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CHAPTER 10

Conics, Parametric Equations, and Polar Coordinates

Se

ction 10.1

¥ =Ax

Vertex: (0, 0)
p=1>0

Opens to the right
Matches graph (h).

=22 G+1F_,

16 4
- Center: (2, —1)
Ellipse

11.

360

Matches (&)

Hyperbola
Center: (0, 0}

Vertical transverse axis
Matches (¢)

Ly = e = 4(—%)3:

Vertex: (0, 0)
Focus: (—% 0)
Directrix: x = 3

o,

Conics and Calculus

2. x? =8y

Vertex: (0, 0)
p=2>0

Opens upward

Matches graph (a).

i
+Z=1

Center: (0, 0}
Ellipse
Matches (f)

x+3)+(y—2P=0
=2 =Y+ )
Vertex: (—3, 2)
Focus: (—3.25,2)
Directrix: x = —2.75

8.

19.

12.

3. (x+32=-20y—2)

Vertex: (—3,2)
p=-1<0
Opens downward
Matches graph ().
6.5+t
Circle radius 3.
Matches (g)
27 ¥
9 4
Hyperbola
Center: (—2,0)
Horizontal transverse axis -
Matches (d) ‘
P2 +8=0
. 2= 4(-2)y ¥
Vertex: (0, 0)
Focus: (0, —2)
Directrix: y = 2

(x—12+8y+2)=0
(x— 1P =4-2(r+2)
Vertex: (1, —2) y
Focus: (1, —4) T
Directrix: y =0
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13, ¥ —dy - 4x =0

15,

Vertex: (—2,2) 7
Focus: (—2,1) oL
. " : -2
Directrix: y = 3 +
L N

17.

19.

y—dy+4=4dy+ 4
(-2 =4+ 1)

Vertex: (—1,2)

Focus: (0,2)

Directrix: x = —2

ARtdx+dy—4=0
x4+ dx+4=—-dy+4+4
(x+2) = 4(-1)(y — 2)

Vertex: &, ﬁé) 2
Focus: (0, —%)
Directrix: x = % _5 j
Y2 ""% - %I - X
y—dx—4=0

y2=dx + 4

= 41}x + 1)

Vertex: (—1,0) . ) 4
Focus: (0, 0) ,//
Directrix: x = —2 -8 ‘.\ &
= 2V/x+ 1 | ™

-4

¥»=—2Jx+1

14.

16.

18,

20.

Y +6y+8x+25=0
Y+ +9=-8—-25+9
(y + 32 = 4(—2)(x + 2)
Vertex: (—2, —3) y

Focus: (—4, —3) \\\\ .
ol

Directrix: x = 0
30 -16 12 -8 -4

A8 T

-

124

YV:2+dy+8x—12=0
VAt ay+4=—8x+ 1244

(y + 20 = 4(—2)(x — 2)

Vertex: {2, —2)
Focus: {0, —2)
Directrix: x = 4

= 32 — 8x + 6) = —§(* ~ 8x + 16 — 10)

—6y=(x—47-10
—6y + 10 = (x — 4)°
(e ap = —6y—3)
6= 4P = 4(-3)0 - 3)
Vertex: (4,3) 4
Focus: (4, é)
19

Directrix: y = §

=3 /

AN

-4

a2 =2+ By +9 =20
M= 2x+ 1= —By—l9+1
(k- 1P=4(-20(+1)
Vertex: (1, —1) 2
Focus: (1, —3) -8 10
Directrix: y = 1
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21

23.

25.

- 27,

29,

31.

(y-22= 4(-2)(x - 3)
yP—4y+ 8 —20=0

(e~ )2 =4p(y — k)
2 = 46)(y - 4)
x = 2y + 96 = 0

y=4—x
Ztry—4=0
Since the axis of the parabola is vertical, the form of the

equation is ¥y = ax? + bx + c. Now, substituting the val-
ues of the given coordinates into this equation, we obtain

3=¢,4=9% +3b+c 11 =16a+ 4b + ¢,

Solving this system, we have g = %, b= —-154, c=3

Therefore,

jﬁﬂgxiﬁg—“x+3or5x2—14x—-3y+9=0.

X+ 4y =4 ¥

2 PR
§+%=1
a?=4,b=1=3 &_y
Center: (0,0)
Foci: (++/3,0) ' T
Vertices: (+2, 0)

_ 3
2

x—12 (y—-3532_
g T =1

a?=256= 9, 2= 16
Center; (1,5)

Foci: (1,9),(1, 1) _
Vertices: (1, 10), (1, 0)

, 4
5

2. G+ 1) = 4(=2(y — 2)
R+ +8y—15=0

24, Vertex: {0, 2)
(v — 2P = 4(2)(x — 0)
Y —8x—dy+4=0

26. "y =4 {x— 2P = 4x — &2

X-dx+y=0

28, From Example 2: 4p =8 orp=12
Vertex: (4, 0)
(x—42=8(y-0
P—8x—8+16=20

30. 5x% + Ty = 70

64
2L ¥ st
14710 ! TN

=14, =10,2=4 + &_;/4 p
Center: (0, 0) -at
Foct: (+2,0) -1
Vertices: (++/14, 0)
.e 5 Jm
J14 7
. " ' ) y
g, B2 4R e
1 1/4 B S
ol
1 3 :
a2=1’b2:u’62:_ : ' -
4 4 -2, -4 1__
Center: (—2, —4) al
Foci: (*2 + é, —4) =T
Vertices: {—1, —4), (—3, —4)

A
2
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33,

34,

9x2 + 4y + 36x - 24y + 36 = 0‘
962 + dx + 4) + 4{y? — 6y + 9) = —36 + 36 + 36
- =136

(x*;—?)z + (y—93)2: y

@=9,=4c=5
Center: (—2,3)
Foci: (—2,3 + /3)
Vertices: (~2,6),(—2,0)

!

1622 + 25y* — 64x + 150y '+ 279 =0
16(2 — 4x + 4) + 25072 + 6y + 0) = —279 + 64 + 225

=10
G-27 G+,
(5/8) (2/5)
5 2 9
22 22 22 2=

a2, S’b 5 2 =g b 20
Center: (2, —3)

. 3-/10 .
Foci: (2 n 50 3)
Vertices: (2 + f:g, -—3)

,_c_3

a 5

35.

12 + 2092 — 12x + 40y — 37 =0
12(;&—x_+%)+20(y2+2y+1):37+3+20
= 60

x— (/2P , O +1P _
5 Y =1

@ =50=3c=2

1
‘Center. ( o 1)

1 Yy
Foci: (21 2, 1)

Vertices: (% + /5 — 1)

Solve for y:
20(y2 + 29 + 1) = =125 + 12x + 37 + 20

57 4+ 12x — 1242
20

57 + 12x — 1257
20

(y+1P=

y=-—-1=

{Graph each of these separately.)

1

i P

g

-3
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36. 3622 + 9y? + 48x — 36y + 43 = 0 37. X 297 — 3x 4+ 4y + 025 =0
4 4 ‘ 9 9
36x2+§x+§ +90% ~dy+4)=—43 + 16 + 36 x2—3x+z +2(y2+2y+1)=—z+z+2=4
=9 = GAF 1,
4 2
[x+ @3F  »-2¢_
1/4 1 F=4,p=2,2=12
1 3 3
2 = 2= = a2 = T B
a 1'b| 4,c 2 Center; (2, 1)
Center:

Vertices: (—%, 3), (*% 1)
Solve for y:
Hy?— dy + 4) = —36x2 — 48y — 43 + 36

—(36x2 + 48% + 7)
— 2 =
(y—-2 5

y=2= %\/—(363:2 + 48x + 7)
{Graph each of these separately.)

0

-1

3

38. 22+ y2 + 4.8x — 64y +3.12 =0

50x7 + 25y% + 120x — 160y + 78 = 0

12 36 . 32 256
50(x2+ 5x+25)+25(y 5y+

[x + (6/5)] + D (652
5

10 :

@ =10, =5c2=35

6 16
Center: (“ 3 ?)

Foci: (—g,IS—G + ﬁ)

Vertices: (—g lsé + 10)
Solve for y: (¥? — 6.4y + 10.24) = —2x2 — 4.8x — 3.12 + 10.24
(y — 327 =712 — dx — 22

y=32+ /712 — dx — 252

Foci: (% + /2, —1)

ese |2 ) (T _
Vemces.( > 1),(2. 1)

Solvefory: 2(3? + 2y + )= -2 + 3x — =+ 2

(y+1)2=%(%+3x—x2)

g= 1 JTt12-—a2
‘8
(Graph each of these separately.)

I

) D 4

]

25)=—78+72+256=250

~1

(Graph each of these separately.) -
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39,

Center: (0, 0)

Focus: (2, 0)

Vertex: (3,0}

Horizontal major axis
a=3c¢c=2= b= NET

e

41.

43.

45,

2 _
1

y2
_+—=
g 51

Vertices: (3, 1), (3,9)
Minor axis length: 6
Vertical major axis
Center: (3, 5)
a=4b=3

=37 (G —95?*_
5 T 16 !

Center: (0, 0)

Horizontal major axis

Points on ellipse: (3, 1), (4, 0)
Since the major axis is horizontal,

&) ()1

Substituting the values of the coordinates of the given
points into this equation, we have

9 1 16
(Ei)+(§)=l,an Ez‘-——l.

The solution to this system is a? = 16, b* = 16/7.
Therefore,

2 2 Z
2002 2,

16 16/7 16 16

=1

=%

a=1,b=2¢c=./5
Center: (0,0) ¥
Vertices: (0,%1)

Foci: (0,+5) 2_//"'

1 et
Asymptotes: y = t2x I R BRLT S

2 AT

40,

Vertices: {0, 2), (4,2)
Eccentricity: %
Horizontal major axis
Center: (2, 2)

) a=2,c=,1=>b=ﬁ

42

46.

G, -,

4 3

Foci: (0, +5)

Major axis length: 14
Vertical major axis
Center: (0, 0)

c=35u=7= b= /24

. Center: (1,2)

Vertical major axis

Points on ellipse: (1, 6), (3,2)

From the sketch, we can see that
h=1Lk=2,a=4b=1

G- 1P =2

4 16

2 Z
LN

259

a=35b=3c=Ja*+ B =34

Center: (0, 0)
Vertices: (£5,0)
Foci: (+/34,0)

Asymptotes: y = t%x
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Y 2
RYETINCES
a=2b=1c=./3
Center: (1, —2)
Vertices: (—1, —2), (3, ~2)
Foci: (1 + /5, -2)

Asymptotes: y = —2 + -;—(x - 1)

49. 922 — y2 —36x — 6y + 18 =10

9(x2—4x+‘4)k(y2+6y+9):m18+36—9
(-2 (+3P_
1 5

a=1,b=3¢=./10
Center; (2, —3)
Vertices: (1, —3), (3, ~3)
Foci: (2 + /10, —3)

Asymptotes: y = —3 = 3(x — 2)

1

51. 22 9y? + 2x — 34y — B0 = 0
(G2+2x+1) —9(32+6y+9) =80+ 1—81 =0
(x+ 12— 9(y +3)2=0

y+3=i%(x+l)

* Degenerate hyperbola is two lines intersecting at {(—1, —3).

48,

50.

52.

+1)? (-4
122 52

a=12,b=35¢c= Jag* + 8 =13
Center: {4, —1)

Vertices: (4, 11), (4, —13)

Foci: (4, —14), (4, 12)

1

Asymptotes: y = —1 + %(x — 4)

—20-L

Y2922 + 36x— 72 = 0
VP02 — dx + 4) =72 — 36 = 36

¥y _k—2p =1

36 4
a=6~b=2c=Va+ b =210
Center: (2, 0)
Vertices:; (2, 6}, (2, —6)
Foci: (2,2/10), (2, —2./10)

Asymplotes: y = +3(x — 2)

~
N N
~ -
N I

N -’

O+ 6x+9) —4(y2—2y+1)= —T8+8l —d4=—]

9 + 32 —~ Yy — 12 = ~1
-1P E+3p

1/4 /9 = !
Ly 1. V13
“eTpi Ty 6 -
1
Center: (—3,1) \/ N
Vertices: (—3,% ,(,_3’%)_ \:<: -
. N

Foci: (—3, 1+ E‘/13

™
-

(x + 3)

)

Asymptotes: y =1 =
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53,

55.

57.

92 — 2+ 2+ 54y + 62 =0
Hy?+ 6y +9) — -2+ 1)=—-62—-1+81 =18
(p+3P_ G-1F

2 18
a=\/—2-,'b=3\/i,c=2ﬁ !
Center: (1, ~3) - %z !
Vertices: (1, —3 = /2
Foci: (1, (—3 + 2\/5\/)_) sl
Solve for »: ’
9(y2 + Gy + 9) =x* — 2x — 62 + 81
¥ -2x+ 19

(y+3)2= 5

y=—3i%\/x2—2x+19

(Graph each curve separately.)

3x2 — 2t —6x— 12y — 27 =10
3(x272x+1)—2(y2+6y+9)=27+3v18ﬁ12

G-1P B3P,
.4 6

a=2b=6c=10 !
Center: (1, —3) . N
Vertices: (—1, —3), (3, —3)
Foci: (1 + /10, —-3)

Solve for y:

2y +6y+9)=3x"—6x— 27+ 18

3x* —6x ~ 9
g 2 T
(y+3) 5

ye -3+ /3()02;2%;2

{Graph each curve separately.)

Vertices: (%1, 0)
Asymptotes: y = £3x

- Horizontal transverse axis

Center: (0, 0)

Therefore, xT — % =1,

54.

56.

58.

9x2 —y* 4+ 54x + 10y + 55 =0
9(x2 + 6x + 9) — (y* — 10y + 25)

~55 + 81 — 25
=1
3P —5P
179 1
/i

3 7

=1

a =

b=1,¢c=

[

Center: (—3,5) \

) 2‘
)

¥ — 10y + 25 = %% + 54x +.55 + 25

o3

Vertices: (—3 +

Ja

Foci: (A3 +

Solve for y:

(y — 5)% = 92 + 54x + 80 .
y =354 /9 + 54x + 80

(Graph each curve separately.)

3y —x2+6x— 12y =0
Hyl—dy+ A -2 —6x+9HN=0+12-9=3
—2F _&-3PF_,

1 3
a=1b=3¢c=2 5
Center: (3,2) “\%s_’,,ﬂx
Vertices: (3, 1),(3,3 -4 L 10
iees: 3,1),(3,3) -
Fock: (3,0),(3,4)
4
Solve for y:
3yt —Ay+4) =32 —6x+ 12
2 —6x+ 12 )
o=
®—6xt 12 ‘ i
y=2+ T [

3 !

(Graph each curve separately.)

Vertices: (0, £3)

Asymptotes: y = =3x .
Vertical iransverse axis

a=3

Slopes of asymptotes: i% =43
Thﬁs, b = 1: Therefore,

o
s T =L
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59. Vertices: (2,:+3) ' 60. Vertices: (2,+3)
Point on graph: (0, 5) Foel: (2, +5)
Vertical transverse axis Vertical transverse axis
Center: (2, 0) Center: {2,0)
a=3 : a=3,c=5b=c =16
o 2 _ 92
Therefore, the equation is of the form Therefore, y3 x 162) -1
¥ x—22 -
9 b2 '
Substituting the coordinates of the peint (0, 5), we have
25 4 2_ 9
5 2 1 or b
‘ 2 — )2
Therefore, the equation is % - %7222— =
61. Center: (0,0) 62. Center: (0,0)
Vertex: (0, 2) Vertex: (3,0)
Focus: (0, 4) Focus: (5,0)

Horizontal trangverse axis

a=3c=5F=c-a’=16

‘Vertical transverse axis
a=2,c=48=2—g2=12

2 2 ' ® _ P _
Therefore, 2::1— - f—z =1. Therefore, 9 T8 L
63. Vertices: (0, 2), (6,2) 64. Focus: (10, 0)
3
Asymptotes: y = %x, y=4 - gmx Asymptotes: y = izx
Horizontal transverse axis Hoerizontal transverse axis
Center: (3,2) Center: (0, 0) since asymptotes intersect at the origin.
a=23 c=10
b 3 3
Slopes of asymptotes: ig = i% Slopés of asymptotes: i; =+ and b = @
Thus, b = 2, Therefore, & =a+ b =100
(x— 32 (y-2p Solving these equations, we have ¢? = 64 and »* = 36.
g ~ - 4 ~—L Therefore, the equation is
2 2
Z-L_y
64 36
x? pA— 2x e X ’ |
65. (a) e vy =1, 9~ 2yy’ =0, oy =y (b) From part (a) we know that the slopes of the normal lines
Y ~ must be +9/(2\/_)
6 +2./3 '
Atx=6 y=+/3,y =—"_=
¥ y=t/3y 9/3 9 A6, V3): 3 - SA= ———(x— 6)
2./3
At{6,/3): y — 3—M(—~6) or 9x + 2/3y — 60 = 0
: 9
or 2x—3/3y—3=0 Atl6, —/3)y+ /3= x—6
x = 3V/3y ( )iy 5 ﬁ(. )
At(6,—~\/_) v+ 3= — ﬁ(x—-s) or9x — 2.3y -~ 60=10

or2x+ 33y -3=0
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2 2
66. (a)%—%:1,y2_u2=4,2w’-4x=0, 6. XA -6xF16y+21=0
. (—6x+9)+4y*+dy+4)=-20+9+16
s _ I '
Y=y x—3P+4y+27=4
+ Ellipse
Atx=4;y=i6,y’:"—2é4—)=i'§ ’

At{4,6): y—6= _%( —dordx+3y—34=0

At{4,—~6) y+ 6= —%(x~4)or4x+-3y+2:0

(b) From part (a) we know that the slopes of the normal
lines must be ¥3/4.

At(4,6): y— 6= —%(x‘-— Hordx+dy —36=0

At (4, —6) y+6=%(x—4)or3x—4yﬁ36=0

68. 42—y —4x—3=0 69. y* —dy —dx =10
A —x+g) =341 Py +a=de+4
e3P -2 =4 BN )
Hyperbola Parabola
70. 2532 — 10x — 200y — 119 =0 : 71 42 42 — 16y + 15 =0
25(2 — 3x + &) =200y + 119 + 1 4 + A2 — 4y + 4 = —15+ 16
25(x — 1) = 200(y + 1) _ 42 + Ay - 2P =1
Parabola Circle - (Ellipse}
72. P —dy=x+5 ' , 73, 92+ 92— 36x + 6y + 34 =0
Y-y ta=x+5+4 92 —dx+4) +9(y* + Iy +§) = —34+36+1
(y—22=x+9 o —22+9(y +4)f =3
Parabola Circle (Ellipse)
4. 2x(x —y) = y(3 — y— 2%) 75. S 3 12=6+2(y + 1)?
2 -2y =3y -y dy x— 1P -2y + 12 =6
22 +y =3y =0 . (xm'l)zﬁ(y+1)1_1
2 i
32 9 '
+ly—=) =3
2 ( 2) 4 Hyperbola
Ellipse
76. O(x +3)2=136 — 4y - 2P 77. (a) A parabola is the set of all points (x, y} that are

equidistant from a fixed line (directrix) and a fixed

2 — 2 —
9x + 3P + 4y —2) 36 point (focus) not en the line.

