
Y _ . Equation of normal line at (1,2) isy — 2 = —1{x — 1),
x slope of normal hr@ y = 3 — x. The centers of the circles must be on.the
; ) ] normal line and at a distance of 4 units from (1, 2).
Let (x,, ¥,) be a point on the ¢ircle. If x, = 0, then the Therefore

tangent line is horizontal, the normal line is vertical and,

hence, passes through the origin. If x; # 0, then the x-1P+[B-x-2F=16

equation of the normal line is 20— 12 = 16
y*yo=fc—°(x—xo) x=1%2/2.
o .
) Centers of the circles: (1 +2J2,2 - 2\/5) and
yz%x S (1-2v2,2 +242) :
o
Equations: (x —1—2v/2) +(y—2+2/2)*=16
which passes through the origin, aua tgns (x f) (y f)
(x—1+2V2)+(y—2-2/2)*= 16

57. 252 + 16y° + 200x — 160y + 400 = 0
50x + 32yy” + 200 — 160y = 0

, _ 200 + 50«
¥ 7 160 - 32y
Horizontal tangents occur when x = —4:

25(16) + 16y? + 200(—4) — 160y + 400 =40
Wy—10)=0=y=0,10

Horizontal tangeénts: (—4, 0), (—4, 10)

Vertical tangents occur when y = 5:
2522 + 400 + 200x — 800 + 400 = 0
Bxx+8)=0=x=0,—8

Vertical tangents: (0, 5), (—8, 5)
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58, 42+ - 8x+y+4=0
8x+ 2y —8+4y' =0

,_8— 8 4-4
Y Ty r4 y+2

Horizontal tangents occur when x = [:
4IP+y -8} +4y+4=0
Yrdy=yy+4H=0=y=0,—4

Horizontal tangents: (1,0), {1, —4)
Vertical tangents occur when y = —2;
452 + (2P -~ Bx + 44—+ 4=0
4?2 — Cx=4dx(x — 2D =0=2x=0,2

Vertical tangents: (0, —2), (2, —2)

59. Find the points of intersection by leiting y?* = 4x in the equation 2x% + 32 = 6,
2 +dx=6 and (x+3)x—1)=0

The curves intersect at {1, £2).

- Ellipse: - Parabola:
4x + Zyy =0 yy’ = 4
[ _E L g

¥ y y ¥

At (1,2); the slopes are:

yl=—1 y=1
At (1, —2), the slopes are:

y =1 y=—1

Tangents are perpendicular.

60. Find the points of intersection by letting »* = 13 in the equation 2x? + 3y = 5.

22+ 3% =5 and 3P +22-5=0 , (2P237-3)
Intersect when .x = 1. : /,,% B 7
Points of intersection: (1, =1) 2 4
\ L, ~1)
¥ o=ah 22+ 32 = 5; N
. -2 2_x3
2y’ =37 dx + Gyy’' =0 y=
) 32 i 2
YTy 7 3y
At (1, 1), the slopes are:
3 o2
) Y 3

Tangents are perpendicular.
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6l. y= —xandx = siny

Point of intersection: (0, 0)

y = —x x = siny
y' =—1 1=yvy"cosy
y' =secy
At (0, 0), the slopes are:
y'=-1 y=1

Tangents are perpendicular.

62. Rewriting each equation and differentiating: J

B =3y -1) x(3y — 20) = 3

_x -, = 13
y—3+1 yf3(x+29)
(- ’=_i

-6

LV

{

-3

For each value of x, the derivatives are negative reciprocals of each other, Thus, the tangent lines are orthogonal

at both points of intersection,

63. xy=C 22—y =K
o' +y=0 2x =~ 2y =0
r_ IME

y. * y y

At any point of intersection (x, y) the product of the
slopes is {(—y/x)(x/y) = — 1. The curves are orthogonal.

64. x?+yr=(C? y = Kx
2x + 2yy' =0 y' =K
y'==2
¥

At the point of intersection (x, ¥), the product of the slopes

-3

P

is (—x/%)(K) = (—x/Kx)(K) = — 1. The curves are orthogonal.

65, 2y —3x4=10
(8 4y — 1223 =0

dyy’ = 1223
co 128 38
4y ¥
dy _ dx _
(b) dy - — 1222 = 0
dy dx
Y =¥y

66. 22 — 302 + 1 = 10
(@) 2x— 3 — 6oy’ + 3y’
(—6xy + 37y’ = 3y? — 2x

S 3 —x
y 3y‘2 — 60.’_)’
d . dx d .,
—_— —_—— —_— + ———e—
O)2x = Wy Oy T =0

@ -39 % = 6y -3 2
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67. cosmy ~ Jsinwx = 1
(@) — sin{my)y’ — 3w cos mx =0
- P —3cos mx
sin v

. dy dx _
) —r sin{my) ~ 37 cos(rx) o 0

o d dx
—sin(my) df); = 3 cos{mx) Z

69. A function is in explicit form if y is written as a function
-of x: y = f{x). For example, y = »®. An implicit equation
is not in the form y = f{x). For example, x? + y? = 5.

Use starting point B.

73, (a) x* = 4(4x2 — y?)
4y = 16x2 — x*¥

y;’¢4xz—%x4
i fae - Ly
y==x 4x

(b) y=3=>9=4x2—%x4

36 = 16x% — x%
X4 — 162 +36 =0

16i\/256_144:8i\/ﬁ

¥ = 2

68, 4sinxcosy =1

(@) 4sinx(—siny)y’ + 4cosxcosy =0

,  COSXCOSY
sinx siny
. . dy dx
— —_= 4 = =
(b) 4 sin x(—siny) o 4cos x 4 S8 t]
cc;s cos dx _ sinvx sin 4
XESYa T Y

70. Given an implicit equation, first differentiate both sides
with respect to x. Collect all terms involving y” on the left,
and all other terms to the right. Factor out y” on the left
side. Finally, divide both sides by the left-hand factor that
does not contain y”.

72. Highest wind speed near L

Note that x> = 8 + /28 = 8 + 2./7 = (1 £ +/7)2 Hence, there are four values of x:

1 =-VT1-V7, -1+ V71 +J7

‘ —_ 2
To find the slope, 2yy” = 8x — x’ =y’ = 36(82(3;‘C !

—CONTINUED—
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73, —CONTINUED—

Forx=~1- /7,y'= %(\/’7 + 7), and the line is

y1=%(ﬁl+7)(x+ 1 +ﬁ)+3=%[(ﬁ+7)x+§\/7+23].

4
3

y2=§(ﬁ_7)(x_1+\/~7)+3=§[(ﬁ—7)x+23—8ﬁ].

Forx =1~ +/7,y"'= ={~/7 — 7), and the line is

Forx=—1+ /7,y = —%(f — 7), and the line is

vy = —%{ﬁ— Nr+1-/7)+3= —%[(ﬁ - 7)x - (23 - 87
Forx=1+ 7,y = ——%(ﬁ +7), and the line is
| y4:-—§(ﬁ+7)(x— 1 —\/*7)+3=—§[(\/7+7) ~ (87 + 23]
(¢) Equating y, and y,:
(V= et 1= VT +3= 2T+ D)1 7) +3

(Vi-Te+1-vT)=(VT+Dx~1-/7)
VI + ST=T =T~ T+7T=VTx—ST—T+Tx—T—1/7

167 = 14x
s/
7
If x = g,yi then y = 5 and the lines intersect at ( 8‘7/7, 5).
74, S+ Sy = JSe _ 75. y = xP/% p,gintegersandg > 0
1 + 1 dy yq = xFf
2xoadyd iy’ = par!
P _ _y : ' p xP!
ar Nz ‘ y'= PR
: ' V¥ _
Tangent line at (x,, ¥k ¥ ~ ¥, = _fo (x — x,) - g_ ) xiplxp/q _
x-intercept: (x, + NN 0)
y-intercept: (0, 3, + ~xov/%0)
- Sum of interéepts: ‘ ‘
(xo +\/x_o\/y_o) + (J’U +\/x—0\/§;) =Xt 2\/";\/3’—0 + ¥
= (Vo + y0)2

- (o=

Thus, ify = x", n = p/q, then y' = nx" "1,
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76. x% + yr =125, slopc=% 77, yre=yr—x?
3/ = ’_
2x + 2y’ =0 4y’y’ = 2yy' — 2x
2=y — 4’
DT SIS x=(2y - %W
y 4 3 A -
‘ y 2y — &P 0= x=0
x2+ léJA:2 = 25
9. Horizontal tangents at (0, 1) and (0, —1)
+ 4 2 b
%x2=25 _ .Note. yr—3r+at=0 ,
. , 1+/1-4¢
x =23 ¥ 2

If you graph these four equations, you will see that these
are horizontal tangents at (0, +1), but not at (0, 0).