Graf, =2, . o () (x = B = dply — B or (y — kP = 4plx — B}

4 9
. (c) See Theorem 10.2.
Ellipse



370  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

78. {a) Anellipse is the set of all peints (x, ¥), the sum of

whose distance from two distinet fixed paints (foci)

is constant.

G-RE -
Z e ley

(&)

a2

80.e=£,c=\/a27b2, O<exl

a
For e = 0, the ellipse is nearly circular.

For e = 1, the ellipse is elongated.

82. Assume that the vertex is at the origin.

(@ " =dpy
3y
A .
8 4p(100)
1600 _
= =r
_ {1600\ 6400
x2“4( 3 )y_ 3

(b) The deflection is 1 cm when

_2 _ . /128 ;
y = 100 = x =k 3 +6.53 meters.

—=

—zh)2 Loz

79. (a) A hyperbola is the set of all points (x, y) for which the
absolute value of the difference between the distances

from two distance fixed points (foci) is constant.

_h2 Mk2 _k2 _-h2 ]
o (xaz) 7(yb2) =10r(ya2) _(xbz) _

(c)y=ki2(x—h)ory=kig(x—h)
a b

81. Assume that the vertex is at the origin.

X = dpy ;
(3)2 = 4p(1) 2l
9 Focus
4=
| G, 0
The pipe is located
%meters from the vertex. L 1
83 y=ax?
y'=2ax

The equation of the tangent line is

¥ — ax = 2axy(x ~ x,)

ory = 2ax,x — axg’.

Lety = 0. Then:
- axgt = axgx — 2axg
axy? = 2axyx
=X
T2

Therefore, (%, 0) is the x-intercept.

g

P

ymax? {x ar)

f5
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84. (a) Without loss of generality, place the coordinate system by »®—-dx—4dy=0
$0 that the equation of the parabola is x* = dpy and,

d
hence, . @
‘ 2x —4—4— e =0
1 .
y—() | dy_1 .
2p 2 2x 1

Therefore, for distinct tangent lines, the slopes are

unequal and the lines intersect. At (0,0), the slopeis —1: y = —x. At (6 3), the slope is

2: y = 2x — 5. Solving for x,

—x=2x-9

—3x=-9
x=3
y= -3

Point of intersection: (3, —3)

85. (a) Consider the parabola x* = 4py. Let m, be the slope of () 2 —dx— 4y +8=0
the one tangent line at (x;, ,) and therefore, —1/m, is

the slope of the second at (x,, y,). Differentiating, (e —2p =40y — 1)
2x = 4py’ory’ = —2%, and we have: Vertex: (2,1)
1 2x— 4 — 4% =0
My = 2—p—3¢:1 or x; = 2pmy
' ' dy 1
;0=5x20rx2:70. dx 235

Substituting these values of x into the equation 2 = At (=2, 5), & —92. At (3,'5)' dy _ _1_.
4py, we have the coordinates of the points of tangency 4/ dx 2
(2pmg, pmy?) and (—2p/ mo»P/ mo?) and the equations Tangent line at {—2, 5):

f the tangent Ii '
of the tangent lines are y—5=-2x+2) = 2x+y—1=70.

(y — pm?) = my{x — 2pmy) and

P -1 Zp) ' )
A -]
(y moz) mo(x Py

The point of intersection of these lines is

Tangent line at (3, %)

5 1 ‘
y“4—2(x 3)= x—dy—1=0

. 1 - .
(p(mg;— 1)’ —p) and is on the directrix, y = —p. Since m,m, = (—2)(5) = —1, the lines are perpendicular.
o
. . ; 1 1
Point of intersection: —2x + 1 = Calm
5 s
2 4
ot
2
y=0

N £ I
Direcirix: y == 0 and the point of intersection (5, 0) lies

on this line,
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86. The focus of x* = 8y = 4(2)y is (0, 2). The distance from a lﬁoint on the parabola, (x, x%/8), and the focus, (0, 2), is

d=\/(x—o)z+(§;z)2.

Since d is minimized when 42 is minimized, it is sufficient to minimize the function

£ = 5+ (1‘83 - 2)2.

FO) =2 + 2(%2 - 2)(%) = % + x.

Fix) = 0 implies matf—6+xﬁx(f2—6+ 1) =0 = x=0

This is a minimum by the First Derivative Test, Hence, the closest point to the focus is the vertex, (0, 0).

87. y=x-x*

% =12
At the point of tangency (x;, y;) on thie mountain, m = 1 — 2x,. Also, m = i‘ : ;
1
Yr—1l_
T 1 - 2x;
(g — %2 —1=(1 — 2x)x, + 1)
—xttx - 1=—2x2—x +1

22 +2x, —2=0

MZiﬂt;m ‘21“2“/5:—11;\/5

T 2(1) B P

Choosing the positive value for x;, we have x; = —1 + V3.

m=1-2-1+.3)=3-2.3 y
D T
X+l x4+l
1
Thus,—xo+1m3 2./3
1
3-2/3 °
3+ 23
—‘“1:x0
3
23
e

The closest the receiver can be to the hill is (2J§/3) — 1 == 0.155.
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88. (a) A= 0752~ 921 + 301
®

360

200

89. Parabola
Vertex: (0, 4)
¥ =dply — 4)
42 = 4p(0 — 4)
p=-1
=-4ly—4

dA '
- = 1.5t — 9, <t<
© = ‘15: 92, 6<t<12

e MR
+—t —+—t—+
472-{/5’3101214

373

Women are spending more time watching TV each year,

Circle
Center: (0, %)
Radius: 8 .
2+ (y— k=64
40— K2 =64
=48

k= —4/3 (Conter is on the negative y-axis.)
x2+(y+4-/_) = 64

= —4/3 + /64 — 32

Since the y-value is positive when x = 0, we have y = —-4/3+ )/ 64 — 2,

A=2J;4[(4—§)—(*4\/§+qux

4
= 2[4): - ':3—2 + 4/3x — —(x«/ 64 — x? + 64 arcsin 8)]0

2[ 16 — — + 16+/3 — 2/48 — 32 arcsin %]
16(4 + 3f 2m)

= 15.536 square feet

1

‘ _1,
90. x 4y
o1

=y

2
1+(x')2z1+—

[ e

= i[ym + 41nty + V4 + y:|]0

fmdy

:%[4\/2_0 + 4104 + v20) — 41n2]
— 2/5 + 1n(2 + \/5)%5.916
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91. (a) Assume that y = aa2 ' ¥

2 1 1
= af 2 == = —
20 al60f = a =325 =15 = ¥ = zF

®) f() = 1355 /) = 507

5= 2-[ .‘/14‘ 90.76 J’ V90 +xtdx —60 —45 ~30 15 15 30 45 60 ¥

2 [ 902 + X% + 907 ln}x + /902 + x2|] (Forrula 26)

T 902
= 51»[ 60./T1,700 + 902 In{60 + m) 902 1n 90
= 9—10[1800\/5 + 902 In{60 + 30./13) — 90%In 90]
= 2013 + 90 1n(60+;—00‘/1_3)

= 10[2\@ + 9m(3—t3ﬁ)] =~ 128.4m

=20y

o
If
8l%

/

_x
Y 70

r 2 r 2
s:zwjx,/ﬁ(%) a‘_x=27rf x—”lﬁ%“‘dx
0

[ - 20100 + x2)3/2] = 25100 + r)¥2 — 1000]

5
94. A=12 f ~4py dy 95, (a) At the vertices we notice that
0 the string is horizontal and
)
—4p J' 72 gy has a length of 2a.
o (b) The thumbtacks are located
2 i _ at the foci and the length of
= [4‘/‘5(5))’ 3/2]0 string is the constant sum of
the distances from the foci.
— g \/5}13/2
9. a=2b6=2c= (i)zm(z)zmnEi 97 ,
- 7 » ) 5 R

vvvvvvvv

The tacks should be placed 1.5 feet from the center. The
string should be 2a = 5 feet long,

\,-- vmg .w.,,

u- DN
\\ SR ,/
¥

‘1-‘\““"0".'02"""’
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98. e=-
0.0167 = ——ro
149,598,000
¢ = 2,498.286.6 -
Least distance: a — ¢ = 147,099,713.4 ki
Greatest distance: a + ¢ = 152,096,286.6 km

A—-P
100. e = ey
_ (123,000 + 4000) — (119 + 4000)
(123,000 + 4000} + (119 + 4000)
122,881
= 131,119 0.9372
2
102. L+L=1
x2 ¥y
a? N aX(b2/a?) 1
=2 ¥
P + 22 - A 1
2 2
X ¥y .

=

at a1 - &Y
Ase—0,1 — ¢2— 1 and we have
x2 ¥y

p + i 1 or the circle ¥ + y2 = a.l‘.
X ¥
104 G Y asp !
2 2 ¥

x= i—% (2.5 — y*

V = (Area of bottom}{Length) + (Area of top)(Length)

7(4.5)(2.3)
2

99, e=%<
q
A+ P=12a
_AtP
¢~
A+ P A—P
c=a—P= > —-P= 5
c_ A—-P)J2 A-FP
e=So= =
a ([A+P)/2 A+P
¥

:?-:\\(a, 0
X
: P

(A1)

A—P 3529 -059

0L e = s = 3520 7 050 _ 00671

LD Al
108, fmth=1
2x 2y’
12 5 =0

% _x

YTy T

)

{— . f — = 2

Ar{—8,3): ¥ 7 =3

The equation of the tangent line is y — 3 = 3(x -+ 8).
will cross the y-axis when x = O and y = %(8) +3=

wpz =

0.5
Vo= [W](ls) + 16] 2—594‘/ (2.5)* — ¥? dy(Recall: Area of ellipse is mab.)
1] .

44
5

= 90w + 144 [ (2.5 — y? + (2.5)* arcsin

5

= 904 + ﬂ[o.sﬁ + (2.5)% arcsin é] ~ 3543 ft3
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105, 16x2 + 9y + 96x + 36y + 36 =0 106. 937 + 4y + 36x— 24y + 36 =0
32x + 18y’ + 96 + 36y =0 : 18x + 8yy' + 36 — 249" =0
y/(18y + 36) = —(32x + 96) 8y - 24y’ = (18 1 36)
, _ —{32x + 96) ' ,_ —(18x +36)
T 18y + 36 YT Ty
y"= 0 when x = —3, y’is undefined when y = —2. vy’ = 0 when x = —2. y"undefined wheny = 3.

Atx=—3,y=2o0r —6. Atx = —2,y=0or6.
Endpoints of major axis: (—2,0), (-2, 6)

Endpoints of major axis: {—3,2),{—3, —6)
: Aty=3,x=00r — 4

Aty=—-2,x=00cr —6.
Endpoints of minor axis: (0, 3), (—4, 3}

. . L x+ 2)2. {y — 3)?
2 2o . + = =
Note: Equation of ellipse is & 5 3) + b ] 62) =1 Note: Equation of ellipse is 4 9 L

Endpoints of minor axis: (0, —2), (—6, —2)

107. (a) A = fz %\/4 —dx = [x\/ff- — x4+ 4 arcsm(mz{)]; =27 [or., A = qab = 7{2)(1) = 27)
o .

. P b Y -1 _1P_ 8w
(b) Disk: V= QTTL 4(4 x2) dx 271'[4:6 3x3]0 3
1
y= 5\/@
Y o/i-=
ST \/1 . fz - \/16 ;y3x2
s = 2(2 )J’ f\/1673x2dx
2
= m[ﬁx\/ 16 — 33\72 + 16 arcsin(ifﬁ)}o
- %’”(9 + 4</37) = 21.48
’ 2 2 167
(c) Shell: V=27 /4 —adx = — f —2x(4 — X2 dx = ——[(4 - x2)3/2] =5
(o] 0
x=21—y*
')
V1 -2
2
'_1+(x’)2* 4y > \/11+3y
V1=772
s= 2(2qr)f 21— y2—~—:/11t_33;dy' = 8 \/1 + 3y2dy
2\/_[\/_)3\/1 + 3% + ln‘fy + 1+ 3y2 [}

- 47”T|6_ +/3m(2 + \/??)[ =~ 34.69
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. 4 . ' 4
108, (ay A =4 %\/16 —xtdx = %{xm + 16 arcsinﬂo =127
o

‘9 9 1.1
isk: = R “| _lal o
(t) Disk: Vv .2'TTJ 16( 6 — 1) dx 3 (16x 3x3]0 487
y= %«/16 — it

, —3x

Y T i =
9x?
N2 = P S
VIOV =/ 1" i =

43 16(16 — x?) + 9x2 j /256 — 317
= 2(2 Z6 - Rt x = 4y =16 - \/256 Tl dx
(2m) L 4 16(16 — m

_ 3w ﬁx ﬂ) _
= Sﬁ{ﬁxv@% 7x¢ + 256 arcsin T3 } 8\/_(48f + 256 arcsin 7 138.93

{©) Sl‘hel]: V= 4’.'TJ: x[%m] dx = 311'[( )( )(16 x2)3./2:|: = bdsr

e

P
3/9 -2

16y*
N2 — ey
V1 + () 1+9(9_y2)

_ 4 e /90 -0 1167
S—Z(ZGT)J; 3\/9 ¥ 50 39 dy

X

3
=4'n' f}* 81+7y2dy

16(23_)[\/-)2\/81 T + 8Ln| /Ty + VEL T 7y \]

'JT
= =3 /7(12) + 81 (37 + 12} — 81 In 9 =~ 168.53
57 3/112) ( )

109. From Example 5,
. w2
C=4af V1 — & sin? 646

L
For + 9 = 1, we have

a:7,b=5,0ﬁ\/49—25=2\/€,e=£=M.

y
c= 4(7)[”/2., /‘ 1 -2 aae
X 9

= 28(1.3558) =~ 37.9614
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L | e throush (— R

110, (a) e -+ 7= 1 {b) Slope of line through {—¢, ) and (xo, o my = P

2x . 2y’ . Yo

=S+ T-=0 Slope of line through (¢, 0) and (v, y): m, =

a b Xg— ¢

-
2
AtP, y' = f%-fg:m
as Yo

_Yo_ (_éix,g) :

_mym _ xm-—c atyo! _ alyet + Pl — )

Ltmm ( Y )(_!7_2@_) a?yel, — €) ~ By,
X, —c/\ a?y

. _ Py b — Bre &P - bBxe Ba? —xe) B

(c) tan &

- xyold® — B —atye et — @lye yoelee —a) - yge

b b
o = arcta.n(u-—) = marctan(—)

Yo€ Yot
Yo (__?fx_o)
ang =T _ X +e @yo) _ _ @y + Bl + o)
Pmm oy ( P )(‘—bzx") @yoltg + ) = Bxpyp
X+ e/\ aty,
atyg® + gt + Bixge @b + B _ P xe) B
@roy T aleyy — Biagyy xoyola® — B) + dleyy yoclwor + @) e
2 : '
B= arctan(b—) '
Fof 1

Since |a| = {8], the tangent line to an ellipse at a point P makes equal angles with the lines through P .and the foci.

_ At b

111. Areacircle = 7r? = 1004 112, (a) e = =T = (ea)’ — a? = b% Hence,
Area ellipse = sab = ma(10) (x - BP . (v -—‘k)z _,

2(1007) = 10ma = a = 20 2> »

Hence, the length of the major axis is 2a = 40. ’ x—RB?  (yv— k7

+ =1
a? a¥(1 — &%)
-2 (3P

+ =

e T
7
-3 9

-1

(c) As e approaches 0, the ellipse approaches a circle.

113. The transverse axis is horizontal since (2, 2} and (10, 2) are the foci
- (see definition of hyperbola).

Center: (6, 2)
c=42a =6, =2 ~gt=7
Therefore, the equation is

G-6° (y-2°

) = 1.
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114, The transverse axis is vertical since (—3, 0} and (—3, 3)
are the foci.

3
C’enter‘ (— 3, 5)

'c=§,2a=2,bz=cz—a:""=

2

R

Therefore, the equation is

[y = G/2F _G+37_,
1 5/4

116. Center; (0,0)
Horizontal transverse axis
Focl: (%c, 0)

Vertices: (+a, 0)

115, 2a =10 = g =5
c=6 = b= .11

The difference of the distances from any point on the hyperbola is constant. At a vertex, this constant difference is

(a+c)—(c — a) = 2a.

Now, for any point (x, y) on the hyperbola, the differenc.e of the distances between {x, ¥) and the two foci must also be 2a.

o=+ iy -0 - S+ cP+{y-072=2a

VE—F TR =u+ JETFF

(= oF b y? = da + da T T TP+ (x + P + 52

~dxe — 4a% = da/Tx + fF + 32
, —(ic +a?) =a/lx + 0P + 2
K2+ 28%x + a* = afx® + 2ox + 2+ ¥
22 — a?) — a¥y? = a¥c* — a?)

x2

y2

. at o2 — g2

1

Since o + b2 = ¢?, we have (32/a?) - (y2/b5) = 1.

) - / — )2 + 2
117, Time for sound of bullet hitting target to reach (x, y: % + i—vm

m &

S+ o 42
VS

Time for sound of rifle to reach (x, y):

— 2 4 2 l e 2 o 2
Since the times are the same, we have: 2¢ + v VC) Y - vt o) Y

m ) vy
2 4c — )2 + 32 + o) 4y
42, Ao frmgry s G oty
m m’s : ) '
4;—--~mwm(x TR VX — vic
v.!vm .
z 2
(1 - ”—2)x2 +y? = ("sz - 1)02
vy vV,
xZ 2
2 1

CQVsz/ sz - CZ(sz - v3/ va -

(. ¥}
I N"'-.._‘_

i - _.(C,D}

(~c, W f—a. 0 & O
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118. ¢ = 150, 2a = 0.00£(186,000), a = 93,
b= /150 - 932 = /13,851

2 2
KN S
932 13,851

When y = 75, we have

75 )
13,851

x = 110.3 miles.

*? = 932(1 +

, 2 2
119. The point (x, ) lies on the line between (0, 10) and (10,0). 120, L % =1
Thus, y = 10 — x, The point also lies on the hyperbola “
(#2/36) — (3?/64) = 1. Using substitution, we have: 2y’ 0 or v/ = bx
3 (10 — x? a@ b YTy
% 6 ! b
~ ¥ W(—x - xo)
1627 — 9(10 — x)2 = 576 o
¥ + 180x — 1476 = 0 o ahy gt = Bhgx — b
2y 2 2 - K2 —
_ —180 + JIRF —Am—1476) - P T @y’ By — ayoy
' 27) a?b? = Bxax — alyoy
_ 180+ 192/2 _ —90 + 96./2 Rr_yoy
14 7 a2 el
Choosing the positive value for x we have:
x= w ~ 6,538 and
160 —
x2 2y2 Iy 2 x2
121. 55+—b—2—:1:%:1~E.L_etc2=a2—b2.
A2 2y? 2?2 x?
ERENTEN T =>'?za?—bz—l
x? x? 1 1
-2~z » 1= 2=x2(§+m)
) 242 — B 4 V2a/a — B _  JSlac
2% - B T VIE— B JIE-B
2_)’2__ ML( %282) 2y2_ b
P Uy gy VRl v gy
, bt v
B e e = t—
Y 2(24 ~ b7) =7 NN
. . . 2ac b2 ) ( S2ac b2
There are four points of intersection: .+ , = ,
P ' (Jzaz -7 V2V - R VIE T V220 - B
E x| by’ , b
@ B :>a2+52 =0=5.= 24y
x2 2y 2 4y’ _ , B
g% — b2 b2_1:>c2 b2 _Ozf"y"—%zy

—CONTINUED—

)
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121. ~CONTINUED—

122.

£23.

126.

129,

‘ 7 2
Al (Jz‘fa_c B2 \/ivéaz — bi), the slopes of the tangent lines are:
_bz(ﬂ bl(  VZac
y', = \m - £ and  y/, = m g
¢ B a D -
2 2(——%“_) zcz(—)
\V2a NNy

. Since the slopes are negative reciprocals, the tangent lines are perpendicular, Similasly, the curves are
perpendicular at the other three points of intersection.

A+ Cy* +Dx+ Ey+ F =-0 {Assume A # 0 and C # 0; see (b) below)
D E ‘
R 2 .20V
A(x + x) + C(y + y) F

2 ‘ 2 ' 2
A(x +Qx+D)+C(y2+%y+E—)= F+D+E =R

A 442 4C? 44 4C
D\ EN?
[x 3 (:m)] N [3’ i (20)] _ R
C A - AC
(a) IfA = C, wehave () If C = 0, we have
D \? EN R Dy D2
(BTt oo B =
which is the standard equation of a circle. A = 0, we have
: 2 2
(&} If AC < 0, we have C('y+£) - F-Dxt
2c 4C
. (DN EMN? .
[x + (ﬂ)] . [y + (b?‘)] 1 ' These are the equations of parabolas.
R;’ , ‘E! (@) IfAC < 0, we have
A C :
D2 EP
which is the equation of an ellipse. [x + ( )] [y + (%)] ‘
‘ : - =]
R
A0
~ which is the equation of a hyperbola.
False. See the definition of a 124. True 125. True
parabola.
False. y2 —x2 +2x + 2y =0 127, True 128. True

yields two intersecting lines:

y+1l==x{x—1)}

Let 5+ 37-2- = 1 be the equatlon of the ellipse with @ > b > 0. Let (¢, 0} be the foci,

& = ¢ — b2 Let (4, v) be a point on the tangent line at P(x, y), as indicated in the figure.

x2bl + y‘la?. — a‘ZbZ }

2xb? -+ 2yy’a® = 0

. b ‘
¥ = 2 Slope at P(x, y)

—CONTINUED—
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129, —CONTINUED—

- b
Now, Y-r. =
x—u ay

yia? — a*vy = — b0 + bPxu

ya® + x%? = atvy + blux
a?b® = a’vy + blux
Since there is a right angle at (u, v),

v_ay

P b2
b = a’uy.
We have two equations:
alvy + bux = ath*
atuy — b?vx = ().
Multiplying the first by v and the second by #, and adding,
atvty + a’uty = a’b*v

Hu? + v = by

ya? = b
_yd?
V= ”"b'?

2

Similarly, « :-’ij;.

From the figure, # = d cos @ and v = d sin 6. Thus, cos&=z—fand Sin6=)b’—§.
242 2 72
cos28+s_in29=%+2}j—:1

2242 A Yatd* = a'b?

adbt
T xpt £yt

.
letr, =PF,andr, = PF,, r +r,=12a
1
rrh = 5[("1 + r2)2 —r? - rzz}

— 34 = (x+ = ¥ = (= F — ]

=22 - -y

=a2+b2_x‘2_y2

. 9 a4b4 ) , ,
Fivally, d*ryr = 5y 1@ V= =]
a‘bt .
= NI T R S
ALY + a2(atyh) la 2 — 37
a‘b’ : )
= .
a7 — ) + s v e
atbt

— ) 2.{. 2 _ 22
At a? + B2 — a2 — 2] [a + 82 — 2 —¥]

= g2b?, a constant!



Section 10.2  Plane Curves and Parametric Equations 383

130. Consider circle x2 + y2 = 2 and hyperbola y = %
Let (u, Ny uz) and (v, %)‘be points on the circle and

hyperbola, respectively. We need to minimize the distance
between these 2 points:

(Distgmce)2 = flu,v) = (u.-" v+ (m - %)2

The tangent lines at (1, 1) and (3, 3) are both perpendicular to y = x, and hence parallel.

The minimum vale is (3 — 12+ 3 — 12 =

Section 10.2  Plane Curves and Parametric Equations

L.x=JLy=1—1¢

@ : (b) 1
sfo|l 1) 2| 3 | 4
14
x|o| 1] V2|3 2 : ™ e
-1 1 2 3
yl1lo|-t]|-2]=3 4
.l
© 2
HH“'& s

= - . . :
\ @ 2=t
: y=1-—-x,x20

~a

0sx<4 -2<y<2
O T 2] z]o]z]z © =
2 4 4|2
1 L_‘-‘_‘_\\ 5
x| 0 2 | 4]2]0 FJ__,/
y | =2 |—-v2| 0 ﬁ 2 )
(b) ¥ ‘ () % = cos? §
3 .
24 } y_z_ -
1-_\\\\ | 4~sm9
IR EE T an et s
S4t=
24 4 4
T x=4—3y,-2<y<2
(e) The graph would be orlented in the opposite direction.
3. x=3t—-1 4 x=3 -2 - 7
y=2t+1 y=2+73¢ \
_Afxt1 _ 3—x “
ym( 3 )+l y—2+3( 2) FEN
2x -3y +5= 2y +3x — 13 =0 “
NS T
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5.x=t+1 6. x = 28 7. x=1p
y=pf yﬁﬂ+1 y=‘é't1
={x— 1) 2 = Bl f e Al/3
y={x~-1) y=(£)+1=£+1,x20 x = ¢* implies t = x
y 2 4 y=%x2/3

For ¢t < 0, the orientation is right
4 to left.

For ¢t > 0, the orientation is left to

right.

Box=0+pny=82—1

Subtracting the second equation from the _first, we have

X—y=2r or t;%"x. . t =21 ~-110 1 2 y
: X 2 0 0 2 6 i1
_e— P x-—y N
YT g 2 y| 6 2 lolol2 2
Since the discriminant is E
B2 — 44C = (=2)2 — 41)(1) = 0, = @74’2 i
-1 .

the graph is a rotated parabola.

9. x= 4120 18 x=¢i20 1L x=1-1

y=t—12 =3 -1 t
g yzr—l

y=x—-2,x20 y=3—-xtxz0 :
y ' v _xt1

y X

s
2 3 4 5 &

-1

—28

12”‘:”% - ] 13 x=2
1+ : : _ _
y=t—1 . :\ , y—lt 2|
7 f i B
L. T yz\__zzlx 4
x=1+ —impliest = —— ! . 2 >
’ ol
I \
¥ x—1 1
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17.

20.

e
R
—
-
+
P
O [
e
If

1
T .
L .i- .Q\.“‘"-.:-x
'“-'-\ 1 2 3
ad
3t
x=2cos#
y = 6sin §

cos? + sin? 0 =1

= 1 ellipse

5. x=¢ex>0
y=e"+1
y=x+1,x>0

¥

O T T S

18. x = tan® @
y = sec?

sec’f =tan* 8 + 1

y=x+1

x20

21. x=4sin28
y=2cos28
%=sin226
2
yzzcos229

K2y
_+__—
16 4 1

16. x=e4Lx >0

y=ed—~1

_ 1
y=x2-1=—=-1x>0

19. x=3cos §, y=3sin @

Squaring both equations and
adding, we have

#+yr=29

22. x=cos @

y = 25in 26
y=4dsinfcos @
1—x*=sin?#
y=i4xm

3

, AN)
NJ

-3
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23 ‘ x=4+2cos 24, x=4+ 2cos
y=—1+1siné y=—1+2sin9
("_14_)3= cos? 8 (x— 4P =4cos® ¢
Grip (y+1)2=4§in26
T e G-4p+(+12=4

-4f  +I1P

4 1

S

25.
¥

(x — 4y
4

(y + 1)?
16

(= 4P (y+ 12 _

4 16

x:4+2c059

=—1+ 4sin 6

cos® §

= sin’ ¢

[V,

28. " x = cos® @
y = _sin39
x2/3 = cos? §
V3 =gin2 g
x4+ 323 =

Lt

26.

(5

-3

29. x =8

y=3In¢

=3mn¥x=Inx

-2

~1

3

i 7

A

-5

27. x=4sech
y=3tan @
2 _ 2
16—sec6
A
9 tan® @
2y
16 9
8
-9 \”’
—6
30. x = In2¢
y==#
;=
2
_er_ 1
YT TE
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3L x=¢"' 3 : 32, x=¢&¥ 4

y=e3f . y:el’

er—i - 5 = - /—rﬁ—is
x | y >0 | .

gt=3/§ _ y=\/3_c,x>0
|

=

x>0

y=>0

33. By eliminating the parameters in (a) — (d), we get » = 2x + 1. They differ from each other in orientation and in restricted
domains. These curves are all smooth except for {b).

@ax=1y=2t+1 (by x=—cos @ =2cosf+ 1
-1 <€£x=<1 -1 2y<3
' dx _dy

N %~E=Owhcn9=0,iw,i27r,....

(cyx=e¢e" y=2e '+ 1 | (dx=¢ y=2+1
x>0 y> 1 x>0 y > 1
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34. By eliminating the parameters in (a) — {d), we get x2 + y? = 4.
They differ from each other in orientation and in restricted
domains. These curves are all smooth.

(8) x=2cos @, y=12sin6

-1 i 1

®) x = l¢] 4 £ Y=
1! X2 0,x%2 y#0
A

{c) x

i
&
<

Il
BN
!

35. The curves are identical on 0 < 6 < 4. They are both smooth, Represent y = 2(1 — 22)

36. The orientations are reversed. The graphs are the same. They are both smooth.

F3

(b) The orientation of the second curve is reversed.

37. (a) 4
. {c) The orientation will be reversed.
k_' )\»__// : (d) Many answers possible. For example, x = 1 + ¢,

y=1l+2bandx=1~-rx=1-—12
-4 -d

-6

\J

38. ‘The set of points (x, y) corresponding to the rectangular equation of a set of parametric equations does not show

the orientation of the curve nor any restriction on the domain of the original parametric equations.

39. x=x, +tx,—x) 40. x=h+rcosd
y=y + 1y, =) y=4k+rsiné

T cosg=2""
2 T4
' (x—x , -k
y=y + (—_L)(yz'_)ﬁ) sin 6 = z
X2 T &
D Sl JV PSPPI . enll ) NS ¢ el 1 i
y—» ) xl(x %) cos? @ + sin® @ = ) 1

@—nP+{y—kP=r?
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41, x=h+acosé 42, x=h+asect
y=k+bsinf y=k+btan &
JC_h:ﬁosf} x—_h=SBCB
L“;;]ﬁ:sinﬂ —;klztang
Ce—h)? (- kP, Clll) G O Rl ) Y
a? b? B a? bt -
43. TFrom Exercise 39 we have 44. From Exercise 39 we have 45, From Exercise 40 we have
x =5t x=1+& x=2+4cos b
y = —2t y=4 -6 y=1+ 4siné4.
Solution not unigue Solution not unigue Solution not unique
46. From Exercise 40 we have '47. From Exercise 41 we have 48. From Exercise 41 we have
x==3+3cos8 a=3,¢=4= b=3 a=5c=3= b=4
y =1+ 3sin 6. x=5co80 x=4%5cos
Solution not unique y = 3sinf y=2+ 4sin 8.
Center: (0,0) Center: (4,2)
Solution not unique Solution not unigque
48, From Exercise 42 we have 50, From Exercise 42 we have 5. y=3x—-12
a=4c=5=b=3 a=1,c=2=b=./3 Example
x=4secd x=-/3tan ¢ x =1, y=3t-12
y = 3'tan 6. y = sec 6, x=1-3 y=3-1
Center: (0, 0) _ Center: (0,0)
Solution not unique Solution not unique
The transverse axis is vertical,
therefore, x and v are interchanged.
2
52_y=x*1 53 y=x 54, y =22
E 1 E
Example xample xample
5 x=1t, y=7 x =1, y =12
*TEY ST =¥, y=: x=1, y=1
_, . x=tgant, - y=dan®¢
X = 3 y I 1
55, x = 2(6 — sin 6) 56. x= 6 +sin @ 57. x=6—2sing
y=2(1 — cos ) y=1—cos#d y=1-3cost

5

» Wm

-1

Not smooth at & = 2nr

]

AN

EANEE

-2

Not smooth atx = (2n — U

5

\\/—'-"‘\/
-2 o |7
-1
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58. x =206 —4sind . 59, x=3cos* 6 60. x = 26 — sin 8

y=2—4cos @ y = 3sin* # y=2—cos#
9 2 4

RN s / \ . /\/
—— D4 \
- Bx
= —~ . =
Not smooth at (x, y) = (3, 0) and Smooth everywhere

(0, %3), or 8 = inm

3¢

2

61l. x = 2cot @ 4 62. x =

I1+#
= 2sin” 6 ' \\0
y =2sin . e i L R a
PTIEP \

-2

pe;

Smooth everywhere Smooth everywhere
63. See definition on page 709.

64. Each point (x, y) in the plane is determined by the plane curve x = #(¢), y = g(#). For each ¢, plot (x, y).
As ¢ increases, the curve is traced out in a specific direction called the orientation of the curve.

65. A plane curve C, represented by x = £{), y = g(), is smooth if /" and g* are
continuous and not simultaneously 0. See page 714.

66. (a) Matches (iv) because {0, 2) is on the graph. (b} Matches (v) because (I, 0} is on the graph.
(c} Matches (ii} because —1 £ x = Q0and1 <y < 3. (d) Matches (iii} because {4, 0) is on the graph.
{¢) Matches (vi) becanse undefined at § = 0. {f) Matches (i) because x = (y — 2)2 — 1 for all v,
67. When the circle has rolled # radians, we know that the center is at (a8, a). ¥
sin9=sin(180°—6)ﬂ-l%lzj%{- or |BD| =bsing N
b
AFdyC
cos # = —cos(180° — 6) = J-;A*%[ or |AP| = —bcos e p
‘ 2D ¥

Therefore, x = af — bsinfandy = a« — bcos 8.

68. Let the circle of radius 1 be centered at C. A is the point of tangency on the line OC.
OA =2, AC = 1, LOC=3.P= (x, ) is the he point on the curve being traced out as the
angle 0 changes AB = AP, AE = 20 and AP = @ => « = 26. Form the right triangle
/_\.CDP The angle OCE = (7/2) — @ and

ocr = = (2= 4) - a 0= (2) 30~ (2)

x=OE+Exz3s1n(g~ 8)+sin'(36k~§):3cosﬁ—cos30

y=EC~CD=3'sm6—cos(36—";—r)=3sin6—sin38

Hence,x = 3 cos 8 — cos 36, y = 3 sin & — sin 34,



Section 10.2

Plane Curves and Parametric Equations 391

69. False
x=t'=>x20
y==>yz0

The graph of the parametric equations is only a portion of
the line y = x. :

(100)(5280) _ 440

2600 3 - ft/sec

71. (2) 100 mi/hr =

x = (v,cos O) = (4—;(—) cos B)t

y =h + (v, sin g)r — 164
=3+ (% sin G)r — 1642

30

(b)

a 400
[}

It is not a home run—when x = 400,y < 10.

80

(c)

0 400
o B

Yes, it’s a home run when x = 400,y > 10,

72 (2) x = (v, cos )¢
y =k + (vy5in g)r — 164

X
vocos 8

~ N

v cOS & =y =kt (psin BJVo cos @ 16(
16sec* 6,
i —

y=h+ (tan f)x —
Yo
‘ 2
(b y =15+ x — 0.005x> = h + {tan 8}x — > icff %
. o]

h=5tnf=1= 0=§,and

2
0.005 = 16 sec £W/4) _ 162(2)
Vg L)
32
2 T e— =
Yo' = 5,008 6400 = v, = 80.

Hence, x = (80 cos(45°))
y=1754 (80 sin(45%)) — 1642,

70, False.Letx = 2andy = +. Thenx = y?and y is not a
function of x,

(d) We need to find the angle # (and time £) such that

x = (% cos G)t = 400

y=3+ (%sm B)I— 1662 = 10.

From the first equation § = 1200/440 cos 8. Substituting
into the second equation,

440 | 1200 1200 2
10=3+ ( 3 o0 6)(440cos e) 16(440 cos e)
_ oy,
7 = 400 tan & 16(44) sec® 8

2
= 400 tan 6 — 16(m) (tan® 6 + 1).
44

We now solve the quadratic for tan

1200 . (120)2

= - + 7 + — | =

16(44)tan ¢ — 400tan 6 + 7 + 16 v 0

tan 6 ~ 0.35185 = =~ 15.4°

j

{c)

B0

L

250

-5
{d) Maximum height: y = 55 (atx = 100)
Range: 204.88
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dy _dyjdt _ —4_ -2

T dx dxfdr 2t

dy _dy/d9 _ —2cos

¢

fsin g

3

I:Note:x+y=1=>y=l—xaﬂd

S.x=2 y=3r—1

&y _dyfdr 3

dx dx/dt 2
2.

% =0 Line

“dx  dx/d®  2sinBcosf

Tox=r+1, y=124+73

dy_2t+3
dx 1
d?y

dx?

9. x=2c0s 8, y=12sin

= 2 concave upwards

8

dy 2cosf _

dx —2sind

dy _ _esc?d _ —escPh
d?  —2sing 2

concave downward

1. x=2+secH, y=1-+2tan @

dy _ 2 sec?
dx sec ftan 8

:2scc6
tan 6

dy

-1

@ _
a6

=1whent= —1.

—cotd = —1when 8 = E

— /2 when 0 = 7

:chc9=4when6:£.

dy d[ﬁ:’ _ —2cscfcotd

& dx
0

= —2cot? § = —6/3 when § = z

concave downward

sec ftan &

6

X @:M:;:;3t2/3
dx  dx/dt (133

dy dy/df _ (—1/2)e”%? _ ,le—se/z —1

4, = = i
dx  dx/d8 2e? 4 4362

6. x=Jty=3-1

dy 3

-5 = = 6/t =6 whenrs = 1.
d 1/(2/1)

d% _ 3/t

= 6 concave upwards

& 1/(2r)

8. x=F+3+2,y=2¢ ;

dy_ 2 __2 -
dx—2t+3—3whent 0.
d_zz_—2(2)/(2r+3)2__ -4 -4 _
a2 213 prrap ay When?=0.

concave downward

10. x =cos @, y = 3 sin §

_ _ 4. _
D end 3cot @ dxxsundef'medwhenefo.

2 _
g—xz—);=3—_g:,;—g=giﬁ'%isundcﬁncdwhen9= 0.

2. x= 1, y= Jr—1
& _ 1/2Ji—1)

dx 1/(2+/1)

Nt o

= m—— 2 whens = 2.
ay _ =1/ V) - ViVl e - 1)
dr? 1/(2v7)

=ﬁ= —Ilwhenrzl

concave downward
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13. x = cos* §, y = sin® 6 M x=0—-smnb y=1—cos8
3 P2 .
dy _ 3sin*ficos§ b _ _sind =0 when 6 = m

dx —3cos?fsing dx 1 —cos@

[{1 — cos 8} cos @ — sin? @]

=—tan6=*1when6=%.-

iy _ {1 — cos 8
T _
iy sl { dy (1 —cos 8
d® —3cos*Bsin® 3costdsind . -1 1
. \/_ :m=—zwhen9=w.
_ sec 9csc@=4 2when6=ﬂ.