. =t
B Tty
x|yt
2779 70
yr=__9,x..l
¥
4y x— 4
—-0x(x — 4) = 4y?

But, 9x2 + 4y? = 36 => 4y% = 36 — 9x2 Hence, —9x% + 36x = 4y* = 36 — 9x? = x= 1.

Points on ellipse: (1, i—i—ﬁ )

35} oo =9 _ V3
At(l’fﬁ)'y Ty 4(32)v3 2

3 3
Tangent lines: y = —%{x — 4) = _éx +2.3

79, x =3y
1 =2y’
]‘ . .
y= 5, slope of tangent line
Consider the slope of the normal line joining (xg, 0) and (x, y) = (¥*, y) on the parabbla.

Ay = 2
2y %
Y- X=-3
1
2 -,
y xD 2
—CONTINUED—
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79. —CONTINUED—

(8) Ifx, = g, then y* = § — § = —4 which is impossible. Thus, the only normal line is the x-axis (y = 0).

() ¥x, =4 theny? = 0 = y = 0, Same as part (a).

() Ifx, = 1, then y* = § = x and there are three normal lines:

The x-axis, the line joining {x, 0) and (%,

i

12 ) and the line joining (x,, 0) and (l —L)

2 V2

If two normals are perpendicular, then their slopes are ~ 1 and 1. Thus,

gy =220 =1
2y 1 yz_x0=-=>y > and
The perpendicular normal lines are y = —x + %andy =x-3
ESN S
80. () 32+8_1
2x | 2y’ —-x
— + = fm D
Rty TU=YEg
P S
At (4,2) y - 2

Slope of normal line is 2.
y—2=2x—4)
y=2x—06
(b 4
2

-4

Section 2.6 Related Rates

1. v=Jx
zx=(¢)@
dt  \2./x/ dt
ax _ dy
dtﬁz\/;dt

(a) When x = 4 and dx/dt = 3,

dve _ 1 .3
dt 2./4 ()= ry
(b) When x = 25 and dy/dt = 2,

% =2/25(2) = 20.

= —1 .1__. =_l=> .:E'
=-l=7-x 5= %=7
R e R
© w1l

X2+ 4(4x? — 24x + 36) = 32
1722 ~ 96x + 112 =0

2
(17x—28)(x— 4 =0 = x = 4,%
e (2846
Second point: (17, 17)

2. y=2(x*—3x)

Dy X
dt—(4x th
e 1 &y
dr  4x— 6 dt

{a) When x = 3 and

dx

Ly - _ '
223" [4(3) — 6](2) = 12.

(b) When x = 1 and

dy _ g dx 1 5
dt ’

@ M= g0 =7
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3. xy=4 ¥+ =125
dy dx dx dy
+
“a Va0 2 =0
£ (28 ¢ (9
- dt x/ dt dt dt

(2) When x = 8,y = 1/2, and dx/dt =

dy _ 1/2 5
dt 5 (0= . 8

(b) Whenx = 1,y = 4, and dy/dr = —

D&
dt dt

(a) Whenx = —1,

dy
dr

{b) Whenx =0

dy
dr

(c) Whenx =1,

dy _
dr

= 2{—-1)(2) = —4 cm/sec.
= 2(0)(2) = 0 cm/sec.

= 2(1){2) = 4 cm/sec.

d dx
Lo sty &

dr dt
(a) When x = —7/3,
‘2’ = (2)}(2) = 8 cm/sec.

(B) When x = —71"/4,

% = (ﬁ)?-(Z) = 4 ¢m/sec.
(c) Whenx = 0,

?; = ()A2) = 2 em/sec.

dx _ (mz)d_y
dt x] dt
(a) Whenx = 3,y = 4, and dx/dt = 8,

dy 3oy _
dar 4(8)

(b) Whenx = 4,y = 3, and dy/dt = -2,

dx

3 3
PP A s

dy |_—2x |d&x
B [(1 + x2)2] dr
(a) Whenx = —2,

dy _—2A-2@) _3

& 75 Ecm/sec.
{(b) Whenx =0,
% = 0 cm/sec.
(c) Whenx = 2,
dy _—22)2) _ -8
i 2 = cm/sec
y=sinx
dx
7 2
@ _ dx
il

(a) When x = 77/6,. | |
fh‘ (cos —)(2) V3em/sec.

(b) When x = /4,
% = (cos %)(2) = /2 cm/sec.

(c) When x = /3,

. d_y _ ( os“—)(z) = 1 cm/sec.
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163

dx . dy ..
9. (a) 7 negative = i positive

d dx
(b) d_}r, positilve => @ negative

11. Yes, y changes at a constant rate.

&y _ .. &

a
No, the rate dy/dr is a multiple of dx/dr.

B D=V +P=JT+ @+ 1= S +32+1

dx
E—Z
ap _ 1, , V=172 &
- 2(x + 322 + 1) (4]:‘34-636) =
- 203 + 3x dx
Jxt+32 -1 4t
_ 43 + 6x : \
Jat+ 32+ 1
15. A= 7r2
ar _
dr
d_ dr
dt 7 dt

(a) Whenr = 6, %% = 27 (6)(3} = 367 cm?/min.

(b) When r = 24, %A;- = 27(24)(3) = 1447 cm?/min,

dA  s2 46 d6 1 ]
(b) 7 — 5 cos g o where - Erad/mm.

dx
10. (&) o negative = %negative
[(s)] ﬂ asitive = @ OSiti
ar? ar POSve

12. Aﬂswcrs will vary. See page 149,

4. D=J/EF@E= /& sinix

dx
dt =2
dp 1 PSRy’ . dx
% (x* + sin®x) . (2x_;_ sin x cos x) o
_x+ sinxcosxgxw
xi+sin?x dt
_ 2x + 2sinxcosx
VA2 + sin?x
16. A= =r?
dA dr
szﬂ'rz

If dr/dr is constant, dA/dr is not constant.

dA/dt depends on r and dr/dt.

(© If % is constant, % is proportional to cos 6.
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4 4 ., dv
o= — 3 — 3 =
18. V 3171' 12, V= 37rr 7 800
ar_ & _ &
dr -
dr dr 1 [(dV 1
av _ 2 8r ar _ avy_ 1
dt Amr dt dt 4wr1(dt) 411-:-2(800)
(a) Whenr = 6, (a) When r = 30,
av _ 2(7) = Ny, ar _
a 4(6)%(2) = 283w in®/min. il (30)2(800) cm/mm
When r = 24, (b) Whenr = 60,
& _ 2y = 3 ar _ 1
i 4qr(24)42) = 4608 in*/min. i 60)1(800) ﬂ_crn/mm
(b) If dr/d is constant, dV/dt is proportional to rZ.
20, v=24 21. s = 62
ix.-: 3 ..4}_ =
dt dr ‘
v _ & ds _ ., dx
i i
(a) Whenx = 1, (a) When x = 1,
& = 317) = 9 om*/sec. L~ 12(1)(3) = 36 em?/sec.