3 3 4 concave downward

concave upward

15. x =2cot B,y = 2sin* @ . 16. x=2—3c¢os 0, y=3+2sinb
dy 4sinfcosd ., dy 2cos8 2
i —2cscag s feosd & 3sino 300
2 3 2 dy 33 ' dy |
L2 3 glZm @y 33 . ot (— = a&x i
At( 73 2), 0 30 and e 3 At(—1,3), 6=0, an oIS undefined
2 T e x= —
Tangent line: y— % = %(x + ﬁ) angent line:  x 1
' T a2
3/ — By + 18— 0 ALQ.5), 6=7, and 22 =0,
T ine: y =
At (01’ 2), ='?_2T, and ii_; -0 : angent line: y = 5
at{H385) 6T g B 23
Tangent line: 'y — 2 = 0 2y 6’ d 3
At (2\/5,%), o= %r’ and % = _ﬁ_ Tangent line:
| . _2=2J§(x_4+3ﬁ)
. ! 2
Tangent line: yﬁéz ——?(x—zx/g) 3

2V -y —4/3-3=0
3x+ 8 —10=0

7. x=2t,y=£~—-1, =2 18.,x=t—1,y=%+1,t=1
® 7 | (@ ;
| ] ]
-3 5
-8 g —— 4a \
—4 . ‘

-4

®) Ate =2, (5y) = (4,3) and ® Atr=1, (x,3) = (0,2), and
de_5 W _g Dy

df_ > odr ’dx ﬁ—lé_zﬁul,@=_l‘

dt O dt dx
dy
© E:Z.At(4,3), y—3=26x—4

1

(c) %: —1.Ae(0,2), » - 2=—1x—-0)

= —5_
y =2 y=-x+2

@ T @ 4

- \a
N -
v BRI
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19, x=2 -+ 2, y=8 -3 t=—1 20.x:4c036,y=3si118,8¢%:1
@ = A (a) a
. : LI
L/ N \k//
-3
. —-d
() Atr=—1, (x,v) = (4,2), and '
' _ 37 _ (=4 3.
@ii g_)izo ‘dl=0 (b)AtGﬁ 4s(x1y)_(ﬁ:ﬁ)pand
dr dt dx o 5 32 dy 3
g o Ny T nT
(c)d—i=0.At(4,2),y—2=0(x—4) x
' (C)d_yZEAt(zﬁL)\ _i=§(x+i)
y=2 R i Y Y A V2
@ T y:%x+3ﬁ.
(4.2>/
B {';’T\ s @ 1

| A LA
| »

21, x = 2sin 2,y = 3 sin ¢ crosses itself at the origin, 22. x =2 — qrcost, y = 2t — wsin f crosses itself at a point
(x,y) = (0, 0). on the x-axis: (2, 0). The corresponding t-values are
£ = xa/2

Atthispoint, z =0ort = 7.

2_
@: 3cost : %=2-wcosr,%=wsmt,%=ﬁ%§j
dx  dcos2t ' ' ' -
o dy 2
o % _3 _3 . DA ST = D
Atr=0 dx—4andy——4x. Tangent Line 2 dx w
' 2
- tling: y— 0 =—{x—2
At = ’JT,EX: _3 andy=—3x. Tangent Line Tangent line: y w(x )
dx 4 4
2. _4
™
T dy 2
Att=—7! == ——
R S S

' 2
Tangent line: y — 0 = —;(x -2}
2 4
=24 2
Y Wx o

23, x =18 — 1,y = — 3r — 1 crosses itself at the point (x, y) = (2, 1),

Atthispoint, t = ~lort =2,

dy _3£-3
dc  2t— 1
dy .
Atr= _I’Ex— =0andy = 1. Tangent Line

Att=2,%=§éSandy— 1=3x—2)ory =3x — 5, Tangent Line
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24, x = £ — 61, y = 12 crosses itself at (0, 6). The corresponding /-values ave £ = +./6.

25.

26.

28.

dy 2t

dx 32 —6

_ 26
Atr—ﬁ,dx— Tl

Tangent line: y — 6 = ~~(x — 0}

& ol ols

y=?x+6

_ mdy_ 28 6
Ati= -6 2= AR B

Tangent line: y = —%x +6

x=cosf+ @sinf, y=sind— fGcos @

Horizotital tangents: 4y = fsin § = O when 6 = +a, £2m, x3m,. . .

df

Points: (—1,[2r — 1}m), (1, Zrw) where n is an integer.

. dx 37
=t = —_ - +_ 4+

Vertical tangents; 20 Gcos 0 = when 6 = o T =+
Note: § = 0 corresponds to the cusp at (x. ¥ = (1,0}

dy _ @sin@ _ _ _

a5 Bcos 6 tan 8 = Oat§ =0

— 1w+l —
Points: (MZZH—DW’ (- 1)"“)

x =120, y=2(1 —cos 8)

Horizontal tangents: % =2sin8=0when 6§ =0,

427, . .
Points; (4nw, 0), (2[2n — 1lm, 4) where n is an integer

Points shown: (0, 0), (2w, 4), (4w, 0)

ii}“#zi();none

Vertical t ts:
ertical tangen! a0

x=t+1, y=1+3

3
Horizontal tangents: % =2f+3=0whent= 5

£= 1 # 0; none

Veﬁical tangents: 7

Parametric Equations and Calculus

Points shown: (1,0}, {(—1, @), {1, —2#)

5'n’

Ty e o1 s

Points shown: (0—27, 1), (__

2. x=1—t,y=1¢

Horizontal tangents: _ 2t=0whentr=20

dt
Point: (1, 0}
. ) dx
Ve@cﬂ tangents: o
2
= AN .
L0

3 S
7o) (5]

=== —1 % {); none



396 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

2. x=1~1¢ y=¢ -3 30, x=F~—t+2, y=£ -3t
Horizontal tangents: % = 3% ~ 3 = (O whent = +1, Horizontal tangents: % =342 — 3 = Owhenr=+1,
Points: (0, —2), (2,2) Points: (2, —2), (4, 2)
. dx . dx 1
Vertical tangents: o -1 +# 0; none Vertical tangents: - 2t —1=0whent= >
3
\ _ ;‘2{ i Point; (%, —lsl)
—4 \(/ 5
B (6.‘—2)1
-3
31. x=3cosf,y=3sing 32.x=cbs€,y=2sm28
dy a 3 . dy
Horizontal tangents: Fé 3cos 0 O when 0 = 7 Horizontal tangents: -d—é 4 cos 26 = 0 when
Points: (0, 3), (0, —3) g=T 3w om In
' 447 47 4"
dx
Vertical tangents: ~— = —3sin 6= 0when 0 =0, m 2
do Points: ( ) 252 ,(—— 2) (%,—2)
Points: (3, 0), (—3,0)
a Vertical tangents: dx _ —sin & = 0 when 8 = 0, 7.
) dé .
f ' Points: (1,0), (—1,0)
s O)I\q»/r(a, 0 '
. )]
—4
33.x=4+200$6,y:~1+sin6 M. x=4cos* 6, y=2sin6 -
Horizontal tangents: @ _ cos 6 = 0 when § — = 3z Hérizontal tangents: dy _ Zcos6=20 wﬁen g~ o 3w
T 22 BN g 27
Points: (4, 0), (4, —2) Since dx/d¢ = 0 at 7/2 and 34/2, exclude them.
Vertical tangents: 26 —2sin & = 0 when 6 = 0, = Vertical tangents: 20 —8cos @sin @ = ( when
Points: (6, —1), (2, —1) ‘ 8=0,m
1 Point: (4, 0)
4.0
o] 2
22D gy
s
-3
35. x=sech, y =tan @ 4
. N _ \ /
Horizontal tangents: ~= = sec? § # 0; none - 5
de cnLof LRaL0)
. dx
Vertical tangents:; 48 =sec ftan 6 = O whenx = 0, 7. )

Points: {1,0), (—1,0)
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36.

38.

40.

42,

Section 10.3

x=cos? @, y=cosf Mox=Ffy=8—1

Horizontal tangents: % = —gind = 0Owhenx =0, 7

Since dx/dé = 0 at these values, exclude them.

Vertical tangents: % = —2cos 0sin # = 0 when
T 3
8= 2 5

(Bxclude 0, 7.)
Point: (0, 0) '

x=2+2y=P+7

dy - 2t + 32 3
e i—1 = + —_—
dx 2% T3
dy _3/2_3

dxz 2t 4t

Concave upward for ¢ > 0

Concave downward fort < 0

x=~2y=Inft>0

dy _ 1/t _ 1

dx 2t 2P

&y _ 18 _ 1

dx? 2t 2t

Because't > G d_2y <0
? dx?

Concave downward for ¢ > 0

x=2cost,y=sint,0 <t <27

dy _ —cost 1

dr Zsinr 2ot
dy _{1/2)ese®t 1
42 —2sint  dsnde

Concave upwardon 7 < t < 27

Concave downward on 0 < f < 7

dy 3 -1
dx 2t
2161) — (32 — 12
Ly | A
ax? 2
_6r+2 1437
8 48

Concave upward for z > 0

Concave downward for t < 0

. x=A+Inr,y=2t—Int,t>0

&y _2-Q/n_2t—1
dx 2+ (/) 2t+1

dty [(2r+ 12 — (2 — 1)2]/(2 + %)

o (2t + 1)
.4 1
(2e+ 12 22+1
-4
(26 + 1
Bgcausct > 0, % >0

Concave ﬁpward fort > 0

41, x=sinf,y=cost,0 <t <w

dy sin ¢
2= = —qant
dx cos t

dly _ seck 1
dx? cos t cos’t

Concave upwardon /2 < t < 7

Concave downward on 0 < # < /2

B.ox=u—-pLy=2~21<r<2

2,
= f (2 — )2 + (384722 dr

1

' 2
-=f VA — 8+ 47 + Ordr

1

2
- [varsiTia
1
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M. x=1Infy=1+11<r<6 45. x=e+2y=2%+1,-2<1<2

dx _ ld_y_ @:e’ﬂ—Z
dr £dt dt

b b
dx\? dy\?
= — + | = = —_—
§ J (d:) (dr) a ‘ s f di
& 1 b4
=f /I—2 + 1di ' =f VT + 4 dt
1 : -2

46.x=t+sint,y=t—cost,0£rs;n' 47. x=y=24,0<1<2
dx a,’y _ dx dy (dx)2 (dy)2 5 )
& & _ : Do () (D) gt a=402+1
1+ cost, 1 +sint 7 2t o 2 & i 42 + 4 = 4¢ )
2
—j )dr s=2f\/rz+ldr
o
2
=t/ + T+ +,/2+1]
=f\/(1+cost)2+(1+sinr)2dt [rt L'+ Inle g Eo
o : =25 + (2 + /5) = 5916

=J 3+ 2cost + Zsinfdt
o

B.x=~+1L,y=4F+3,-15¢<0 49. x =ecost,y =g ‘sing, 0 <1 < 12—7
dx dy ) (dJ’) 2
2 Y=o+
dt =2 dt 12;2( dt 4%+ 14477 éﬁ = —¢Xsint + cos t) = ¢ cost — sin#)
0
s=f SAE + 144t4dz=f —2t/1 + 362 dt ] j
—1 _1 . _—
=+ 36:2)3/2]‘3 ol oy
a [ 54 1 sq L =37 ~ 4149 f V2e T dt = fj —1)dr

=[ V2em ]O = /201 —_ewﬂ)z 112

' . 1 ‘ dx _ 1 dy _
. = - = — £2 < €= . s = —_ = - =
50, x =arcsint, y = In/1 — 2,0 < ¢t 2 5Lox= /1, y=3—1, @ 2\/} &
_ ' 1 1
d_ 1 dy_ﬁ_l_( 2:) t . /i+9dx:1 ‘/1*36‘,1;
dr /1_;2’d.t - 1-¢# b W 4 2)e JT

/{ dx\? dy)z 1(®
= —] + = ‘ ==1 1+
5 A (dt) it dt GJ; 1+ wdn
i/2 1 1/2 1 1 . a
= —dt = —_ ’ e 2 + et
fo 1/(1_t2)2.dr J; l—ﬂdr 12[]11(\/1+u +u) w1 u]o

R N ARt -1 ]~
—[ 21"’:+1] —lz[m(ﬁ+s)+6ﬁ 3.249

0
LIV 1. oy ' = =3
- 2\111(3) = 2111(3) 0.549 . u =61 dy = \/Edr
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N SO S PR > S AN O - 3p e g B 2.
Sz'x_—t’y_10+6t3’ i il S ¥ ‘ 3. x=acos’ 8, y=gsin’ 4, 7 3a cos® @sin 6,
. 2 4 2

- [ A T R H_ .o,

S_J; 1'+-(:2 2t4) dr = 26 3z sin® 6 cos &
/2
_"'ﬁ dt S:4J V9a%cos* @sin? § + 9a? sin* # cos? 6 46
g ' 0
2z t4 1 : w7z
:J(~+_4)d‘ = 120.[ sin # cos 6-/cos? 8 + sin? 6 d6
(N2 2 . A
[ 1779 B /2 _[ 'T/z_
-|:10 6:3:|1~240 . _6GL sin28d6 = 3acos200 = 6a
. dx L dy . )
S4.x=acosa.,y=asm6,ﬁr—asm6,d—9=acose 88 x=al0~sin 6), y=a(l — cos 4,
. /2 E_ _ ﬂ= .
S=4j JZsin? 6 + a cos? 6dB de——a(l cosﬁ),dﬂ asin 8
o _ ‘
, /2 a2 _ 1r I — = )
=4aj d6=[4a9]0 = 2ma 5 2J; Ja* (1 —cos 8) + a®sin? 8 dO
0 / . .
=2ﬁaj 1 —cos 0848
0
T . 6
=2ﬁaf Y
o ~/1 + cos @

= [—4‘/@1\/1 + cos 9]: =8a

56. x=cos @+ Osinf, y=sinb — fcos b, % = fcos B 57, x = (90 cos 30°%)z, y = (90 sin 30°%) — 1612 ‘
' | @ @
dy _ ..
i O sin @

2
S=J VB cos? 8 + §2sin? 0 dp
0

a 240

2 g ' o
= J‘ 8de = [—:I = 22
0 2 lo :

(t) Range: 219.2 ft, (; = %)

(©) % = 90 cos 30°, & _ 90 sin 30° — 32t

dt
_ _4& _ \
y=0fort= & }
. 45/16 ]
5= 90 cos 30°)2 + (90 sin 30° — 321)> dt

0

= 230.8 ft
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58. y=0= (90sin@=162 = =0, '?—2.51'116

x = (90 cos @) = (90 cos G)% sin 8

2 2
=%sm Gcose—%smw
’(6)=—200s28— 0= Buz

By the First Derivative Test, § = %(45°) maximizes the range (x = 253.125 feet).

To maximize the arc length, we have -‘g = 90 cos 6, % = 00 sin 6 — 324

(90/16)sin @
= f /(90 cos 6)2 + (90 sin 6 — 3212 dr
o .

2005 2005, em[l + sin e]

g smo+ = 1—sin @

Using a graphing utility, we see that s is a maximum of approximately 303.67 feet at
8 == 0.9855(56.5°).

4¢ 412
59.x—1+t3, y—w1+t3
. _ U+ B8 — 4232
343 =
(@) x* +y' = day (b) . 1 +77
4
_p
\ ' =%(2“_|j§37)=0whent=00rr=3/§.
N - ’ 43/2 43/4
\ Points:, (0, 0), (T T) ~ (1.6799,2.1165)

— 443 — 3
(c)s—zf\/ﬁl((llJrj;z) ﬁ;(it;) d ﬁ2f\/1+ Tttt A At — 4+ 42+ 1]ar

g BV GRE y a R E
(1 + 32

dt = 6,557

— __4 —dpnzn T x
60.x—-4cot6—mn9,y—4sm 8, 25652
(2) 8 : ' | (b)ﬂ=851n6-cos6
: 40
ME/\B d._;=_4cs‘329
-2 39 0for9—0+g
7 T
Arc length over — < ¢t < —: 4.5183
(c) 2| 4 2 Horizontat tangent at (x, y) = (0, 4)(6 = iqz—-r)

(Function is not defined at § = 0)
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- (b) The average speed of the particle on the
second path is twice the average speed of
a particle on the first path.

© x="% — sin(})

6l. (8 x=1—sint x = 2t — sin(2)
y=1-cost y =1 — cos(2s)
0<ts 2w 0t
5 s
a A
- - Gar- -

y=1- cos(%t)

The time required for the particle to
traverse the same path is £ = 4,

kg

™ ]
62. (2) Firstparticlet x = 3cost, y = 4sint,0 <t < 2

-4

Second particle: x‘=4sinr,y=_3cosr,05r52‘1r
4

-4

63. 4r,d 4
y—t+1,dr 1
§= 27 (t+1)\/42+12dr
0

2 .
=27} 17t + 1) dt = 87 /17
"o ‘

= 103.6249

dx -
2 F = - i
65. x == cos® 6, 28 2 cos Bsin 0

dy .
: y = cosﬂ,de— sin @

2 ) :
S = ZWJ cos 0-/4 cos? 9 sin* 4 + sin® 646
o ‘

== 53304

e _ | &
u, =1

) 4 4
(@) §= quf 261 + 4 dr = 4J§wj ide
Q 0
4
= [2\/57712]0 = 327/5

67. x =t y= =2

(b) There are 4 points of intersection.
(c} Subposc at time ¢ that

3cost=4sins and 4sinf=3cost
tanr=2 and tans=3

Yes, the particles are at the same place at the same time '
for tant = 3. £ = 0.6435, 3.7851. The intersection points
are (2.4, 2.4) and (—2.4, —2.4)

(d) The curves intersect twice, but not at the same time,

_l,ax_ 1
b x=r =72
- &
y——t+2,dt~1
4 Iz
Sﬂf:rf(t+2) =+ 1dt
N 4
4
= 'n'f (t + )/ + 4dt
0.
= 159.6264
66.x=9+sin6,%=1+c059
y—6+cosf)E§—1—sm6

of2 . o
§ = ij {0 + cos 6) /{1 + cos 82 + (L ~ sin 6> db
8]

w2 )
3271"[ (8 + cos 0)/3 + 2cos 8 — 2sin 646
0

= 23.2433

(b) S=2wj rJlet—waj tdt
= |:\/_'th2]0 = l6fn‘f
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dx dy
68, x=¢ y=4—-2t — =1, ~== 12
x=1 ¥ Id 1dt
2 2 2
(@) S=2m| (4201 +4dt (b)S=21rf t«/1+4dt=[\/§mz]o=4w\/5"
0 0

= [gﬁﬂ{4r - 32)]2 =8m/5

dy 1 .
69. x = dcos 6, y = 4sin 6, 252—4s1n6,d—9 4cos @ 70.x=§t3,y=t+1,1StSZ,y-axxs
/2 dx 4
S= 2wf 4.cos 8-/(—4sin )2 + (4cos 0)F d6 =22
o dr dt
#f2 T2 21 P 2
= 32wf cos 6 d6 = [321731'11 9]0 =7 ‘ 5= 24 3O di = 3[(#‘ + 1)3/2]
. 0 1 1
= GUT — 2°%) =~ 23.48
— 3 — 3 Y* _ 2 . 02
7l. x=acos® 8, y=qgsin® 4, d@ 3a cos Bsmﬂ d@ = 3g sin® fcos &

K 3 Y. a3 : R 127a? i mz 12 ,
§=4q a sin® /942 cos? B sin? 6 + 942 sin® 6 cos? 0460 = 1222w sin* #cos 8d8 = 5 sin 6 =5
o

¢

= —asin 6, ﬂﬁ.bcosﬁ

72. x = = bsi
x=acos 8, y = bsin g, 20

&8

: w2
(@ §= 41rf bsin 8./a” sin? 6 + b° cos? 046
o .

/2 2 L2 _ w/2
= 477-] ab sin 6\/1 - (a p b ) cos® Ad6 = 4eab'n' {—esin 6)/1 — ¢* cos? Hdb
0 o

-2, /2 /7
= ‘: bw[e cos §-/1 — e? cos? § + arcsin(e cos 9)]0 B 2a: Z[en/T=2 + arcsin(e)]

27alh a® — b* | ab
—_ 2 - 3 —_— | = Z — 1
2wb? + ( == bz) arcsm( » ) 2mb* + 211'( , ) arcsin(e)
( /az — bz

E=——

9 P
== CCCEI’[tI’lCIty)
a a . .

. i
(b) §= 471'] acos 8/asin® 8 + b cos® 6d0

o

/2

. /2 . g .
=4wf acos9\/b2+czsm36d6=7f ccos /B + c?sin? §dP
0 .

o

wf2
- _ziw[c sin 6/FF T 2 sin? 0 + b Ine sin 6 + mﬂ

LEe VBT E 4 p2hnle + VBT | - BPlndl

2 4 2 _ 2 . 2
 dra? + 2mab et e B _ a4 (ﬂ) In‘l +e
N7 b e 1—e
73, D _ dy/dt 74. (a) 0
dx  dx/di ’

See Theorem 10.7, ®) 4
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75. One possible answer is the graph
given by .

x=14y=—t

76. One possible answer is tHe graph
given by

¥

-0 W o
YR
Pt

TR

B ] @2 Q)l
77.S—J; (dt)+(dt dt

See Theorem 10.8.

x=—fy=—4

=
-4 -3

78.

b
(@ S = Zvrf 10

(b) § =27 :f(x) (%)2 + (55%)2 di

80. x=rcos¢, y=rsin¢

' 8
5= 217‘[ rsin ¢-/r% sin? P + 12 cos? ¢ dep
0 .

a
= me‘zf sin ¢ dgp
(4]

)
= [—27rr2 cos ]
™

= 2ar%(1 — cos 6)

8. x=2sin?@

y = 2sin? @tan 8

dx
d9—4sm6cosﬁ

/2

/2 .
A f 2 sin® 6 tan @(4 sin & cos §)df = 8[
o b

{

82. x = 2cotf, y=2sin? 8, %

—sin® @cos 0
4

3 3 a2
— = qi + —_—
3 sin #cos A 86j|0

—2cse? 6

0

0 0
A =2J- (2 sin? )(—2 csc? 6) dB = —SJ dé = [—89]
) w2 w2 w2

83. mab is area of ellipse (d). 84,

86. 27qg? is area of deltoid {c). 87.

T
-2

g+
-3

—4

sin? 040

37
2

27a? is area of asteroid (b).

%ab is area of hourglass (a).

79, Lety be a continuous functionof xone < x € b

Suppose that x = (), ¥ = (1), and f{t;) = a, f{t) = b.
Then using integration by substitution, dx = f{£) dr and

L "ydx= l { ) av.

4ar

85. 6ara? is area of cardioid (D).

88. 2rab is area of teardrop (e).
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8. x=t,y=4-— 0<t<4d

A= Fy dx = f4(4 )i = %f: (412 — A%y gr = B(s\ﬁ - %:Ji)]: = 1?6

2./t
1 3 [* 3 2\ 3
= f = (4—:)J(2\/)dr=§f(4mz)dr=[§(4t—5)]o=z
y= lfzyz = 2 ~1/2-.04/2 4 /% i i _2\/‘
_ZOE *32 (4mr) J 64 [16t 812 + A2 gr = 4[32 ——r + = ]
&9 - (%)
dx 1
90-x=v4—f,y=\/5,5=—ﬁ,03r54

A:joﬁ( 2\/_) fmdu [um+4arcsm2]z=w

4

Letu= V4 — 1 thcndu:-l/(%/ &) drand /i = JE— A
=1 J_Jv( )dt e R [ R

3
0

1% 1 1[—2(8 + 9 o
= E_L (\/E) (“2\/—-2“—_';)51£= - \ ;_ td.t = “I’;[“_:s V4 — EL =3

=9~ (55 35)

S

91.x=3c036,y=35in9,§—;=—3sin6 ‘ 92.x=cos(5,y:3sin6,%x*sin6
o 0.
V=20 (3sin6*—3siné)de V=2a; (3sin 6)2(—sin 6) 40
/2 {2
0 0
= -547rJ sin® 8d6 - . = *187]"” sin® 0 40
a2 . /2

o .
—544| (1 — cos? 6) sin 846
/2

3 4]
~54w[ —cos § + ‘x’; 9] , = 367 (Sphere)

3 [s]
—18w[—cos g+ =2 6] = 124
3 wf2

i

93. x = (8 —sin 6), y = a(l — cos 8)

f— dx f—
(a) df) = asin 6, — 20 = a(l — cos 0)
dy __ asing __ sinég
dc a{l —cos@) 1—cosé
d%y _ [ {1 — cos 8) cos 8 — sin &(sin 9)] _
i [ (1 = cos 67 [a(t — cos 0)]

cos 8 — 1 -1

T a(l —cos6® afcos & — 1)

S T e
Tangent line: y — @(1 — %) = (2 + ﬁ)(x — a(”g" _ %))

—CONTINUED—
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93, —CONTINUED-—

(c)gz=ﬂw=ez>sm8=01—cosaaﬁ0 = 2w\fz‘26+ (1 — cos )2 d8
e 1= cosd ) (e)s—o a’ sin a cos

Points of horizontal tangency: (x,y) = (a(2n + 1}, 2a) ., J' m JiTeodde
(d) Concave downward on all open 6-intervals: 0

v (—2m 00,0, 29), 2w, 4m), . - - 2

( ) a ) = aj 4 8in?8/2 46
0
29
. 8
= 2aL sin d0

-] -
—. COS2:|0 = 84

94, x = 2/3,y =3t — i

@ s B @ s = J JIETB = Ndt
. -3
. 3
0 18 :J S =62 + 0 + 1224t
i -3
3
-5 ‘ . ] =J' f{tz+3)2dt
: -3
dx dy dy _3-¢ 3 '
b Foaa Py -p 2o
‘()dt V3 de dx 23t :J (B +3)dt =36
. -3
£y [2/30Cn —6 - 2./ % .
dx? 1282 (&) S:an-j (3t = 3P)@ + 3) dr = 817
-
_ 232 -6V3 £ +3
(122)(2/3) 128
_ B D _ 2 _ 3
{© (x,y)—(ﬁ,g)att—l.dx 5 /3= 3
8 _ M3
y=3=5 03
M3 .5
y = 3 x + 3
95. x =t +u=rcos @+ rfsin @ y
= r(cos 6 + @sin 6)
y=v-—w=rsinf— récos @
= r(sin 6 — B cos ) Mot
T x
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96. Let’s focus on the region above the x-axis. From Exercise 95,
the equation of the involute from (1, 0) to (—1, 7} is

x=cos @+ fsin b
y=sin 8 — fcos @

08w

At (—1, ), the string is fully extended and has length . So, the area
of region A is §m{#?) = 7.

We now need to find the area of region B.

T

5 (8 = Ois cusp.)

—Jé=—sine+sm9+ec'osezacos9:o=>e=

Hence, the far right point on the involute is (7/2, 1).
The area of the region B + C + D is given by
o=m/2 o=m/2 6=0
f ydx — ydx = j y dx
o=7 8=0 o=
where ¥y = sin 6 — O cos 6 and dx = 6 cos 846,
Thus, we can calculate

1]
f [sin @ — @ cos §]¢ cos §d6 = g(wz +3).

T

Since the area of C + D is 7/2, we have

P RN ]
Total area covered —2[4713% 6(172-!-3) 2:' = 6’”3"

97. (a) 2

I R I
N/

-2

1—¢
1+27 "1+

) x= -20 £+ <20

The graph (for —co < ¢ < o) is the circle x2 + y? = 1, except the point {(—1, 0).

1—:2)2 ( 2t )2_172r2+r4+4r2_(1+12)2=
I+72 1+ 1+ )2 (1+29

Verify: x% + y2 = (

N

(¢) As ¢ increases from —20 to 0, the speed increases, and as ¢ increases from O to 20, the speed decreases.

£

!
= § — R <
17 y=1t 12 tanh 5 0=t

W_L—xz) - V144 — % () x = 12 sech

98, (a)yzﬂzm(u_ .
0 < x <12 60

80 ]
’ 0 12
. 1]
0 12
o

Same as the graph in (a), but has the advantage of
showing the position of the object and any given time ¢,

—CONTINUED—
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%8, —CONTINUED-—

dy _ 1—sedh®(r/12) .t
© dx  —sech(t/12) tan(t/12) ~ sinh 72

e v [p — B _nfof, - fo
Tangent line: y - (fo 12tanh12). sinh 12(.76 125ech12)

ey fa fo )
Y=o _(Smhlz)"

y-intercept: (0, )

. 2 2
Distance between (0, #,) and (x, y): d = \/ (12 sech ;—;) + ( —12 tanh %) =12

d=12foranyt = 0.

as10] |

TRy 7 P’ o "

99, False. % = 2l f“,f(r()t) L W ,(?f’(tﬁ"‘ GIKU 100, False. Both dx/dr and dy/dr are zero when ¢ = 0. By
eliminating the parameter, we have y = x%/3 which does

not have a horizontal tangent at the origin,

Section 18.4  Polar Coordinates and Polar Graphs

63 apm (e

x= 4605(%7 =90 x = w2c0s(%n)'= -2 X = —4003(——) =-2
y:4sm(§ =4 y=—2sm(%”)=ﬁ y:—4sin(—§):zﬁ
(x,y) = (0,4 @y ={-v2,Y2) & y) =(-2,2/3)
o .3 :
V27 T T
L @
i (5T
ey il
1 2
1 f t +—p- 0
1
4. (o, —%—W) 5. /2, 2.36) | 6. (3, —1.57) |
7 . x = /2 cos(236) ~ —1.004 - x = —3cos(—1.57) =~ —0.0024
w
x = OCOS(‘?) =0 y = /2 5in(2.36) =~ 0.996 y = ~3sin(-1.57) ~ 3
{ 7w : (x, ¥} = (—1.004, 0.996) (x, y) = (—0,0024, 3)
¥y = Osin )= 0 ) .
: :
(e, v} = (0, 0) B
z (v7,236) & (-0.0024, 3)
2 P .
T i >0
©,0)
t t ! 7 t 1 13- 0
1 1 2
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3
7. (r, ) = (5,7:—’) 8. (r,0) = (—2,11?”) 9. (r, 6) = (~35,2.5)
. ¥) = (2.804, —2.095
(x,y) = (—3.5355, 3.5355) (%) = (-1.7321, 1) () = )
¥y ¥ i
s
a4+ . 2+
s 1 (17321, 1) s et tax
(-3.54,3.54) 35 o A —i 1 2 3
21 -1
T —“2 —=1 H ; ¥ =27 L )
t 1 $ } 4 x (2.804, —2.095)
-4 -3 2 - 1 =L 31
-
ol
10. {r, 6) = (8.25,1.3) 1L (xy) = (1,1) 12. (x,y) = {0, -5)
(x,y) = (2.2069, 7.9494) r=+/2 r=x5
oy . tan 8 = tan 6 undefined
8 L]
6 (22060, 7.9494) _m@ 5w y { 5_77) ‘ _m3m ( ?E) (_
1 6 4' 4‘, (Ji’ 4)! ( \/i, 4 6 2, 2 H] 51 2 L -
2 ¥
L ¥ ¥
2 - ! , Ly
S <+ I
_a 2+ “14
-6 " al
-5 . : ’ (L1
1+ L] —3 4
—41
i i x -39 (0,-5)
13. (x,y) =(—3,4) 14. (x,y) = (4, -2)
r=+J/9+ 16 = 5 ‘ r=+/16+4=+2.5
- 4 _
tan 8 3 tan @ = ﬁ% = f%
6~ 2214, 5.356, (3,2.214), (-5, 5.356)
, 8~ —0.464
st {2+/3, —0.464), {-2/5, 2.678)
a(-3.4) 4 ¥
7 : | y Loy
2l T 2 3 4 s
e
o
-2 2
S } x (4,2}
4 -3 -2 -1 1 , -3
i
Ll
15, (x,y) = (+/3, 1) y 16 (v,y) = (3, V3) .
r=V3FI=2 . r=JI73=2/3
o
tan § = —/3/3 o LI S tan 6 = —/3/3 ; ——t
. -1 1 2 3
-1+ ° T
(+3,-1) 21 N
(r, 0) = (2, 117/6) Ll (r, 6 = (2./3, 1177/6) i (3.-v3)
al

= (—2, 57/€) = (—2/3,57/6)
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1. (x,y) = (3,-2) 18. (x,7) = (34/2,3/2)
(r,8) = (3.606, —0.588) {r, 8) = (6, 0.7853)
19. (r,) = (.3) 20. (x,3) = (0, ~5)
{r, 6) = (2.833, 0.450) (r, 8) = (5, —1.571)
21, (@ (x,y) = (4,3.5) y (b) (r, 6) = (4,3.5) z
4 @5 T+
34 —t—t -0
21 s T
(4,3.5) 1
1 L
1 i 2 3 4 * B
22. (a) Moving horizontally, the x-coordinate changes. Moving vertically, the y-coordinate changes.
(b) Both t and 6 values change.
(c) In polar mode, horizontal (or vertical) changes result in changes in both r and 6.
23. r = 2 sin 6 circle 24. r = 4cos26 © 25, r = 3({1 + cos f) 26, 7 = 2sec §
Matches (¢) Rose curve Cardioid Line
Matches (b) Matches (a) Matches (d)
27. > +yi=a? z 28 #+y2—Z2ax=0 z
r=a T P~ 2arcos § =10 il
/\\ rir—2acos ) =0 /‘\ .
t t;:/a {i—-0 r=2acos 8 \i"/za =0
29. y=4 z 30. x=10 - £
rsinfg =4 T reos =10 T
r=4dcscf r=10sec d
I ) A A
3L 3x—y+2=0 5

3rcos@—rsind+2=0

r(3cos § — sin ) = —

—2

r=3cos€—sin6

N

[T
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32. Xy = 4 33, ¥ = 0x
{rcos )(rsind) =4 r2sin? § = 97 cos @
r2 = 4sec fosc 0 . _9cos b
= 8 csc 20 sin’ ¢

r=%csct Bcos

(L E]

(|
1
(512

0

- 2 4
TN SR SR S
\ 4 P23 4568 7
34, 2+ ¥R -9 —y) =0 . : 35 r=
(r2)2 — 9r2cos* @ — r2sin? @) = 0 =9
rir? — 9cos 26)] = O 2+y=

r? = 9cos 20 7

bl

36. r=—2 37. r=siné 38. r=>5cos @
r=4 ‘ 2 =rsind 72 = 5rcos #
x2+y2=y x2+y235x
12ﬁ1 _ 25 2 _ 25
Jg+( —2) =3 ‘ x? 5x+4+y =7
P4y -y=0 (_5)2 z(i)z
2) T2

_+_|_
=2-1 At 23 4f 6

39, ‘ r=20

tan r = tan &

tan\/mzi

V4 yi= arctan >
x
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43.

. 46.

49,

5w
0="%
Sw
tan @ = tan 6
y_ _3
x 3
_ 3
3
¥y
21
A
= t
4
-2
r=3- 4cos'6
0 <8 <27
B
r=4+ 3cos

0<0<y

L]

LA™
G

-6

36
r—2.cos(2)

0<8<4rn

-2

b

(&l

. F

¥=3secd
rcosfl =3

X =
x—-3=0

r=51-2sin8
0<6<27

3

=1+cosﬂ

Tracedoutonceon —w < § < 7

5

42, F=2cscd

rsin @ =2
y=2
y—2=0

¥

34

45. r =2 + sin d

02 6<27
4
I I s
-2
2
R pry

Traced out once on 0 < 6 < 27

-8 =y
-1
81, r2 = 4sin20
r = 2~/8in 28
rz' = —2./sin28
T
< —
0<8< 5

(5]

|
U
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]

52, 2=

D

1
Graph as r; = _7—5’ ry, = —71.6.

It is traced out once on [0, o).

1.8
=z 2
—1.5
53. r=2{(hcos 8 + ksin &
72 = 2r(h cos 6 + ksin 6)
#* = 2[Alr cos 6) + k(r sin 6)}
2+ y? = 20hx + ky)
X+ y2 — 2y - 2y = 0
(2 — 2hx + W)+ (y2 = 2ky + kD) =0 + B2+ K2 Radius; V/R? + k2

x—h2+{y—kP=R+E . Center: (k, k)

54, (a) The rectahgular coordinates of (v, 6,) are (r, cos 8, r; sin 6,). The rectangular coordinates of (r,, f,) are
(r, cos @,, r, sin 8,).

d? = (o, — ) + (3, — 3)? ‘
= (rycos 8, — r; cos 6,)* + (7, sin 6, — 7, sin &,)2

2 2 — 2 2 2 qin? 2 _ 3 i 2 oin2
ry? cos? 8, — 2rr,cos 0, cos 8, + r\2cos? B, + r?sin? 6,7 — 2rr, sin @, sin 6, + r?sin®

= r,? (cos? @, + sin? ;) + r,* (cos? ¢, + sin? §,) — 2 ry7,(cos 8, cos @, + sin &, sin 6,)
= %+ r? = 2rr, cos(f, — 4,)

d = r2 + 12 — 2rr, cos(f, — 6,)

{b) If 8, = 6,, the points lie on the same line passing through the origin. In this case,

d = Jr?+r? — 2rpr, cos(0)
= Sl —rf = ir, — 1l
(©) If 8, — 8, = 90°, then cos(t, — 6,) = Oand d = /r® + r,?, the Pythagorean Theorem!

{d) Many answers are possible. For example, consider the two points {r;, 8,) = (1, 0) and (r,, 6,) = (2, w/ 2)

d= \/1 + 22 — 2(1)(2) cos(() - %T) =./5

i

Using (r,, 6)) = (—1, w) and {r,, 8,) = [2, 57w/2)].d = \/(— l)i + (2 — 2(—1)2) COS(’JT — %E)

You always obtain the same distance.

NE
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2 w
55, (4, 3 ), (2, 6)
2w 0w
d= \/42 + 22 — 2()(2) cos(T - E)
= /20— 16cos~2"5_=2\/§m4.5

57. (2,05), (7,1.2)
d= V22 + 72 —202)(7) cos{0.5 — 1.2)
53 — 28 cos(—0.7) = 5.6

5. r=2+3sin8

dy _ 3cos sin 6 + cos 6(2 + 3 sin 6}
dx  3cos fcos O — sin A2 + 3 sin 4)

7200s6(3éi116+ 1) 2cos6(3sinf-+1)

T 3cos20—2sin@ Heos?H— 2sind— 3

oy oAy _
afsZ) 2o

At (2, m), gxz = -—%.