22.

(b) When x = 10,

&~ 3010)2(3) = 900 e sec.

V= l'rl'rz.h = %wr2(3r) = qr3

3

(a) When r = 6,

% — 37(6)(2) = 2164 in® /min.

(b} When r = 24,

dr

A 37 (24)42) = 3456 in®/min.

23.

(b) When x = 10,

45 {2(10)(3) = 360 cm?/sec.

dt
a1 21) ince 2r =
—swrh—3qr(4h h [smceZJ‘" 3h]
=37

. “_‘4h

4av

dt—lO

dV 9 dh:@___df(dV/dt)
a4 dt dt Sarh?

When h = 15,

dn _ _4(10) _ _8
4 9w(152 405 ft/min.
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_1 2ﬁ.1_£3_25173( s ilar tri r_h 3
4. V i h = 377144.’1 3(144)12 Bysnmlarl:nangles,5 =p =T 12h
dv
” 10
dv _ 25'11' dhz.)gz( 144 )ﬂ -
& 144" 4 dt 25h?
dh
When i = 8a’r 2571'(64)(10) ft/mm.

(a) Total volume of pool = 3(2)(12)(6) -+ (1)(6)(12) = 144 m* . L
Volume of 1 m of water = Hne)s) = 18 m®  (see similar triangle diagram) W
% pool filled = $5(100%) = 12.5% 02

(b) Since for 0 € h < 2,b = 6k, you have | ”36

V= %bk(ﬁ) = 3bh = 3(6h)h = 182

H gl I 111
@ de T4 ar 144k 1441y 148 ™™
26. V= %bh(lZ) = 6bh = 6k (since b = h)
dh d 1 dV
(a) S Sy T A
& . dn .
When / = 1 and e 2, 5 12(1)(2) ft/mm.
(b) If@ = %m/mm = SLth/mm and h = 2 feet, thcnﬂ (12)(2)( ) %f@/min.
27. X2+ =052
dx dy
+ —_— =
Zxd 2y it 0
dy _—x dx _—2x . dx
d y @ since =2
I D e o) B
(a) Whenx =7,y = 576 = 24, = 24 1o ft/sec.
s _op & _ 205 -3
When x = 15, y = /400 = 20, - 20 "~ 3 ft/sec.
Whenx =24,y = 7,—> d 2,(12‘9 _48&/ ec.

—CONTINUED—
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27. —CONTINUED—

(b) A=%xy
ﬁ=l(éz @)
N e T
r oy mog B & _ T
From part (a) we have x = 7,y = 24, dt—z, and dr 12.'I‘hus,
da _ U 0 7 _327 2 |
dr—z[v( 12)+24r(2)]— S~ 2196 f/sec.
X
c tan & = —
(©) y
de 1 dx =x dy
200 — = — i ——_ —_
Secedr y dr ¥ dt
d 1 & =x dy]
=2 = 2 L e
di csﬂ[y dt ¥y dr
g E T _24
Usingx = 7,y = 24, Fe 2, - 1 and cos 6 25,wc have
de _ f24vf1 . 7 7)]_1 '
dr _(25) [24(2) (24)2( 12)] = Ta T
28. X2+ y? =25
dx &
Zxdt+2ydt_-0
‘ , s
dx _ y dy_ _015% ( & )
dt x dt @ x Smcedt_o'ls
dx /1875 *

Whenx = 2.5,y = ~/18.75 ~X 0,15 =~ —0.26 m/sec.

Y4 25

i -

29. Wheny = 6,x = 122 — 62 = 6/3,and s = V& + (12 — y)*

= /108 + 36 = 12. ~”%‘
| A+ (2P =g :
& RV P )
2xdt +2(12 — y{-1) & = g Z
dx & &
xdr+(y- lz)dt S
Also, x* + 32 = 122,
dx dy dy —x dx
= e — = =
R il T
dx —x dx ds
= 4 . il o
Thus,xdt (y 12)(y dt) 5
dx 12x ds. dx sy ds._ {12)(6) -1 -3 .
& e B A ()= 1
dt[x x :] e e TP (12)(6J§)( 0.2) 5 5 m/sec (horizontal)

dy _—xde =63 (=V3) 1 o conican
ey dt 6 15. 5 .
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38, Let L be the length of the rope.

(@ I2=144 4 22 0) If%=—4,andL:'13:

ZL@_M% c—iéz-{é-———( 4) ft/scc
: dr L dt
j,: L ‘;f A (since% = -4ft/sec) dL _xdx _ JI2— 144(_4)
* * @ Ldar L
When L = 13; d
: im 22 = lim e JTT = 144 =

= /I — 144 = J169 — (44 = 5 L—harlrzlﬁ dr L—>12+ L 144=0
dx _ 413)  s2
&5 5 10.4 ft/sec

Speed of the boat increases as it approaches the dock.

3L () st=x 432

dx

=450 ;
0]

Q — R 150+

= —600 . 1

dy : o :
o= 9y 2D x
29 dr 2% a2 e AT

=50 50 100 150 200

I X

ds _ xldx/dr) + yldy/d?)
dr 5

When x = 150 and y = 200, s = 250 and

ds _ 150(—450) + 200{—600) _

—750 mph.

dt 250

250 1 .

.(b) t—750 *3h1‘—20m1n

32 xP4yi=42 : . 7 33, 2 =902+
2x§+0=25§ (since-@i=0) ¥ =30
dt dt dr :
’ ax _ —28

dx _ sds . dr
dr xdt )

2t gl s _x dx
When s = 10,x = /100 - 25 = /75 = 53, e didt s dt

= - 7 i
dr_ 10 6 B0 e s When x = 30, s = /307 ¥ 30° = 30./10,
@ 5/3 /3 s 30 28

E 30\/_(— 8) = _JT_B == —8.85 ft/sec.

2nd

30?

3rd st

0 ft

Home
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15 y
34, 5s2=90%2 + 2 35. (a)F—*_—=>15y—15x—6y
x =60 _ §x
L% o
dt
ds _x ox
dr s dt

" When x = 60, s = /90 + 607 = 30/T3,

20
36. (2) Z =2
¥y X
20y — 20x = 6y
14y = 20x
_10
Yy 7x
dx
dr 5
dy _10dx _ 10, ., =50
ST g =y ffse
dy—x _dy dx_ =50 , . _ =50
(®) dr d&t dt 7 (=3) = 7

ds 60 56
i 3(]\/ﬁ(ZS) vt i 15.53 ft/sec.

2nd /‘\3(1) ft

3rd

1

37. x() = = sin 22 224+ y2=1

2 6’
. 27
(a) Period: —— = 12 seconds
/6
PR . _ (1 _ 3
(b} When x = ¥ = 1 (2) =2 m

dx 1
a2
y=1
dy _
dr_o
1/4

)ﬁ _—m 1 _
2 4 /5
S
130 m/sec




o

41, pyvii=¢
av dp
0320 + 13
1.3pV 7 v i =0
V“(l 3pﬂ+ Vd ) 0
dr

v _ dp
L3 dr A dt

_— = m—— e —— . —=
R* dt R® dt RP dt
When R, = 50 and R, = 75:

R =130

% = (30)2[(—5}0)—2(1) + (—7%5(1.5)] = 0.6 ohms/sec

42. rgtan & =12
2rtan =

r is a constant.
de dv
2489 _, 4v
32rsec?d 2 2v "
av _16r =, df
-y iy
L1kewxse = cos?6 @