Amy dy
MEE T

61. (a), (b) r =31 — cos 6)

4

RN
\_

—4

0= (37) = @9 =03
Tungent line: v — 3 = —1(x — 0)
y=-—x+3
Ty _
© At =72 = -10,
63. (a), (b) » = 3sin 6 _ :
L

-1

o= (22 ”3’) = () = (3—5‘/59) |

)

(9
o

Tangent line: y — = = _\/_(

y=—ﬁx+g

Polar Coordinates and Polar Graphs

Tar

%.@ogq(aﬁ

d=\ﬂm+y—ﬂmmm%%—)
= /109 - 60 cos T = /109 — 30/3 ~ 7.6

.58, (4,2.5), (12, 1)
d= /82 +127 = 2012} cos25 — 1)
= /160 — 96 cos 1.5 = 123

60. » = 2(1 — sin 8)
dy _ —2cos @sin 8+ 2cos 6(1 — sin 6)

dx —2cos@cos @ — 2sin 81 — sin 8)
dy

At (2,0), = —1.

d_
( ) —= is undefined.

(_W_y_
2=

62, (), () r=3 ~2cos @

N

—4

@ =(1,0) = (xy)=(,0
Tangent line; x = 1

() At8=0, jx—y does not exist {vertical tangent).

_"_T_yx_ —~—
(©) A6 =2~ V3 1.732.
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64. (). (b) r=4

66.

68.

dy
dé

N
NP

m@=(49=¢@w=@JzL@)

Tangent line: y — 22 = —1{x — 2./2)
y=-x+4/2

d

_mdy
© Ate=7,7 =1

r=asin

= g sin @cos & + acos fsin 8

=2asin Bcos =10

T 37
_0: 2’ w, 2
dx _ . g a4 s 2
Jg = —asin O+ acos?fd=a{l —2sin2§) =0
. 1 7 3w Sw Iw
= 4+— = — _—
sin & _ﬁ,ﬁ e 4, n

3
Horizontal: (0, 0), (a )
Vertical: (—~2-"~, Z)’ (TJ— TW)

r = g sin 6 cos? @

%: asin @ cos® 0 + [—2a sin? @ cos § + a cos? §] sin §

= .Za[sin #cos® § — sin® 0 cos 6]

= 2a sin 6 cos Hcos® § — sin” ) = 0

_ 25— . T3m
=0 tan?6=1,8 24 .
Horizontal: (\/fa, 1Z‘r)( 1 ,3777) {0,0)

65,

67.

Conics, Parametric Equations, and Polar Coordinates

r=1-—zsné
dy

55“(1 — sin 6) cos 6 — cos Osin 6

= cos (1 —2sinf) =0

cos(i:()orsm@:i = = 2566
: |p 3w\ (L m\ (1 57
Horizontal tangents: (2, 2 ) (2, 6)’(2’ 6)

%:(*1 + sin @) sin 6 — cos Hcos 6

—sin @ + sin? @ + gin? § — 1

=25in® g —sind— 1
=(2sin6+ 1){sind~—1) =

0
77 Um
6"

1 T
smﬂﬁlorsm8~—5=9—2 6

Vertical tangents: (g 7—77) (-3- l-iﬁ)
: IS LR 76 P\3E

r=2cscd+3

%= 2csc @+ 3) cos 8+ {—2 csc B cot 8) sin
=3cosf=0

37

> 2

Horizontal: (S,E), (1 3—”)

_r
8=3

2 T2

69. r = 4sin Hcos? 9

2

-3 Q\ 3

-2

Horizontal tangents:

{r, 8) = (0, 0}, (1.4142, 0.7854), (1.4142, 2.3562)
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76.

7.

74.

76.

r=23cos20sec O

2

AN

N

)

Horizontal tangents: (r, 8) = (2.061, +0.452)

r=2cos(38 — 2}

2

-2

Horizontal tangents:

(r, 6) = (1.894, 0.776), (1.755, 2.594), (1.998, ~1.442),

{—0.423, 0.072)

r=3cos 0
r? = 3rcos
by =3
332 .9
— = + = =
(x 2) Y74
ey
Circle: r 2

3
Center; (5, 0)

Tangent at pole: 6 = z

2|

r=23(1 — cos )
Cardioid

Symmetric to polar axis since r is a function of cos 6.

A0

Iy

po jw|y

po L (M

71.

73,

75.

r=2c¢scf+35

10

_,--"’-JF_\_\\\-\‘-\-._

P Py - S B e retat Y

-6

Horizontal tangents: (v, 6) = (7,

r = 3sin#
2 =3rsiné
x? 4+ y? = 3y
3\ 9
2 _2V -2
x+(y 2) 4
ey o3
C]Iclf:rk2

3
Center; (0, -2-)

Tangent at the pole: 8 = 0

r=2(1 —sin 6
Cardicid

. . T
Symmetric to y-axis, § = bY

(S

D63

k)
2
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77. r = 2 cos(36)
Rose curve with three petals
Symmetric to the polar axis

Relative extrema: (2, 0), (*2, E), (2, ZT"T)

3
L T a | @7 | 27| 5«
51°1% 4 | 32|36 | "
rji2|lo|-v21-2]01{2 |0 | -2
_Tm 5w
Tangents at thg pole: 8 = 62 6
78. r = —sin{56)
Rose curve with five petals
Symmetric to 8§ = %T
Relative extrema occur when
dr a 3w Sw Tw 97

de

= =—5cos(56) =0atf =, 0 s

: 7 2 3o 4w
Tangents at the pole: 8 = 0, 35505

E:4
2

80. » = 3 cos 28
Rose curve with four petals

Symmetric to the polar axis, § = %T, and pole

Relative extrema: (3, 0), (-—3, %), (3, m, (—3, %’E)

Tangents at the pole: § = = '7:1.

4
8= ST# and 7% given the same tangents.
81. r=35
Circle radius: 5.
x4yt =25

10’ 10" 10° 107 10

2]

79. r = 3sin 28

Rose curve with four petals

Symmetric to the polar axis, § = %r’ and pole

Relative exﬁema: (¢3, %:-), (i3, éf)

Tangents at the pole: 8 = O,g

(8 = =, 3=/2 give the same tangents.)

LY

82.r=2

sy

Circle radius: 2
2+ yt=4 : 1
t ; >0
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83, r = 4{1 + cos 6) z §4. r=1+sin8d 3
Cardioid Cardioid
85. r=3 -~ 2cos 8 z 86. r=5—4sin @
Limagon \ Limagon
tric to pol i I B \
Symmetric to polar axis | //m\\ . Symmetric to 6 = g
2
| 7| 27 1
elO || = || \\__,,»;) T aT T
323 - o Ol 2176|% %12 -
{11213 |4 r 9 7 5131
87.  r=3cscd 88 r= £
. r = 3csc . _ : 2sinf — 3cos f
rsinf =3 2rsin @ — 3rcos 8=6
y = 3 2)1 —3x=6
Horizontal line .
' Line
z =z
2
4
P— 30
1 2 + 4 t ]
. : ) 1
89, r = 20 '90.1‘:5
Spiral of Archimedes Hyperbolic spiral
. . _m
Symumetric to 6 = = ol | @ 3 Sw | 3w
42| 4|74 |2
Tolz]z]3a]  |5n]3= a2l 41|42
41 2 4 4 2 ' r a | @ | 3% | 7| 57 | 3w
T 37 Sar
|0 2177 27 5 3ar

Tangent at the pole: § = 0

= wln
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91, r* = d4cos(26) z
r=2cos26, 0<6x2r I
Lemniscate T
Symmetric to the polar axis, 8 = %T, and pole %0
Relative extrema: (2, 0) '
T T
e 0 6 2
rlx2 ] x/2]0
7 3w
Tangents .at the pole: 6 = —, —
4" 4
92, r?= 45in @ z
Lemniscate
Symmetric to the polar axis, 6 = %, and pole I
T it
Relative extrema: | +2, 5 A
T T S
810 3 ) G T
rjlol 22|22 /2] 0
Tangent at the pole: § =0
93, Since 94, Since .
| ' 1 1
r=2-secd=2——, r=2+csc =2+~
cos @ sin @

the graph has polar axis symmetry and the tangents
at the pole are ' .

T oar
== —. -
3 3 x 1'1
h]
Furthermore, /:
' 1
w -8 - A ]
r::>—ooaSG=->2—_-_ !
|
. -4
r=> 00 as 9==>——2-F.
1 r r
Also, r=2 — =9 — =72 _4
S0, T cos 6 rcos 8 x

x=2x—r

_ 2x
1+ x

¥

Thus, r=> +oo ag x == —1,

the graphs has symmetry with respect to 8 = @/2.
Furthermore,

r=>ooas = 0"

r=pocoas 0= .

Also, J":2+_L=2+,L=2+ﬁ
sin # sin 8 ¥
ry=2y+r
_
rwywl'

Thus, r => oo as y = 1.

4

_--"HF—

/
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95.

97.

98.

109.

101,

L 2
a
Hyperbolic spiral
r=pooas =90
2 28in@® 2sind
r:—:;@z—: - =
[} rsin 8 ¥y
z2sint’9
_ g
2s.1116“1im‘2cost9ﬁ2
-0 6 -0 1

9. r=2 n‘;os 20sec @

Strophoid
o
r=>—coas f= 9
—
F=500 a5 = 2

r=2cos20sec = 2{2cos*§ — 1) sec §

rcos 8 =4cos?0— 2

x=4cos®@— 2
] i/2(400526--2)
4
3 aantitin, YN P4

/

-2

The rectangular coordinate system consists of all points of the form (x, ¥) where x is the directed
distance from the y-axis to the point, and y is the directed dlstance from the x-axis to the point.

Every point has a unique representation.

The polar coordinate system uses (7, 8) to designate the location of a point.

r is the directed distance to the origin and 6 is the angle the point makes with the positive x-axis,

measured cloclkwise,

Points do not have a unique polar representation.

x=rcos 8, y=rsiné

x2+y2=r2,tan9=§

Slope of tangent line to graph of r = f{6) at (r, 6} is

dy _ _f(f)cos 8 + f(f)sin 6 . .
dx ~ —f(6)sin 6 + F(6)cos &

If f{a) = 0 and f{(a) # 0, then # = o is tangent at the pole.

r= 4sinf

(8 0 <

wl:l
G

ST
in
(=
A
=)

-

99, r = g, circle

6 = b, line

(© —gs g

w23

ER1EY
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102, r = 6[1 + cos(8 — @]
(@) ¢ =0, 7 =6[1 + cos 4] ) {c) 8=

r= 6[1 + cos(e - g)] |

= 6[1 + cos Bcos = + sinﬂsinﬂ]

i

|

w

-9

T

2 2

= 6[1 + sin 6]

6[1 + cos(G - "ZT)] 15
; w LD,
»

(b)'6=%,r

-3

LG

The graph of r = 6[1 + cos 6] is rotated through the
angle /4.

15

The graph of r = 6[1 + cos 6] is rotated through the
angle 7/2,

103. Let the curve r = f(6) be rotated by ¢ to form the curve r = g(6).

wky

If (ry, 6,) is a point on r = £(6), then (r;, 8, + ¢} is onr = g(@). Thatis,
8(8, + &) = r; = f(8). t.or0
TLetting 6 = 6, + ¢, or 6, = 6 — ¢, we see that D)
f0) = 506, + §) = £6) = 10 - #) /
f -0
104. (a) sin(@ - g) = sin § cos(%r) ~ cos Gsin(g) (b) sin(8 — @) = sin 6 cos 7 — cos Hsin 7
= —cos 0 = ~sin 8
. r = flsin(6 — )]
. T
r=t [S“‘(" B E)] | \ = f(=sin 6)
= f(—cos )
{c) sin(ﬁ - 3777) = gin Bcos(%‘r) — cos Bsin(z—ﬂ) o
= cos 8
r =f[sin(3 - 377‘.):] = flcos 8)
105. r=2 —sin @
@r=2 —,sin(ﬂ—%) :2‘w§(sin6ﬁ cos &) by r=2- sin(&—%r) =2 —(—cos ) =2 + cos 8
4 | 4
y A, - . 1Y)
, W, ﬂ
-4 —i .

—CONTINUED—
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105. —CONTINUED—
©r=2—sin(@—m =2— (—sin6) =2 +sin @
) ‘

L]

S~

—a

106. r = 25in26 = 4sinfcos 8

(a) r= 4sin(6 - -;—T).cos(ﬂ - %)

Lt |

~2

107, (a) r =1 — siné

[

¥
o

[

@

(d)rzz—sin(ﬂﬁ%’z)ﬂ2—cose

4

)\
N

4

®) r = 4sin(6— g)cos(ﬂ— -;3) = —4gin §cos f

2

RN
CAD

-2

o

(@ r=4sin(6 — @) cos{d — 7) = 4sin Ocos 0
. 2
-3 8 3

-2

) r=1- sm(e—%)

wR

Rotate the graph of

r=1—sinf
L 2
through the angle 7/4. ( ki

168. By Theorem 9.11, the slope of the tangent line through A and P is L Radiat line

Jcos 8 + f'sin @
—fsin 6+ fcos 0

This is equal to

tan § + tan ¢ _ sin 6 + cos ftan ¢
1 —tan @tan4r cos 6 — sin Gtan o

tan(@ + o} =

Equating the expressions and cross-multiplying, you obtain

\ -
’
Folar curve / \} v Vi
SOOI B

s

{(fcos @ +f’s'mé)(cos 8 — sin ftan ¢s) = (sin & + cos O tan Y){—Fsin & + ' cos 6)

" foos® 8 — fcos @sin @tan ¢ + 7 sin Heos 6 — fsin? Btan = —fsin? 6 — fFsin fcos Btan yr + f'sin Gcos & + ' cos® Gtan
Flcos? 8 + sin? 8) = f tan y{cos? @ + sin 6)

tant,b=;{;=

-
dr/de’
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_r Al —cosH) _ r 3{1 —cos )
109. tan ¢ = 2756 = 250 HO. wan =036~ 3sing
‘ I +1{/2/2 24+ /2
At9=7r,tan¢isundeﬁned=>z,';>‘g. At&-%rta n = %/)2 \/%/_
3 ' .
/”“} ' = a:tan( )m1.178(~ 67.5%
-5 a3
ua i @j 2
. r 4 sin 20
111. r = 2 cos 30 112. tan f = ar/de = R eos 20
r 2cos 38 1 : :
tan ¢ = = =l = —icot34 T sin{ar/3) *_3_/‘_
dr/de 6 sin 36 3 At g = & tan i = Seos(n/3)
D DR W T
Atf ="y = —3 C"t( 4 ) =3 ¥ = arctan (i) 0.7137(= 40.89°)
= arctan(%) = 18.4° 4 .
j B} Q/ ]
e O
-3 3 3 rl
)
v
-2
18
IS By 1, dr___6sing
113. Al 6(1 —cos )1 = 26~ [ = cos 7 WV
o 20 . 2
_r (1—cosd 1-—coséd /\
MY g T T —Gsm6 | —sing e
40 (1 — cos 6)?
2 1-(3)
At="Ttany=—-—"AS = _ /3
3 -3
2
¥ =73, (60%

IS

r 5 ' _
114. tanl,lt—dr/degoundeﬁ.ned = Y=

LB
X

115, True 116. True 117. True 118, True
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Jﬁ[f (O)F a6

f (2 sin 6)2 4o
J.

m»—-

I\)l)—-

=2 sin? 9 48

j{ﬂmwe

Im/2
f {1 — sin )2 de
w2

B | = N!'—'

5. (a) r=28gind

A= (4?2 = 167

6. (a) r=3cosé

6

1 /6 1 /6
7.A=2-2—f (2 cos 36)2de 22[6+—Sin66] =
o o

1(* )
A=§J; [r(ePde

1 S/4
=3 f (cos 262 dp
3mw/4

B
-3 troras

= lJ (1 - cos 26)2do
2

1 /2
b A= 2(~) f [8 sin 6] d6
2/ b
/2
= 64 f sin” 6 40
0

/2
= BZJ (1 —cos26)do
0

i /2
= 32[3 — M] = 167
2 Jo

/2
(b) A= 2(%) J [3cos 62 d8
0

/2
= 9[ cos? 840
]

g9 /2
:—f (1 + cos20) 40
2}, .

w/2
9[9 4 5in 26] _ O

2 2 e 4

aT 1 /4 /4
ry 8. A=121— (6 sin 28)2d6| = 36 sin® 26 d0
3 T4, esm A

(/L
:36f 1 cos-ﬂrBd(9
o 2

_ sin 49]"/4
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‘1 /4 . . _1 =/ 16
9. A =72}~ {cos 26)* dd F16.A=2 —[ (cos 50240
_2 o Y _2 o
_1,- o - 7 _1“ i . :lrrflo—w
= 2—6 + 4sm49]0 =3 = 27(9+ 0 sin(106) . T 20
N ‘ (1 (2
1A =2 (1 — sin 8P dé 12. A=2|~ (1 — sin )2d9
:: _2 —-a/2 _2 3] )
3 ' 1. 1" 3= 3 1 ]wﬂ 3m—8
= [—0 + —_— = — = | — -+ —_— =
[20 2 cos G‘ 45“129]7-#/2 2 |:29 Zcos 9 - 4sm26 o 2
1 T 1 /2
13. A = 2— f {1+ 2cos 2 de 14. A=12 —f {4 — 6sin 6)>d8
AR P 2 Jarcsin(2/3)
T - /2
w":[36+4sin6+si.n29] _2m-3/3 =j [16 — 48 sin 8 + 36 sin? 61 d6
27/3 2 arcsin(2/3)

15. The area inside the outer loop is

2

From the result of Exercise 13, the area between the loops is

A:(4ﬂ'+ 3J§)_(2w—3\/§)=

2 2

16, Four times the area in Exercise 15, A

l /2 i ’ _J
2[2 Jlﬂ/s (2(1 + 2 sin 8))2 dﬂ] = s

The area inside the inner loop is

2m/3
- z[lj (1 + 2 cos 6)%9} = [39 + 4sin 8 + sin 2
Q

7+ 33

/2
=f |:16~"4SSin9+36(
arcsin(2,/3) ‘

|

= [346 + 4% cos # — 9sin2

2

8

w2

arcsin(2/3)

1 — cos 28
5 )] de

e 17635

4w +33
= T,

= 4('17 +33 ) More specifically, we see that the area inside the outer loop is

/2

1 3m/2
2 2 U (2(1 + 2 sin H)P de] = d4q — 6./3.
7 ,

/6

(4 + 16 sin 8 + 16sin? §) 40 = 87 + 6/3.

Thus, the area between the loops is (87 + 6./3) — (47 — 6/3) = 4= + 12/3.
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17.

19,

21.

r=1+cos@
r=1-—rcosd
Solving simultaneously,
l+cosf=1~cos@
2cosf=0

3

T
6-—2,2.

Replacing r by —r and 8 by @ + 7 in the first equation
and solving, =1 + cos#=1—cos B, cos8=1,8=0.
Both curves pass through the pole, (0, #), and (0, 0),
respectively.

Points of intersection: ( 1, g), (1, %’T) {0,0)

r=1+cos@
r=1-—sind
Solving simultaneously,

"1+ cos@=1—gsné

cos 8= —sing
tan § = —1

37 Tar

=%

Replacing r by —r and 8 by 6§ + ar in the first equation
and solving, —1 +cos 0 =1 — sin @,sin 0 + cos 8 = 2,
which has no solution. Both curves pass through the pole,
(0, ), and (0, 7/2), respectively.

Points of intersection: 2_\/5,3—# , 2+\/§,E {0,0)
’ z7 ' 4 2 4

r=4-—5sing

r=3sinf

Solving simultaneously,
4—5sinf=3sind

sm8=§
_ 757w
0 56"

Both eurves pass through the pole, (0, arcsin 4/5), and (0, 0},
respectively.

. . o (37 (357
Points of intersection: (2, 6)’ (2, 3 ), {0,0)

Area and Arc Length in Polar Coordinates 428

18, r = 3(1 + sin 6)
r= 3(1 — sin @)
Solving simultaneously,
3(1 +sinf) = 3(1 — sin @)
2sin8 =0
=0,

Replacing r by —r and 8 by § +  in the first equation
and solving, —3{1 — sin §) = 3(1 — sin @), sin 9 = 1,
6 = ar/2. Both curves pass through the pole, (0, 3#/2),
and (0, /2), respectively.

Points of intersection: (3, 0), (3, 7}, (0, 0)

20. r=2;3cosﬂ
" r=cosé
A Solving simultaneously,

2—3cosf#=cosf

1
cost‘iw2
7w S
o 3’ 3

Both curves pass through the pole, (0, arccos 2/3), and
{0, @/2}, respectively.

. . o (L) (L 5w
Points of intersection: (2, 3), (2, 3 ), (0,0

2%, r=1+cos @
r=3cosé
- Solving simultaneously,

1+ cosé=3cosé

‘ 1
cos 8 = 5
w5
6= 373"
Both curves pass through the pole, (0, #), and (0, #/2),
respectively. :

. . o (2 m\ (35w
Points of intersection: (2, 3), (2, 3 ), 0,0
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8 = %
23. r= 5 z 24. 9= P £
r=2 r=2
Solving simultaneously, we x . Line of slope 1 passing ' K:. : :
‘have 1 - through the pole and a circle 11 3
B of radius 2 centered at the
0/2=2,6=4 pole,
Points of intersection: Points of intersection:
(2,4),(-2,—4) (2 E) (_2 7_7)
3 4 3 £l 4
25. r = 45in26
r=2

26.

r = 45in 26 is the equation of a rose curve with four petals and is symmetric to the polar axis,
@ = /2, and the pole, Also, r = 2 is the equation of a circle of radius 2 centered at the pole.

Solving simultaneously,

4s8in20 =172
T S
20—6, 5
T Sar
=121

Therefore, the points of intersection for one petal are (2, 7r/12) and {2, 57/12). By symmetry, the other po'ints of

intersection are (2, 77/12), (2, 114/12), (2, 137/12), (2, 174/12), (2, 197/12), and (2, 237/12). .

r=3+sin# 2

r=2cscf /’:\

The graph of r = 3 + sin 8 is a limagon symmetric to
@ = /2, and the graph of r = 2 csc 8 is the horizontal

line y = 2. Therefore, there are two points of intersection.

Solving simultaneously,
3+ sinf=2csch
sinf@+3sin6—2=0

-3+ ./
si116=—d3"2 17

\/ﬁw

#= arcsin( 3 3)'% 0.596.

Points of intersection:

(Jﬁ«m i (
T,?T_‘-arcsm

2

(—\/ﬁ *+3 arcsin(w-—“/ﬁ — 3))

2

2

{3.56, 0.596), (3.56, 2.545)

V17 -3

)
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27. r=2+3cos @ 560 8
P g
g sec 8 . ‘
2 ‘ : "’_\\
. -4 E 8

The graph of » = 2 + 3 cos @ is a limagon with an inner loop (b > 4) and is symmetric

to the polar axis. The graph of r = (sec 8)/2 is the vertical line x = 1/2, Therefore, there

are four points of intersection. Solving simultaneously, ? z+icme

2+3c036=se§6

6cos?@ +4cos8—1=0

-2+ J10
€os f = ——————
6
f= arccos(:};%-wlg) == 1,376
&= arccos(—z—‘Tm) =~ 2.6068,

Points of intersection: {(—0.581, £2.607), (2.581, £1.376)

28. r = 3(1 — cos 6) J ‘ '—F|6
6 .r 1-cosd 5

Tl D ces 6 //Z4
The graph of r = 3(1 — cos 6) is a cardioid with polar axis symmetry. The graph of ‘ -1 \&( 8
r=6/(1 — cos 6) z

-5
. . ) = 3(1 - cos 6
is a parabola with focus at the pole, vertex(3, )}, and polar axis symmetry. Therefore, ro s

there are two points of intersection. Solving simultaneously,

&
\3(1 COSB)—-m
(1 —cos@2=2
cosb=1x /2

@ = arccos (1 - ﬁ) _
Points of intersection: (3ﬁ, arccos (1 - \/f)) = (4,243, 1.998), (3\/5, 2ar — arccos(l - \/i)) = (4.243, 4.285)

28. r=cos @ 30. r=4sin#
r=2—3sing - r=2(1 + sin )
ints of int tion; " . p
Points of intersection Points of intersection: (0, 0), (4, -g)

(0, 0), {0.935,0.363), (0.535, — 1.006)

‘The graphs reach the pole at different times (8 values), . The graphs reach the pole at different times (6 values).

8

) . r=cosd '
—4 5 .
[ - D |
. -6 6

\
2 a2l vsn8)

-5 —
r=2-3sin@
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31. From Exercise 25, the points of intersection for one petal are (2, 7/12) and (2, 57/12). The area within one petal is

1 /12 1 Smw/12 : 1 /2
A= —J’ (4 sin 26)2 d@ + MI (22 dg + —J‘ (4 sin 26)> d8
2 Jo _ 2 Jm1a 2 Jsmia

wflz Smf12
=16 J’ sin%(26) df + 2 j df (by symmetry of the petal)
O

w12
af12 Saf12
=8[9—1s1n49] +[29]“ AT
4 o =12 3

Totalarea=4(%—\/§)=£—6£—4\/_— (477—3\/_)

1 /2 1 /2
32.A=4'2‘J‘ 9(1—Si119)2d9 ) 33.A:45J‘ (3—28m0)2d9
(4] ' 0
: /2 9 /2
=1sf (1 - sin 0P do = 2 (3 — 8) :z[11a+ IZCosﬂ—sin(ZB)]O — lim - 24
0

(from Exercise 14)

7

-7

/6 w2
3. r=5-—3sinf@and r = 5 — 3 cos # intersect at 35, A = 2[%[ (4 sin 82 46 + %f (2)? dﬂ}
0= 7/4and w= 5u/4 o /6
Sa/4 i _ 4 /2
A= 2[1 f (5 — 3sin 6)° d@} - 16[ o S“’(”)] [491%
2 R
/4
Sa/4 — 20 — = _
[596 + 30cos 6 — 25111 29] 23 (477 3\/_)
2 4 n/4
_ 2(5_'#)_3£_2 _ Q(E)Hoﬁ_a slroieng
2\ 4 2 4 2\4 2 4
59; 30./2 = 50.251 -8 5

a8

P,
Y : ’

-8

/2 /2 .
36. 4=21 | (Gsmopao-L| (2 sinerae 3. A =2 f [a( + cos O a8| — &7
2 w6 2 /6 4 )
/2 . 3 26 2
= (—4cos26 + 4sin 6} d8 :az[ 9+gsmg+L] T
/6 ' ‘ 4 Jo 4

12
= [—2 sin{20) — 4 cos 9]17 =33 _3a*w _atw _ Sa’w
/6 2 4 4
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38. Area = Areaof r = 2a cos § — Area of sector — 39, A=20 4 lf [a(1 + cos 6} d6
twice area between r = 2q cos & and the lines 8 2
2 2 ({7
=T =T =-q%+a— (§+2c0s6+cosw)d6
3 0= 3 2 Jn\2 2
@t &3 . sin 20 |
A= ma - ( )ahz[ f/s (2acos€)2d9] =Tf‘?[§9+25m9+ 2 ]m
2 w2 ' _ma?* & |3w 3w _a?
=2§a —2.::¢2J/3 {1 + cos26) d# ' _T+?[T_T_Z]_?[W_Z]
2 /2
.. 2ma -2a2[6+sm26]”
_2 /3
=2'fm2_2 2 E_ﬂ_ﬁ :21m2-3-3\/§a2
3 12737 4 6
H 9-%
\‘_
40. r =acos 6,7 = asin 41. (@) r=acos’§
tan@ = 1,6 = w/4 = a?cos?
/4 ' T x2 4+ 4232 = gi2
A=2[%f (asin6)2d6] (2 + P2 = ax
‘;4 b -
kit —_ . =
=42J 1 ;05230'6 . .

(=]
|
g
. -~
1~
— B
an
@

_ sin28 ]"/4
2

i : ——

o]
)

I

B | =
nld

—
=)

B =
L

|
B | e
| N

/2
© A= 4(%) j [(6 cos® 6 — (4 cos? 6] d8
: 0

]
[~

]

I
20 f =
b~
]
|
Bl

= 40j cos*9do
)

2 |r=gsinb

w2
= 10J'. (1 + cos26)2d0
o

k) .
=10f (1+2cos29+1+’s46)d6
1]

15w
2

/2
= 10[é 0 + $in26 + Lsin 49]’r
2 8 0
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42, By symmetry, A; = A, and A; = A,

1 w/6 1 /4 )
A=A, = —J [(2a cos 62 — (@)2]d6 + EJ [(2a cos 6)* — (2q sin 6)%]d6

2 /3 w/6
a2 /6 /4
="-"f (4C0S29—1)d9+2a2f cos 2048
2 )onss /6 ‘
o smao] v efsmae] L= 53+ v3) ws =)=t
= ==+ +al - =4 —"+1
2[6 + stB]uw/s + a?| sin 28 o6 Z\2 V3 a1 2 2*\3
g Lfm ,  ma®
A= As=3 (2) T4
=15 o) onr
Ay = 2( 3 )a - 2 2) )y (2a sin 82 d0
2 ar
_Sma 2a2f (1 — cos 26) d8
. 12 S5/6
5ma? 2[ . ]” 5ma> fm /3 NE AN
= — — - — = 2T = = 4 M=
TR R ] WP Tl RN Al C T
1 /6 1 /4
Ag = 2(—)] {2a sin 8 40 + Z(M)j a*do
2 0 2 w/6
/6 /4
= 2a2f (1 — cos26)do + [aia]
Q /6
. /6 aal T /3 Ta? 57 /3
= g2 — + o = gl — - X e = =
¢ [29 sze]o o ° (3 2 )+ 2 ¢ (12 2
1 /4
A, = z(—) f [(2a sin 0 — (a)*]d6
2’ /e
/4 /4
za2f (4sin26—1)d9=a2[6—sin29} =a2(£—1+—-\/—§)
/6 af6 12 2
[Note: A, + Ag + A; + A, = ma® = area of circle of radius a]
43. r = a cos(nf)
Forn = 1; Forn=12:
r=acosf . r=acos2f
a\?  ara? (™ 2 gg = T2
A-—n‘(z) = AWS(Z)J; {acos 282 de = >
H g
4 0 0

—CONTINUED—
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43.

45.

47.

—CONTINUED—
Forn=73 For n = 4:
r=acos3f : ‘r=acos4f
/6 ) 2 /8
_ gL 2 gg = 47 _ el 2 1o . T
A= 6(2)J; {acos30)2d0 i . A= 16(2)‘[0 (a2 cos 46)* da = 5
3
In genesal, the area of the region enclosed by r = a cos(nb) forn = 1,2,3,. . .is (a2)/4 if n is odd and is

(wa®)/2 if n is even,

r=secB—ZCosB,—g<6<%

rcos@=1— 2cos? f
2 ane? @ 2
le_zm_fi:l_g(x_z)
r

(x* + yPr = x* + y* — 2?7

yix — 1) = —x*— 4
L,'=x2(1+x)
y 1-x

1 /4
A= (—)J (sec @ — 2 cos 6)* d6
2 0

/4 4

w/4 ‘ w/
=J (sec26.—4+4c0526)d6=f (se026—4+2(1+c0526))d6=[tan6—26+si1126] =2—%T
] i . i (4]

0

r=a ' A ) 46. r=2acosd
r'=0 y'= —2asin g
2 N /2
5= J Jat +02do = I:aﬁ]ow = 2ma § = J V' @acos 6 + (—2a sin 6246
] — /2
. . . /2
(circumference of circle of radius «) _ f 20dl = [2a G]w/z = 2.
—arf2 —mf2
r=1+siné
r'=cosd
/2
s=2 S+ sin 6)2 + (cos 6248
/2
3m/2 .
=22 1+ sin8do
/2 .
3/
~—cos 8
=22 —e——f
w2 ~ 1 —sin@
_|3m/2
= ‘[4\/5 V1 —sin e] .

= 4/2(/2—0)=8
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48. r=8(1+cosf),0<8<2n

r"=—8sin 8

5= 2‘[”\/[8(1 + cos 97 + {— 8 sin 4 46
o

= léf 1+ 2cos 8+ cos? @ -+ sin? 0dE
o

= léﬁf VT + cos 646
0
™ V1 — cos @
=16/2) /1 +cosb+|{~"————|do
ffg cos | (Jl —cos 8
T siné@
= 16/2 | ————d8
\/_J; ~1 = cos @
= [32\/5\/1 — cos 9]
o
=64
T T 1
49.r=26,0£955 50.r=sec6,0£653~ ‘ 51.rx§,1759527r
. 4 3 05
, ' 3 4 —0.5 05
-1 ’> 2 \-..._,_.-'} .
- . _ s . 05
Length ~ 4.16 Length =~ 1.73 {exact /3 ) Length = 0.71
2. r=e50< 0 < 7 53 r=sin(3cos 0,0 < § < 7 54. r = 2sin(2cos @), 0S < =
10 1 z '
-1 O 2 -2 ﬂ 4
L N o
-8 . —¥ - -z
Length ~ 3131 Length ~ 4,39 Length ~ 7.78
55, r=6cos B 7 56. r=acos#
r'=—6sing r’'= —agsin#
w2 wf2 .
S=27rf 6 cos 6 sin #./36 cos? 6 + 36 sinZ6 do : S=2'n'f acos 0 (cos 6)v/a®cos 8 + 42 sin? 646
o _ o
a2 ‘ . /2 w2
= 727rj sin @ cos 6 d8 = 2*.-1-:12] cos? 840 = frrazf (1 + cos 26) de
0 0 0
= [36wsir12 9]"/2 _ [ 2(0 4 Sin 26)]11/2 _md
0 e 2/l 2

= 367
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57, =

v’ = qett

/2
§= ZWJ @ cos 6~/ (292 + (ae™)* d6
o .

w2
=2m/1 + azj. e*28 cos 6d0
0

=2m/1 + a2[ i (2a cos @ + sin G)TT/Z
402 + 1 o
27/ 1 + a? ra -
“Tar i1

58, r= a(1 + cos 8)

¥’ = —asinf

S = ij a(l + cos 6) sin 6-/a%1 + cos 67 + 4% sin? Hd0 = 27ra2f

o

59, r=4cos20
¥'= —8sin2d
arf4 )
S = ZWJ © 4 cos 28 sin 9/16 cos? 26 + 64 sin* 620 d6

: /4
= 327rJ cos 28 sin 6/cos? 26 + 4sin? 20 d6 =~ 21.87
0

1[* if*
61. Areaz—f [f(ﬂ)]2d0=—f 2 d6
2 o 2 o
‘ B B dr\2
Arc length ﬁJ’ N4CE +f’(62d-‘3=f ~f P2+ (E) 46

63. (a) is correct: s =~ 33.124.

65, Revolve ¥ = 2 about the line » = 3 sec 6.

f&)=2,7(8) =0
2
S = Zarj (5 — 2cos /22 + 0246

0

s

sin 8(1 + cos 6)~/2 + 2 cos 646

o

ks 2 ar 2
—Zﬁwazf (1 + cos @3/%(—sin §) d8 = —i\/—gﬁi [(1 + cos 6)5/2] = 32—;@-
. 1] G

§= 217[ fsin 8/6* + 1 d6 =~ 42.32

0

62. The curves might intersect for different values of &

See page 741.

i3
64. (2) S = 2w | £(6) sin 6/F(OF + F(OF db

s C
() §= 27| F(6)cos 8-/F(8)° + F() 46

I

5 = 2cost
"\.

27
= 4'n'f (5 — 2 cos 6) 40
o

27
= 417'[58 ~. 2 sin 6]0

= 402

(DY
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66. Revolve r = a about the line r = bsecf where b > a > 0,

flO)=a

fe=0 a .
S=217J:Tr[b—acos€]md6 C‘)a PR

29
= Z'n'a[bﬁ — asin 6]0

= 2qa(2ah) = darlab

67. r=8co50,0 <8< 7

o K T | -——. "
(a) A:lf r2d6=lj 64cos29d6=32f —‘“‘““—1+c°526d9=16[6+8m28] e
2 0 2 Q Q 2 ’

(Areacircle = mr? = 742 = 167)

(c), (d) For 1 of area (47 ~ 12.57): 0.42
For } of area (87 = 25.13): 1.57 (7/2)
For 2 of area (124 =~ 37.70): 2.73

® 0 02 0.4 0.6 0.8 1.0 1.2 14

A| 6321 12.14 | 17.06 | 20.80 | 23.27 | 24.60 | 25.08

(e) No, it does not depend on the radius.

68. r=3s5inh0 <8< 7w
= — 2 = = in? = — e — =] ==
(a) A ZJ; r2de 2J; sin? ¢ 48 4J; (1. —cos26) 46 4[6 2811123]0 ik

' 2
[Note: radius of circle is% = A =— Tr@) ]

®) g 0.2 0.4 0.6 0.8 1.0 1.2 1.4

A [ 00119 [ 0.0930 | 03015 | 0.6755 | 1.2270 | 1.9401 { 2.7731

69. =gsinf + bcos @

Y

2 = arsin 8 + brcos §

X2+ =aqy+ bx

x2 + 3?2 — bx — ay = 0 represents a circle.
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:%[B-f- sin? 6y =7

70. r ='sin 6 + cos 8, Circle Converting to rectangular form:
B ' .
= +
A=%f 2 40 " rP=rsin@ + rcos @
a : 2+¥=y+x
1J” ' ‘
== (siné + cos 6 do : (zu 1) (2_ 1)_1
2 X x+4 +1y y+4 =3
1[” )
=—| (1 + 2sinfcos 6) d6 (_;)2 ( 1)2_1
2o *=3) *\Y73) T2
1
2

RS

[

Circle of radius % and center (

e )

7L (@ r=60z0

As g increases, the spiral opens more rapidly. If 8 < 0, the spiral is reflected about
the y-axis. 10 ///_ h\\ 14
' ) (W vy
{b) r = ah, 8 = 0, crosses the polar axis for # = ra, n and integer. To see this \\_J
r=af = rsin@=y=afsin@=0 - ' P

for 8 = nar. The points are (r, 8) = (anm, no), n=1,2,3,. . .