’ d 16r dr’
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3.
38, X1} = Esmfrt,xz +y=1
, 27
(a) Period: - = 2 seconds
| (b) When x = %,y =./1- (g)z = -:-m.
- . 4
. Lowest point: | 0, 3
o3 e V15 .3 3 1 1
(c)Whenx wy— 1 (4)- 7 and10 Ssm'n't=>sm'n'r—2m>t—6.
dx 3
d_t = g'n' cos it
24y =
dx dy dy ~xdx
= 4 - e
Byt T w
q dy _ —3/10 3 (71-)
’ dr ‘/—/4 SWCOS 6 N
_ 9 _ —9./57
2535 125
Speed = ‘*9‘/5"! ~ 0.5058 m/sec
125
; . Lo . 1 1 1
39. Since the evaporation rate is proportional to the surface 49. =R + 2
‘ area, dV/dt = k(4sr?). However, since V = (4/3)mr3, t 2
we have fff,l_ =1
dt
— = 4qr? id
dr dr’ dR
=15
dr dar @
2y = 2 & =4
Therefore, K(4mr?) = 4ar = =k o I &R 1 dR | dR,
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-2
43, tan 8 30 | 1
dy _
s 3 m/sec |
o dé  1dy ¥
29,29 _ 2 &
el S T 30 ar | f
d9_1 L, & - 0 |
4 300y
T /2 de 1 o1
Wheny = 30,0 = P and cos 6 = 3 . Thus, == 30( )(3) 20racl/sec:
a4, sin ¢ = 10
X
dr .
7 (—1) ft/sec .
Cos 6(@) =— 10 &« ’
dt X dt 8
dae 10 dx
@ TE(SBC 8)
= VIO" 23 10 1 2 _2J2d 0.017 rad/sec

252 \/ 2 _10° 25521 25721 525

45.  tmmo=%y=5 .4
* ‘ L E ]
dx : o o7
i 600 mi/hr <% _ :
dae 3 dx
2 = = =
(sec? 6) dt 2 dr

- (_5_2)(1)2 = (—sin? g)(% (~600) = 120 sin* 8

L2\5) dr
(a) When 8 = 30°, (b) When # = 60°, (c) When 8 = 75°
de _ 120 49 3 | 49
a4 - dt .120(4) i 120 sin* 75
= R hr =~ 1.87 rad/min.
= 30 rad/hr = %rad/min. = 90 rad/hr = %rad/min. 111.96 rad/ ‘ rad/min
x
46. tan 6 = 50
o

= 30(27r) = 604r rad/min = wrad/scé

dey 1 /dx
PYPY [ N ]
sec G(dt) SO(dr)

@_ 2 ﬁ
7 50 sec G(a't)

(a) When 8 = 30° b _ wﬁ/scc () When 0 = 60°, % = 200w ft/sec.  (c) When 6 = 70°,— dx

= 477.4 .
" dt " 7.43 7 ft/sec
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d )
47 49 _ (10 rev/sec)(27 rad/rev) = 207 rad/sec

" odt
{a) - cos = 3% . ﬁ (b) zano
n é @ = 1 dx [} /\ 4z
dt 30 a‘t \/ \/

» 0 e~
oA ey —2000
a 30 sin 0 o |
(d) For & = 30°,

= —30 sin #207)
= ~ 6007 sin @ % = — 6004 sin(30%)
(c) ldx/di| = |— 600 sin 8| is greatest when . '
- = f600'n-5 = =300 cm/sec.
|sin6|:1=:»0=~i+mr (or 90° + n - 180°). :
For 8 = 60°,
ldx/dt is least when 8 = nar (orn - 180°). \ o
i — 6007 sin(60°)
= —60017% = 30037 cm/sec.
48. sin22° == 49, tinf = =>x=50tan @
v 50
_ X dy 1 dx ‘ o _ 29 49
0= " dt+y'dt I 505{1c(’.ﬂdr
a d de
d—f d —y = (sin 22°)(240) ~ 89.9056 mi/hr 2 =50sec? 0 —
a4_1 e -T ki
. ¥ dt—zscose 45654
; 2
50. () dy/dr = 3(dx/dr) means that v changes three times as fast as x changes.
(b) y changes slowly when x = 0 or x = L. y changes more rapidly when x is near the
middle of the interval.
d2y
51, 2% + y? = 25; acceleration of the top of the ladder = Pl
First derivative: 2.7:? + 2y ?; 0
d dy
+
Yo Va0
dx  dx dx dy dy dy
L A A A
Second derivative: x PR dt’ R 0 |
(-8
dt* ¥ dr? dt dt
7 dx dx . dzx
Whenx =7,y = 24 dt 17 and — 7 = 2 (see Exercise 27) Since ° is constant, —— ] =0.

= 2d 70 - 0r - (f =g -l =5 Tl - - 2
2270 - @ 12) 1734 7* " 1aa) = 24 144 0.1808 ft/sec
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2
53. L? = 144 + x% acceleration of the boat = d*x

dr?
First derivative; ZLg: = Zxé}f
: dt dt
dL dx
Lon =%

d¥M, 4l dL d%x | dx dx
vative: + e e ==
Second derivative: L i a @ e T @ &

dx 1 diL dL\z dx\2
dr? (x)[L az T (dt) (dt) ]

dx dL . . dL . d’L _
When L = 13, x =5, il 19.4, and ”{"E = —4 (see Exerm_se 30). Since e is constant, a2 0.
ax 1 ' '
Pl == = + (— 2 (.= i 2
13 = S[13(0) + (97~ (~1047]

= {16 - 108.16] = 3[~92.16] = — 18.432 t/sec®

53. (a) mls) = 0.37545 — 18.780s% + 313.235 — 1707.8

dm _ 2. ds
(b) 5 = (112625 ~ 37.5605s + 313.23) 7

Iff = 10 and % = (.75, then s = 17.8 and d—? = 1.1154 million/year.

d
54. (= —49+20 . ¥

& .

o 9.8t
y(1} = —49 + 20 = 15.1
y(1)=-98 o 2, )

P , 0__»y @t *
By similar triangles: x r-12 o X ——— 3y
20x — 240 = xy

Wheny = 15.1:  20x — 240 = x(15.1)
(20 — 15.1)x = 240

_ 240
*T 49
20x — 240 = xy
A _ dy dx
V= *a
dx _ _x dy
dt 20— ydt
Att = 1,£ = m(*&&?) =~ —97.96 m/sec.

dr 20 —15.1
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Review Exercises for Chapter 2

1L flx)=x—2x+3 |

f’(x):gxif_{lo f(x+ixx)wf(x)
i [t A2+ A0+ 3] - [ - 20+ 3]
= lum
Ax—0 Ax
L (2 2x(Ax) 4 (Ax)? — 20 - 2(Ax) + 3) — (32— 2x + 3)
= Hm
Az—0 Ax
=1hn2x(Ax)+(Ax)2_2(Ax)=]jm(2x+Ax——2)=2x—2
Ax—m0 Ax Av—0 ‘
2 fl=Jx+1
Fx) = Al_:go flx + z) - f=)
- (Vxrax+ D - (Sx+1)
= lm
Ax—0 Ax
#1ﬁn«/x+Axw\/J_r_\/x+Ax+\/;
" Axs0 Ax x ¥ Ax 4+ Jx
- 1im (x-{FAJ;:)wx
Ar—0 Ax(\/x + Ax + Js_f)
. 1 1
N AT A 2
3 sty =
x+Ax+1__x+1
f'(x):&%)—m:mxﬂu—; x—1
_h,m(x+Ax+1)(x~1)-(x+Ax—1)(x+1)'
T A0 A+ Ax— Dix— 1)
= 1 2 +xAx+x—x—Ax— 1) - (2+xAx—x+x+Ax— 1)
e ' Ax{x + Ax — 1)(x — 1)
- b —2 Ax - i -2 -2
Ao Ax(x + Ax— Dx — 1) aso(x+Ax— Dix—-1) - 17
4 S =2
22
710 = i PR -
o 2x— (2% +2A%)
= A T A + A
) —2 Ax
= AT Alx + A

= Alir—I)lo {x + Ax)x T
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5. fis differentiable for all x # —1.

7. f(x) = 4 — |x — 2|
{a) Continuous at x = 2

(b) Not differentiable at x = 2 because of the sharp turn
in the graph.

1

9. Using the Jimit definition, you obtain g’(x) = 3x — ¢ At

x= -1,

g'(-1)= -

11. (a) Using the limit definition, f’(x) = 3z% Atx = — 1,

F/(—1) = 3. The tangent line is
y=—(=2)=3x-(-1)
y=3x+ 1L

® - 2

L/

-1,-2

&

13, g(2) = 1im 80— 2@
x—2 X 2

e 1) —
=limx(x 1) 4
x=2 x—2
¥ —x2—4
= lim ————
-2 x—12
. 2
=1im(x 2)(‘x +x+2)
X2 x—2

=lim (& + x + 2) = 8
x—2

15. y =25 6. y=—12

yf:o y’ZO

6. fis differentiable for all x # —3.

[e+a+2, ifx< -2
S'f(x)‘{r—atxmx% ifx > —2

(a) Nonremovable discontinuity at x = —2 .

(b) Not differentiable at x = -2 because the function is
discontinuous thete. :

¥

10. Using the limit definition, you obtain k’(x) = § — 4x. At
S ox= -2,

fo)y w3 ey = &7
W(-2) =3 - 4-2) =+
12. (a) Using the limit definition,

7 ’(JF) R 121)2'

Atx = 0,f'(0) = —2. The tangent line is
y—2=-2x—0)

y=—2x+ 2
) : :
Yo
5 \ &
1 1
x+1 3

a2 x—2

. 3-x-1
= I+ 13

-1 -1

=l B 9

17, f(x) = 28
fx) = 8«7

18, glx) = x™*
g'{xy = 12x11
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19, (= 3¢* 20. Fl) = —8&° 2t fx) =2 — 322 22. g(s) = ds* — 552
() = 123 Fe = —40¢4 fix) =3 — 6x - g'ls) = 165* — 10s
= 3x(x — 2}
23, A(x) = 6% + 3% = 62172 + 34173 4, flx) =512 — x12
, 3 1 1 1 x+1
(%) = 3x~1/2 ~2/3 = i x) = =x~ U2 4 =4=3/2 =
h(x) = 3x + x 7 +— = £ 5% + 2% S
2, 2, ‘ o
25. g0 =512 . 2. hx) =5 27. f(6) =26 — 3sin 6
o) = _—4;*3 _ -4 B = __4x_3 _ -4 F(0)=2—3cos®
. 3 38 , 9 9x
28. g(a) = 4cosa + 6 29, f(6)=3cos - EI_HZ_Q 30, gla) = Ssina »
g2'(a) = —4sina o . s
Fie)=-3simo- 5= gle) =255 -2
4 3
3t. ; 3. y | 3. F=2004T
' 100
F'() = —
F'(z) T
(a) When I = 4,
F’(4) = 50 vibrations/sec/1b.
(b) When T = 9,
F’(9) = 33} vibrations/sec/lb.
M. 5= 1602+ 5,
First ball: ' Second ball:
—1662 + 100 = 0 ‘ 162+ 75 =10
t= 09_10 2.5 secoﬁds to hit ground 1= 5. i = 2,163 seconds to hit ground

6 4 16 4

Since the second ball was-released one second after the first ball, the first ball will hit the ground first.
The second ball will hit the ground 3.165 — 2.5 = 0.665 second later.

35, () = —16:%2 + 5, 36. s(f) = — 1662 + 14,400 = 0
592) = ~160.27 + 5= 0 | 1662 = 14,400
5, =135424 t =30 sec
The building is approximately 1354 feet high (or 415 m). _ Since 600 mph = é mi/sec, in 30 seconds the bomb

will move horizontally (%)(30) = 5 miles.
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37. (@ ¢ (c) Ball reaches maximum height when x = 25.
sl (d) y = x — 0.02x?
1wt y =1 = (0.0dx
s+ y(0) =1
y'(10) = 0.6
™ 20 40 50 ¥
y'(25) =0
Total horizontal distance: 50 . $(30) = —0.2
(b) 0=x—0.02x7 yf(so) = —1
0= x('l - 5—%) implies x = 50. (e) y'(25) =0
38. -
l.
w
& v vd
‘T EE
(3.0)
T‘;’; .
32 o84
(a)y=x—-——~,1x2—x(l—-v—02x) y=1 Vozx'
_ _ _ v =,‘19i ’_ ._ﬁ(v_ﬂz):
= 0ifx=0orx=3% Whenx =y = 1= ya\gg) =0
Projectile strikes the ground when x = vdz/ 32. (d) vy = 70 ft/sec
Projectile rcacl}es its maximum height at x = v2/64 Range: x = v . (7P 153.125 ft
{one-half the distance). 32 32
o ve® _ (70)?
©y=x- 3—22:52 = x(l - é%x) =0 Maximum height: y = —= = (70r 38.28ft
vy ¥,

o]

when x = 0 and x = 5,%/32. Therefore, the range is
x = v,%/32. When the initial velocity is doubled the
range is

(v)? v

32 32

. or four times the initial range. From part (a}, the

maximum height occurs when x = v?/64. The
maximum height is :

("_02)-"02 E(V_f)‘_"_f_v_f_ﬁ
N6a) 64 v2\e4) 64 128 128

If the initial velocity is doubled, the maximum
height is

{565 - i)

or four times the original maximum height.

128 128
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W= -3+2=0¢—- 2 1)
(@) vit) =x() =2 -3
© v() =0fort=3"

e= -2 - 1) = (-3 - -}

40. (@) y = 0.14x2 — 4.43x + 58.4 -
() 1=

o 60
0

(e) As the speed increases, the stoppiilg distance increases

at an increasing rate. -

41. flx) = (322 + N2 — 2x + 3)
Fi) = (322 + D(2x ~ 2) + (&~ 2x + 3)(62)
=2(6x3 — 92 + 16x — 7)

43. h{x} = Vxsinx = x2sinx

Bx) = %\/;sinx + Jxcosx

2 o
45, f(x)=£—32:‘§“i“l*
vy @@ -DEx+ D) - (P 4+ x—1)(2)
f(x)”* o (xzw 1)2 .
)
S

47. flx) = (4 — 35

F6) =~ - 37-6) = 7 5m

x2

4. y=
Y= Cosx

, _cosx(2x) — x¥(—sinx) 2xcosx + x®sinx
Y cos?x : cost x

51. y=3x¥secx

¥’ = 3x?secxtanx + 6xsecx

{b) v{f) < Ofors < 3

(@ x() = 0forr=1,2
(D} = {2(1) = 3] = 1
(2} = [2(2) — 3] = 1

The speed is 1 when the position is 0.

(b) sz

0 B0
1}

(d) If x = 65, y =~ 362 feet.

42, glx) =02 - 3x)(x+2)
g'xy =02 — 300) + {x + 2}(3x2 — 3)
= -3x+33+ 622 -3x— 6
=4 + 6x2 — 6x — 6

44. (1) = t3co:st
F®) = £(—sin ) + cos H31%)

= —3sint + 3t2cost

46, f(x) = i’z‘; f
sy L B2+ 1)(6) — (6x — 5)(2x)
f (x) _ (xg, + 1)2
23 4 5x — 347
T

48, F(x) = 9(3x% — 2x)!

18(1 — 3x)

) = =932 — 2)7X6x - 2) = m

sin x
50, y= e

(P cosx — (sinx)(2x) _ xcosx — 2sinx
x* 2

o’

y;‘:

52. y=12x - x*tanx

y' =2 x?sectx — 2xtanx
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53, y=xcosx —sinx

54, glx) = 3xsinx + x2cosx

y' = —xsinx + cosx — cosx = —xsinx g(x) =3xcosx + 3sinx — x%sinx + 2xcosx
= Sxcosx -+ (3 — x%) sinx
26 =1 s o x+ 1 (1 )
55. = =2x—x2 (1,1 : sx*+l ol
r=E o p s f=t (1o
o)y =2 + 24 G—1)—(+1) -2
f’(x)= L) =
1) = 4 x-1 (x—1)
. 1 —2
T tline: y— 1 =4{x—1 ol —=2e = —
| fangentliney G- i (2) e~ °
y=4x—3
. 1
Tangent line: y + 3 = w8()«7*5)
y=-—-8x+1
57, f(x) = ~xtanx, (0,0) 58, fly = LESRE (o
1 —sinx' ’
x) = —xsec’x — tan
) x x £ = {1 — sinx) cos x — (1 + sin x)(—cos x)
ff(o) =0 7 (1 — sin x)2
Tangent line: y — 0 = 0(x — ©) -1-1
fm = 1 = -2
y=0
Tangent line: vy — 1 = —2(x — @)
y=—2x+ 27 +1
59, V() =36—1% 0<t<6

ald) =v'(= -2t
v(4) =36 — 16 = 20 m/sec
al4) = —8 m/sec?

90
60, v(t)-w4t+ 0
_ (4¢ + 10)90 — 90¢(4)
alt) = (a + 107
900 225

TG r10e @R
@ (1) = % ~ 643 ft/sec

_25 2
a(l) = 20 4.59 ft/sec

61, gl =13t +2
g’ =372-3
g”() =61

by w(5) = 905) = 15 ft/sec {c) v(10) = 2010) _ 18 ft/sec
30 50 i

2225 2 _225 _ 2

a(5) = 5 1 ft/sec a(10) 5 0.36 ft/sgc

63. f(6) =3tan @
f/(6) = 3sec ¢
F7{8) = 6 sec 6(sec §tan 6)
= 6 sec? §tan #

62. flx) = 12x/4
£ = 3y

y -9 _ -9
)= 2 W = Rz
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64. A(t) = 4sint — Scost 65. y=2sinx+ 3cosx
h'() =4cost+5sint y'=2cosx — 3sinx
h"({)=~4sint+500st y*= —2sinx — 3cosx
¥y +3=—(2sinx+ 3cosx) + (2sinx + 3 cosx)
=0 '

_ {10 ~ cosx)
y= x

66.
%y + cosx = 10
' +y—sinx=0

x'+y=snx

68, f(;) - (xz . i)s

ro-se o3

70. h(6) = '(T”iqe_)s
niigy = L= _(19[-3(;)5 0 (~1)]
_( -0 -6+36) _ 20+1
- G-e -

72. y=1—cos2x + 2cos’x
¥ = 2sin2x ~ 4 cos xsin x
= 2[2sinxcosx] — 4sinxcosx

=0

_sec’x  sedx
7 5
¥’ = sec® x(sec x tan x) — sec? x(sec x tan x)

74, y

= sec’ xtan x(sec?x — 1)

= sec’ x tan® x

76. flx) = \/-T‘SXT‘I

302+ M2 — 3xd(x? + 1)712(2)

e K +1

_3x+ 1) -3 3
R N

o= )

_ 2fe = 3)—x2+ 6x + 1)
B &2+ 1)°

69. f(s) = (s2 — 1)5/%s? +5)
70 = (5~ 1965 + (& + 9)(3)( - 129

= g(s? — 1¥/3s(s2 — 1) + 5(s + 5)]
= 5(s* — 1)3/2(8s% — 35 + 25)

71. y=3cos(3x + 1}
¥y = —3sin(3x + 1)(3)
y'=—9sin(3x + 1)

x sin2x
73, y= 2" T4
y' = 1 —lc:OSZx(Z) = l(1 — cos 2x) = sin?x
2 4 2

75. y= %siﬂi‘/ix'* %sin"'ﬂx

vy’ =gin"2xcosx — sin®2xcosx

= (cos x)-/sin x(1 — sin® x)

= (cos®x)+/sin x
sin mx
.y = x+2

,_ x+2)mweos 7x — sinwx
(x +2)2
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y' = ;“(x — 1) sin(x — 1) = cos(x — 1)(1)
| (x— 17
= _,(x—jT)'i[(x — D sinfx — 1) + cos(x - 1]

80, flx) =3x*—1

Y em l 2 _. —2/3 = _—2x
fix) = 3(x 1) (2x) 32 — 1)2/3
203) 1 '
7 3 ==
3 3 " 2
82. ¥ = ¢sc 3x + cot 3x
¥’ = —3csc3xcot3x —3csc?3x

84, f(x) =[(x— G+ 42 = (x* + 2x — 8
F(x) = 4(x* + 322 — 6x — 8)
=4x—2)x+ Dx+ 4

The zeros of S’ correspond to the points on the graph
of f where the tangent line is horizontal.

=
=

T

86. y= 3x(x + 2

,_ 3 +22(x +2)
23

¥” does not equal zero for any x in the domain.
The graph has no horizontal tangent lines.

Vi

T3 3

—28

81.

83,

85.

87.

fo=J1-2
P = 21— ) -
2 = 5=~
y= % csc 2x

gl) = 2lx + 1)742 3

gy . x+2
4 (x)f(x+ 1)3/2

-2

g’ does not equal zero for

any value of x in the domain.
The graph of g has no horizontal
tangent lines.

flo = \/} + 13+ 1

F@& =+ DY + 112 = (r + 1)5/6

, 3
7O =gir e

£’ does not equal zero for any x in the domain,
The graph of f has no horizontal tangent lines.

/,
Iz

2 |—as 7

-1

o) =14~ 10, (2,4)
@ S = o~ V47t — 2)

fi2) =24
() y—4=24(0-2)
y =24t — 44
(c) ¥

(2,4
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88. g(x) =252 + 1, (3,-3@)

89. y=tanvT— = (-2 tan/3)
(a) g =2 +1+ szTl ) @ 2m:oilx/_
g'(3) = 19‘/_ y'(—z)%%m—n.wsa
cb>y—3\(1__19‘/_( -3 ®y-ani= L)
- 2 -0 6‘Qanf‘”f

90, y =2 csca(x/;) = m%j, .
-3 cos(\/;)
Vxsind(Vx

-—3 cos(1)
sin*(1)

_(a) y'=
y(1) =
3 —3cos(l)

sin'(1)
_ —3cos(l)

B y—2ese¥(1) = — - —

(1,2 esc*(1))

1)

2 3 cos(l) -

sin®(1)

91. y=2x2+ sin2x

v =4x + 2 cos 2x

¥’ =4 — 4sin2x

94, y = sin?x

¥’ = 2sinxcos x = sin 2x

¥ = 2 cos 2x
97. g(6) = tan 38 — sin(d ~ 1)
g'(8) = 3sec?30 — cos(d — 1)
g"(8) =

18 sec2 30 tan 36 + sin(d — 1)

+
sindl)

sin?(1)

92, y=31l4+tanx

7

¥ =—x"?+sec?x
2x73 + 2 sec x(sec x tan x)

=< ¢ 2secirtanx
b

95, f(H) =

_t
(1-22

t+1

fi@) = (1 AE

=3

98, Alx) =xV/¥ —1

P = ZJ;_—11
- 223

93, f(x) = cotx

[ =
) =

—csct x

—2cscx{—cscx +.cotx)

=2 csc?xcotx

6x — 5
96'_ sW =5
, 2=32 +5x+ 3)
g’ = T 1)
2(6x° — 1527 — 18x + 5
g (x) = { o )

x+ 1)
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700
ST,

T = 700(2 + 4t + 10)~!

T.r:. _1400(f + 2)
(2 + 4¢ + 10)2

(a) Whent =1,

_ —1400(1 + 2)
(1 + 4+ 108

(c) Whent =35,

140065 +2)
(25 + 20 + 10)2

T ~ —18.667 deg/hr.

!

—3.240 deg/hr.

(b) When ¢ = 3,
,_ —1400(3 +2) -
= O+ 12+ 108 7.284 deg/hr.
(d) When ¢ = 10,
e 00 F D) 747 e/

T {100 + 40 + 10P

02. P+ —4x+3y=0
2% + 18y’ — 4+ 3y’ =0
36y + Dy’ = 4 — 2
. 4—2
Y T3ey 1)
2y VR =3y

100. v= /2gh = /202h =8k
dv 4
dv  Jn
dv 4
(a) Wheg h=9,— =3 ft/sec.
dv
(b} When k = 4, —— = 2 ft/sec.
dh
101 X+ 3+ =10
2x + 3y + 3y + 3y’ =0
3+ Py’ = —{(2x + 3y)
Ax + ¥
103, yﬁ - x/y =16
y(%x—l/’l) + xl/?.yf — x(%y—llzy.l) _ yi/z =0
.S Y
(\G 2\/3_}))» \/_ 2Vx
2\/x_y — xy, — 2\/.17__}’ -y
2V 2/x
oWy,
2%
104. y2=x3——xzy+xy_y2

0=x—x¥y +xy—2*
.0=3x2_x2yf_2xy+wr+y_4yy;.
(- x+ dyly =322y +y |

Xy ty
X2 —x+ 4y

2\/};—x“2x\/§—x\/;—c

105- xsi_ny = yCOSX
{xcosy)y’ -+ siny= —ysinx + y’cosx

y{xcosy — cosx) = —ysinx — siny

,  ysinx + siny
COSX — XCOSY
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106. cos(x + y) = x W7, #+3y2=2 5
(1 + ) sin(x + y} = 1 2% + 2y = 0 SPALY
=1+ ¥y )sin(x + ¥} = + 2y’ =
-9 /-'
—y’sin(x + ¥) = 1 + sin(x + y) y' = _x __/
y,:“1+sin(x+y) M ~
i +
sin(x + ) AL, 4): y = —%
= —cselx + 1) — 1 :
" Tangent line: y— 4= '—%(x -2}
x+2y—10=0
Normal line: y — 4 =2{x — 2)
2x—y=10
168, »2—y2=16 1 109, y= /%
2%~ 2yy' =0 o
& _ 2 units/sec’
,_x -0 / / \ 10 ar UILs/ s
7y
dy 1 dx dx dy
) ED e = — =2/ =4
At (5,3): y’='§“ dt 2 /xdt dr d
5 (a) When x = %, % = 2./2 units/sec.
Tangent line: y—3= §( — 5) ‘
dx .
Sx—3y—16=0 ®) Whenx—l,E—4umts/sec.
. 3 dx .
Normatl line: y—3= *g(x -5} {c) Whenx = 4, i 8 units/sec.
x+5-30=20
110. Surface area = A = 6x%, x = length of edge
dx
i 5
dA dx
_— = —_— = 2
e 12x - 12{4.5)(5) 270 cm?/sec
111. % = % Width of water at depth A:
1 w=2+23=2+2(lh)=m
s =—h 4 2
yl .
av V:§(2+M)h=§(8+h)h
- 2 2 4
dt
v s dh
it b
dh _ 2dv/dy)
dt  5(4 + &)
When k = i,ﬂ:lm/min. 2

dt 25
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112, tan 8 = x 113, s{f) = 60 — 4912
W) =-98
édg = 3(2#) rad/min s7(2) 981
! s =35 = 60 — 497
de dx
P A T 4,92 =25
sec 9( dt) 7
- : 5
dx t = —=
i (tan? 8 + )67 = 6m(x* + 1) 49
1 s(2)
tan 30 = —= = ==
When x = %, an J3 XD
' t) = /3l
dx 1 154 _ () = /3s(t)
E=6W Z_—i— i =Tkm/mm= 45071'.km/hr. ] ds 5
i \/55 = ./3(~9 8)——25 =~ —38.34m/sec
s
30"
(1)
Problem Solving for Chapter 2
1. (a) x? + (y — r)* = 72, Circle ‘ a
x? =y, Parabola . j/
Substituting: s s

(y=rf=ri=y -
y2.* Zry+ri=ri—y

V¥ —2ry+ty=0

Wy — 2r+ =0

Since you want only one solution, let 1 — 2r = 0 = r = % Graph y = x% and x? + (y - é‘) = %.

{b) Let (x, ¥} be a point of tangency:

R4 (y—bBr=1=2%+ 2y By =0=y =——, Circle

b—y
y=xt=sy’=2x Parabola
Equating: '
— X

2x l_’_y ‘ ‘ :
26—y =1 o D/
1 - 3

1
b—y=5ﬁb=y+—

@

-1

Also, x* + (y — b)? = 1 and y = x? imply:
+(y = bP =1 -1-[ - '+l)]2=1=> R RN T
y ¥ =1=Yy ¥ ¥ ) . Yy 4 ¥ 4 4

5
Center: (0, 4)

Graphy = x?and 2 + (y — %)2 =1,
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2. Let{g.a% and (b, —4* + 2b — 5) be the points of tangency. For.y = x2, 3’ = 2x
andfory = —x?+ 2x — 5,3’ = —~2x + 2. Thus, 2a = —2b +2=3a+ b =1,
or a = 1 — b. Furthermore, the slope of the common tangent line is

B2 (B +2-5 (1-bF+b6-2b+5_

= = -2b+
a—b EDE 2% +12
1-2b+ 82+ -2+ 5
= -2 = 2b+2

w> 262 — 4b + 6 = 462 — 6b + 2
= 22-2b—-4=0"

= pP-b-2=0

= G-2p+1)=0
b=12-1

Forb =2,a = 1 — b = —1 and the points of tangency are (—1, 1) and (2, - 5).
The tangent line hasslope —2: y — 1 = ~2x =} = y=—-2x — |

Forb = —1,a = 1 — b = 2 and the points of tangency are (2, 4} and (— 1, —8),
The tangent line hasslope 4 y —d=4x -2 =y=4x— 4

3. flx)=cosx Py = ay + ax (b} f{x) = cosx
foy=1 P0) = ap=>ay = | o) =1 PA0) = ay=>a, =1
740y = 0 PO =a=a =0 F0) =0 PL0) = a,=>a, =0
P =1 FH0)=~1 P0) = 2a, = ay = —3
A Piix)=1- %xz
©1x |10 [-o1 [—o001[o]ocot]or |10
cosx | 05403 | 0.9950 | ~1 1{ =1 0.9950 | 0.5403
Py(x) | 05 0.9950 | =~1 1} =1 0.9950 | 0.5
P,(x) is a good approximation of £(x} = cos x when x is near 0.
(d) fix) =sinx Py(x}) = ay + apx + a2 + a1
F(0) =0 P0) = dy=> ay = 0
£1{0) =1 PO =ay=sa =1
fr)y =0 P50) = 2ay=> 0, = 0
) = -1 P"(0) = 6ay=>a, = ~}
Pix) = x— %x3
4. (2) y = x%,y" = 2x, Slope = 4at(2, 4) (b) Slope of normal line: —3
Tangent line; y — 4 = 4(x — 2) Normal line: y — 4 = —(x — 2)
y‘=_4x—4 y=—%x+§
(¢} Tangent line: y = 0 y=—ix+3=2x?

MNormal line: x =0

9
—CONTINUED— : x=12,~3

Py(x) = @y + aix + ax?.

= d?+x—-18=0

= @x+9x—-2)=0

Second intersection point: (w%, f—é)
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4. —CONTINUED— .

{d) Let (a,a?), @ # 0, be a point on the parabolay = x%

Tangent line at (a, a®) is y = 2alx — a) + a*

Normal line at (g, a2) is y = —(1/2a)(x — a) + &% To find points of intersection, solve:

X2 = —%(x-— a) + a2

1 1
It —x=a+
x x a 2

1 i 1 1
2 n - = 42 =
FA ot e =9 T2 a2
14? 1\
(x+a) - (a+4a)
X+ é = i(a + i)
x+L2a+i=:»'x= (Point of tangency)
4a 4a “ geney
1 1 1 28+ 1
x-+4a—-"(a+4a)=>x— a*zau, 2z
2+ 1
The normal line intersects a second time at x = _2a TP
5. Letp(x) = Ax3 + Bx* + Cx + D 6. f(x} =a+ beoscx
p'(x) = 3Ax* + 2Bx + C. f'(x) = —bcsincx
At (1, 1): A+ B+C+D= 1" Equation 1 At(0,1) a+b=1 Equation 1
+ 2B + = i
34 ZB. ¢ 14 Equation 2 At (g, %) a+ bcos(%) :% Equation 2
At(-1,-3): -A+ B—C+D=-3  Equaton3 _
34—-28+C =-2 Equation4 —be sm(%) =1 Equation 3

Adding Equations 1 and 3: 2B + 2D = -2

© Subtracting Equétious land3: 2A+2C =4
Adding Equations 2 and 4: 6A + 2C = 12
Subtracting Equations 2 and 4 4B = 16

Hence, B = 4and D = ¥(—2 — 2B) = —5. Subtracting
2A + 2C = 4 and 6A + 2C = 12, you obtain

4A = 8 = A = 2. Finally, C = 3(4 — 24) = 0. Thus,
plx) = 2x + dx? — 5,

From Equation 1, @ = 1 — b. Equation 2 becomes
cr 3 cr 1
(1—b)+bcos(—4—)—5=> b+ bcos 1= 7

-1

From Equation 3, b = m Thus:;

S

L + e cos(g) =
csin{em/4)  esinfen/4) 4

1 - cos(—cw) = lc siﬁ(—Cﬂ)
_ 4 2 4
Graphing the equation

‘ 1 . few e
— —_— + —_— —_
glo) 5¢ sm( n ) cos( 2 ) 1,

you see that many values of ¢ will work. One answer:
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7. (8 x*=gi? ~ gh? 8. (2 ! =2ag—x); ab>0
azyz = azxz — x4 ' . ) x3(a _ x)
yr=—0
Y= +/a%? — x* ' bz_ .
¢ Graph y, = ______x”(a — % and y;, = _—x3(a — X \
P —— e —— b b .
Graph: y; = ———and y, = — —————,
a a (b} a determines the x-intercept on the right: {a, 0).
(b) 2 b affects the height.
P
2 ' .(c) Differentiating implicitly:
-2 3
W - 25%yy'= 3xHa — x) — x% = 3ax? — 4x3
=] .
e ‘ ,_ Ba — 48 _
_ _ ' Y 267y
*+a, 0) are the x-intercepts, along with (0, 0).
@ ) P & (0.0) = 3ax? = 413
(c} Differentiating implicitly: '
3g = 4x
4x3 = 2a%x — 2a’yy’
_a
,_ 2a% — 40 *Tg
2y . (3a)3(a 3:1) _ 2743(10)
2 _ n2 =i ST a7
=x(aa2y2x):°=’2"2=“z=”:% 4 4] 64\4
2 X P = 27a* ey +3\/§a2
N _ T a2  256b2 BT
(2 “ (2) “ \ : 5 A
, 3a 3 3a2) (3a —3 3a2)
4 4 - (24 e
=5 Tw°p°mts‘(4’ 166 S \E T 168
Fl
2
aty 7
2
2. &
YT
a
=
)

Latd T T
. I s 70
Nor drawn 1o scale

| % 100
Not drawn to scale

Line determined by (0, 30} and (90, 6): Line determined by (0, 30) and (60, 6):

30-6 y=30=26, g -2y -Zii 30

y—30=0_90(x_0) . 0= %0 5 Z
- 24 _ 4 .4 When x = 70: '
T Tt T Ty T ot L,

When x = 100: y=—5—(70) + 30

y= ;—54(100) +30 = % > 3 => Shadow determined by man = 2 < 3= Shadow defermined by child :

—CONTINUED—
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9. —CONTINUED—
{c) Need (0,30), (4, 6), (d + 10, 3) collinear.

30-6_ 6—3 ::;‘2421
0-d d—{ad+ 10 d 10

= — d = 80 feet

{(d) Let y be the distance from the base of the street light to the tip of the shadow. We know that dx/dt = —5.

For x > 80, the shadow is determined by the man.

Y _y—x _3 dy _S5dx  —25
0 8 YT T w T s

For x < 80, the shadow is determined by the child.

Therefore:
dy |-% x>80
d -2 0<x<80

dy/dr is not continnous at x = 80.

dy 1

' dx

= yi/3 == 23

10. (a) y=x'"= o 3x S
= Ligy-a3 8%
1 3(8) dr
dx 12 cm/sec

dt

(c) tan § = Y s sec? - do _ ddy/di) — (/)
x dt x?

=]
Z

8

[]

From the triangle, sec & = /68/8. Hence

do  8(1) —2(12) -—16 _—4
dr ~ 6a(68/64) . 68 17 rad/sec.

1L L) = EEOM__M

Ax
= lim Lix) + L(f;x) - L(x)
- im, 2
Also, L/(0) = lim L(Ax) — L(©O)

==
But, L(0) = O because
L) = L{0 + 0} = L(0) + L{0)= L(0) = 0.

Thus, L’{(x} = L’(0) for all x. The graph of L is a line
through the origin of slape L’(0).

a1 dx | _ dy
T8 _ Loy e, E @y
J\c+y=:~dI 2(x +y)(2xdt+2ydt)
.. Xldx/dr) + yldy/d1)
_ 8(12) +2(1)
~64 + 4

98 49

NN

by D=

cm/sec

12. E(s) = Alxiﬂ, E(x + ix))C — E(x)

. E(x)E(Ax) — E(x)
un-go Ax

im0 ()

- ) i, AR

EA) —EO0) . | EA) - L _
Ax Ax—0 Ax

1l

But, E’{(0) = ;}xiglo

Thus, E’(x) = E(x}E"(0) = E(x) exists for all x.

For example: E(x) = ¢*.

1.
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. sin z
13. im —— =
3 @ egrees) | 0.1 0.01 0.0001 (b) lig == = 0.0174533
i . §ingz - w
Hz 0.0174524 | 0.0174533 | 0.0174533 In fact, lim — = ——
z 70 2 180
w kia
d) S(90) = sin| —=90| =sin— =1
() i(sin ) = lim sin(z + Az) — sin 2 @ 560 510(1809 ) e
dz Z Az -0 Az -
‘ C(180) = cos —180) = —]
. sinz-cosAz + sinAz - cosz — sinz - (180) (130
= lim -
4z -0 Az d d T
d—zS( ) = Z sinfcz) = ¢ - cos{ez) = mc(z)

222

lim [sm-(—m""s - | R
az =0 < Az AzuBO cos Z

(sin 2)(0) + (cos z)(?ga)

i COs
180 °% %

It

14. @) () = ~Zr + 27 ft/sec
a(r) = —4 ft/sec?
l ® ¥ = —25—7r + 27 = 0=>25-2t = 27 =5t = 5 seconds
5(5) = ~3(5)? + 27(5) + 6 = T3.5 feet

(c) The acceleration due to gravity on Earth is greater in
magnitude than that on the moon.

15.

(e) The formulas for the derivatives are more
complicated in degrees.

i) =a’(d)
(a) () is the rate of change of acceieration.
(b) slt) = —8.25¢* + 66¢

vt} = —16.5¢ + 66

ald) = —165.

a')=j=0

The acceleration is constant, so f{f) = 0.
(c) « is position.

b is acceleration.

¢ is jerk.

d is velocity.