8
(©) f18) = 6,f(8) = 1 : @ A= %J. 2 dr

2ar

§= f S+ 1de = %[]n(\/xz T1+x)+ xm]z" - lrﬂelde
0 =

. A o
= %In(\/é!qﬂ + 1+ 271') + arS4art + 1 == 21.2563 _ Qi]zqr _ iﬂs
6 lo 3
72, r = %6
1 2 1 )
A= EJ. (%52 4B — EJ (e%/6)2 dp
4] —24r

29 1 0
—J’ et dﬁﬂ—J' et dg
¢} 2 —2

1
2

13 9/3]2" _ [é 9!3]0
[26 0 28 -2

VAP T WO SRR T S
2e ) + 2e 2[9 + e 2]
=~ 93655
3. The smaller circle has equation » = a cos 8. This equals the area of the square, (H,éfw%)z _ %
The area of the shaded lune is:
2 _
SN a_(q_ul)_E:l
A=2(5) [{a cos )7 - 1]d8 2\4¥2) 7472
0
T ma® +2a - 20— 4=0
- a - ‘
,J [2(1+COSZB) 1]:18 4 2m
i} at = =12
; 2+ 7
_a_29+sin29_9"/4 ‘
T2 2 0 a=2

(’n’ + 1) ar ' Smaller circle: » = /2 cos 0
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3t L
1+2Y " 1+e

@ ey = TETD 28

T +AE  (+ AR ® T
276 | | 4\6

4. x =

=T+ Ae

Hence, x* + ¥* = 3x. -
(rcos 8) + (rsin 6 = 3{r cos 8)(r sin &)

;e 3cos @sin b
cos® 6 + sin® 6

75. False. f(6) = 1 and g{#) = — 1 have the same graphs. 76, False, f{6) = 0 and g(6) =

intersection.

77. In parametric form,

b
_ EZ Q2
= V&G

Using 8 instead of 7, we have x = rcos 8 = f(6) cos 8 and y = rsin 6 = f{#) sin 6. Thus,

% = f(8) cos 6 — f(6) sin # and % = fX8) sin 8 + f(8) cos 4.

1t follows that

(&) + (2] - vor - o

B
Therefore, s :f VIAOE + [FBIE dé.

Section 10.6  Polar Equations of Conics and Kepler’s Laws

1 o2
T ¥ ecos 6
@ e = 1r = —2 arsbora
€ T T eos ¢ PP
(b)y e=05,r = 1 = ellipse -4
2 T T 05cos8 2+cos@ P
(c) e=15r= 3 = 6 hyperbola
TR 1+ 15¢c0s8 2+3cos@ P
z_rzwwzf_.m 4
I —ecos 6 7
) \/e-.ﬁ\ e>1
(a) ¢ = 1, r = ~————, parabola -2 D 3
1—coséd : /
1 2 ' e=0.5 &
= = = : i 4
®) e =057 =T S eos 6~ 2 — cos p SLlipse
) e=15r= 3 = 6 hyperbol;
O T T T 15cos 62— 3cos g DPOTOOR

/2
(c)A=—j P d =
0

bW

sin 26 have only one point of



'
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2e
A gy
(@e=1 r=# arabol
€T BT T T —sin g PAEPOR
() e=05r= ! = 2 ellipse
¢S T T T 05sme 2-sm@ P
3 6
(©)ye=15r= 1~ 135sm6 2—3sng hyperbola
) 2e
A T=TT e : 5
(@ e=1r= - bola
a) e VB 1 + sin 9! Pafa 0. e=1.3 et
-9 8
b) e =05,r= 1 = 2 ellipse
® =00 = T o5sine 2+sme - T =05 -
(cy e = 15,r= 3 = hyperboia
T T Y 15sm6 2+ 3sing P
4
ST esné
(a) 5 e=01 The conic is an ellipse. (© e e=li . The coﬁjc is a hyper-
_a0 @ Ase-» 17, the ellipse \\/ “ewls bola. As e—= 17, the
€023 becomes more eilipticai, Gt hyperbolas opens
¢ “2':5 and as e — 0, it becomes e s more slowly, and as
Nomos more circular, /,,/,7 \\ €— 00, tllley open
-0 ~a0 more rapidly.
(b) 5 The conic is a parabola.
—30 25k an .
-40
4
6. r= 1—04cos?®
(a) Because ¢ = 0.4 < 1, the conic is an ellipse with . {c) 7 9
vertical directrix to the left of the pole. "
. NS N
TTIE 0.4 cos & \__,_./
The ellipse is shifted to the left. The vertical directrix is to i B
the right of the pole
_ 4
T T 04sing ;
The ellipse has a horizontal directrix below the pole.
7. Parabola; Matches (c) ‘ 8. Ellipse; Matches (f) 9. Hyperbola; Matches (a)

10. Parabola; Matches (e) 11. Ellipse; Matches (b} 12, Hyperboia; Matchés (d)
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-1 6
ls'r_I—sinG 14'rﬁl+cos6
Parabola because e = 1, d = —1 Parabola because e = 1;d = 6

15.

17.

Distauce from pole to directrix: |d} = 1

Directrix: y = 1

Vertex: (r, .6) = (—— 7)

6 3
T 2+cos@ 1+ (1/2)cosd

Ellipse because ¢ = 1/2; d = 6

¥

Directsix: x =6
Distance from pole to directrix: |d| = 6
Vertices: {r, 8) = (2,0), (6, 7).

e

r(2 +sing) =4
e 4 _ 2
T 2+sin@ 1+ (1/2)siné

Ellipse because ¢ = 1/2; d = 4
Directrix: y = 4

Distance from pole to directrix: |d| = 4
Vertices: (r, 8) = (4/3, #/2), (4, 37/2)

16. r

Directrix;: x = 6
Distance from pole to directrix: |d] = 6
Vertex: (r, 6) = (3,0

5 1
T 5+3sinfd 1+ (3/5)sin@

Ellipse because ¢ = 3/5 < 1;d = 5/3
Directrix: y = 5/3

Distance from pole to directrix: |d| = 5/3
Vettices: (r, ) = (5/8, m/2), (5/2, 35/2)

&
2
A\ o

i
+
-2 2

18. (3 ~ 2cos ) =6

3—-2cosf 1—(2/3)cosb
Elipse because e = 2/3 < 1;d =3

r

Direcirix: x = -3
Distance from pole to drectrix: |d] = 3
Vertices: (r, ) = (6,0), (6/3, m)

z
2

4D
N
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19, r =

21.

23.

27.

5 _ -5
—1+2cos@ 1—2cosf

Hyperbola because e = 2 > 1;d = —5/2
Directrix: x = 5/2 '
Distance from pole to directrix: |d| = 5/2
Vertices: (r, 8) = (5,0), (—5/3, %)

[STE)

B 3 ___ 32
2+ 6sind 1+ 3sinéd

r

Hyperbola because e = 3 > 0; 4 = 1/2
Directrix: y = 1/2

Distance from pole to directrix: |d] = 1/2
Vertices: {r, 8) = (3/8, w/2), (—3/4,35/2)

1S

Ry
\

24, r = —3/(2 + 4sin 6)

2 £, . _\\MJ/
Y =

=3 \ -4
. Ellipse Hyperbela
Fom e L 2
1 - Sln(ﬁ - %) 2 q'-"‘\-w-. 10
Rotate the graph of \ \
= -1 -6
~ 1-sing

w

counterclockwise through the angle n

20,

22.

25.

28.

-6 -2
3+ 7sin@ 1+ (7/3)sing

Hyperbola because e = 7/3 > 1, d = —6/7
Directrix: y = —6/7

r

Distance from pole to directrix: |d| = 6/7
Vettices: (r, 6) = (—3/5, w/2), (3/2,37/2)

[SE]

r= —t

1+2cos®
Hyperbolabecause e = 2 > L; d =2
Directrix: x = 2

Distance from pole to directrix: |df = 2

Vertices: (r, 8 = (4/3,0),(—4, 7

I
2

wd
il
o

r=—1/(1 — cos 8) 26. r = 2/(2 + 3sin @
2 4
-2 ! . 4
Parabola Hyperbola
¥ = ——6——-— [
rd .
1+ cos(f) 3) » il
Rotate the graph of \
___ 6 S0
r= 1+ cos@

counterclockwise through the angle %
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6 —6
2. r=——mF— 5 30. r = - 4
2+ cos( 0+ ) 3+ 7sin(0 + (27/3) ]
\ Rotate graph of & /]
Rotate the graph of 4 _ / /
\_ﬂ‘/ . r= -—_6"—‘
6 = 3+ 7sind -4
Ty cos 6
clockwise through angle of 27/3.
clockwise through the angle %T
2
31. Changeet09+%r: r= 32. Changeetoﬂm-jzzrﬁ—w
: 5+3cos(9+£) 1+sin(l9*—)
4 6
33. Parabola 34, Parabola 35, Ellipse
e=1l,x=—-1,d=1 e=l,y=1d=1 e:%,yzi,d=1
- ed : 1 ed 1

rzlwecosezl—cose

36. Ellipse
3
e = g y=—2,d=12

_ ed

"1 — esinf

__ 2(3/4)

T 1 —{3/4)sing

-6
4—3sing

r

39, Parabola

g T
Vertex: (1, 2)
2
efl,d_Z,r—l_sinG )

r:1+esin0:1¥sin6

37. Hyperbola
e=2x=1,d=1

_ ed _ 2
P+ecosd 1+ 2cosf

r

40, Parabola
Vertex: (5, )
e=1,d=10

_ ed _ 10
" 1 —ecos@® 1 —cosd

38.

41.

__ed
1 + esind

_ 1/2
T 1+ (1/2) sing

. 1
2 + sin@

Hyperbola

3

X = -1,d=1

e =
ed
1 — ecos8d

3/2
I —(3/2)cosé

-~ 3
2 — 3 cosf

Ellipse
Vertices: (2, 0), (8, m

T 1+ ecosh

16/5
1+ (3/5) cos@

_. 16
54+ 3cosd
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43,

45.

47.

49.

51

.a=¥2,b=1,c=\/§,e=-"-w

43. Hyperbola

44, Hyperbola

Vertices: (1, 3?11-) (9, 3?#) Vertices: (2,0), (10, 0)

3 10
59 e=y4=73
L
___ed
_ ced " 1+ ecosf
T 1 _esine ) s
= ' 9/4 "1+ (3/2) cosd
1 —({5/4)sin@ ' _ 10
_ 9 2+ 3cost
4 — 5sinf

E]]ipéc
Vertices: (2 E) (4 3—”)
. L} 2 H) L3 2
1
e= 3,d = §
po 4
1+ esing
_ 83
T 14 (1/3)sing
-8
3+ sin@
Ellipse if 0 < e < 1, parabola if ¢ = 1, hypetbola if ¢ > 1.

T 1 +sino

(a) Parabola with vertical directrix to left of pole.

(¢} Parabola with vertical directrix to right of pole.

{a) Hyperbola (e =2 > 1)

; L
‘ (b) Ellipse (e = 16 < 1)

(cy _Parabola {e=1)
(d) Rotated hyperbola (¢ = 3)

2 2
x_2+2’_=
a b?

x2b2 + y?,ai — a2b2

I

b2r2¢cos2 8 + a2 sin? 8 = a*h?
r[B2 cos? 8 + a1 — cos? )] = 427

ra? + cos? 9(b* — a?)} = a?b?

) azb? _ bt
T as (B2 — a?cos?@® a? — cPcos?h
b? b?
1 —(c/a)?cos?® 1 — e?cos?d
aﬁ5,c=4,e=§,b=
2 4

1 - (16/25) cos2 6

NG
2

1

r= 1 - (3/4) cos?8

52.a=4,c=5,b=3,e=%

is a parabola with horizontal directrix above the pole.

(b) Parabola with horizoﬁtal directrix below pole.

{d) Parabola. (b} rotated counterclockwise /4.

48, If the foci ar¢ fixed and e — 0, then d — oo, To see this,
compare the ellipses

_ 1/2 _ _
"I/ 2cos 0 ¢ 1/2,d=1
_ 5/16 _ .
S T e ¢~ VA4 5/4.
x‘.’. yZ
50. ;5 - F =1

X2b? — yPa? = g2
b%r? cos? @ — a2 sin? 8 = g?b?
r¥[b? cos?8 — a*(l ~ cos? @) = a??

rf—a? + cos?@(g* + b3)] = a??

e a? b?
—a? + e2cos?® —1+ (c*/aDcos?o
L

1 — e?cos?@

IRYEY

Bl.a=3b=4c=5¢e=

P2 = e P = _~16
1 — (25/16) cos?0 "1~ (25/9) cos?6

N EW T T -
55. A = 2{21) (2 — eose) de]

i 1
= J; md@ =~ 10.88
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1 /2 ) 5 /2 t
56. A=2 Ef o (m) do| = 4£ﬂ/2md9z 3.37

57. Vertices: (123,000 + 4000, 0) = (127,000, 0)
(119 + 4000, ) = {4119, =)
= 127,000 + 4119

3 = 65,559.5
¢ = 65,559.5 — 4119 = 61,440.5
¢ _ 122881
=T 131.119 = (0.93717
U S
T 1—ecoséd
ed ed
=0 r= l_e,ﬂ—ﬂ'. r—1+e
ed ed
= S)=——+
2a 2(65,559 5) - 1+2

‘ € e Ze
131,119 = d(l — + 1 +e) —d(l —ez)

—
4= 13_1,_1_1_92_% ~ 8514.1397

_ 797921 - 1,046,226,000
T 12093717 cos 8 131,119 — 122,881 cos 0

When 6 = 60° = ;—T r = 15,015.

Distance between earth and the satellite is
r — 4000 = 11,015 miles.

59, a = 1.496 x 108 ¢ = 0.0167

_ {1 — &%a _ 149,558,278.1
1—ecos6 1 -—0.0l67cos8

r

Perihelion distance: a(l — ¢) =~ 147,101,680 km
Aphelion distance: a{l + ¢) = 152,098,320 km

61. g = 5.906 x 10° ¢ = 0.2488

_ {1 — eda _ _5,540,410,095
1—ecosf 1 — 02488 cos @

r

'Perihelion distance: a(l — ¢) =~ 4,436,587,200 km
Aphelion distance: a(1 + €) = 7,375,412,800 km

ed
1 - ecosf

58. (a) r=
When 8 =0,r=c+a=ea+a=all +e)
Therefore,

ed

1 —

all +e)(1 — &) = ed
all — &) = ed.

(1—eDa
1 —ecosb’

all +¢) =

Thus, r =

(b) The perihelion distance isa — ¢ = a — ea = a1 — 2.

(1 — e%a

o =gl — e).

When @ =, r =

The aphelion distance isa + ¢ =a + ea = a(l + ).

{1 - éda

T = a{l + e).

When8=0, r =

60. a = 1.427 x 10°, e = 0.0542

e (1 — eBa _ 1,422,807 9388
1 —ecosf 1 —0.0542cos8

Perihelion distance: a(l — e} =~ 1,349,656,600 km
Aphelion distance: a(l + e) = 1,504,343,400 km

62. a = 5791 x 107, ¢ = 0.2056

_ {1 — ¢?a - 55,462,065.54
T 1—ecos® 1 —0.205cos@

Perihelion distance =~ a(l — ¢) =~ 46,003,704 km
Aphelion distance =~ a(1 + &) = 69,816,296 km
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5540 ® 10°

83 ¥ = T 02488 cos 8

2

1 /0
il 2
ZJ; . rtde

248 —1—‘—7_;;*—
2 2
ZJ,; r* dg

/%
(a)y A= lf r2dg = 9.368 x 1018 km?
: 0
= 21.89 yrs

(b) %J A df = 9368 x 108
wo,

By trial and emor, @ = o + 0.9018

09018 > 7/9 =~ (.3491 because the 1ays in
part (a) are longer than those in part (b).

64. a = %(250) = 125 au, ¢ = 0.995

(@ e =§ — ¢ = 124375

b2 =g~ * = b= 124844
length of minor axis: 26 =~ 24.97 au

65. r,=atcrn=a—cr —r=2crtr=2

c_nTh
g=—m=—_>>"
a r trg
C
_]__.,
1+e_1 a _atec_Ty
l—e (¢ a—c 1o
a
ed ed
87 1 = T s ™2 = T sin0

Points of intersection: (ed, 0), (ed, m)
ed —edcosé \ .
. Q _ (1 + Sinﬁ)(cos 9) + ((1 + Sme)z)(sma)
i dxé( ) ( uedcose)
1+ sinf (Smﬂ) 0 + sinf)? (cos6)

At (ed, 0}, —= —1 At (ed, f:r),dx 1.

'42 = (%)(Cose) N ((;mr Cosz)z)( in 6)
e e

At (ed, 0), f,-xy— = 1. At (ed, ), % = -1,

{¢) For part (a)

/9
5= J V72 + ([dr/de)y df = 2.563 x 10° km
o

. 2,5 g
Average per year = 2563 < 10° 1.17 x 108 km/yr
21.89
For part (b)
+0.9018
5= J NP+ (dr/d6R de = 4.133 x 10°
i .
9
Average per year = 4133 < 107 1.89 x 108 km/yr
2189
— @l
b ro (L e _ 1246875

1—ecos® 1—0.995cos#
(c) Perihelion distance: a{l — ¢) = 0.625 au
Aphelion distance: a(l + ¢) = 249.375 au

. For a hyperbola,

w=c—aandr,=c+a.

Thus r, + g = 2cand r; — 1y = 2a.
c 1t

e:—:—-——1 0
a rH— 7

e+1=c/a-l-1:c+a:r_1
e—1 cla—1 c—a

Therefore, at (ed, 0) we have m;m, = (—1)(1) = —1, and at {ed, 7} we have mym, = 1{~1) = — L.

The curves intersect at right angles.
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c d
. = L 1y = i
08 = T cos 02" T cosg (FaraboOIas)

To find the intersection points:

¢ o d
1+cosé 1—cosé

c—c+cosf=d+d-cosf

—d
COSB_Td
. c clc + d) C+d_r
t , (CMJ)ﬁ 2 2 2
c+d
dry c-sing dr, —d-sinf

d8 (1 +cos )2 do (1 — cos )
For the first parabola,

dy rjcos@+rising

¢ cos @(1 + cos ) + ¢ sin? @

_ 1+ cosé

dx
Similarly for the second parabola,

dy __ sing
de 1 +cosd

Since the product of the slopes is — 1, they intersect at right angles.

Review Exercises for Chapter 10

1. 4% + y2 = 4 2, 4x2 —y2 =4
Ellipse Hyperboela
Vertex: (1, 0). Vertex: (1, 0}

Matches (e) Matches (c)

4. y?—4xT =4 5. x2+ 4y =4
Hyperbola Ellipse
Vertex: {0, 2) Vertex: (0, 1)
Matches (d) Matches (a}

7. 16x2 + 16y2 — 16x + 24y —3 =0 8.

i 3 9y 3 1 9
2 4+ =] 4+ 2 = ) = = il i
(x * 4) (y +23’+16) 673716

o3+

Circle ¥
13 '
N - L
“Center. (2, 4)
et .
Radius: 1

—rlsin6+r’1cost9: —ceosin®l +cos) +c-sinfcosh

—sin@ -’

3.7 = —4x

Parabola opening to left.
Matches (b}

6. x2 =4y '
Parabola opening upward.
Matches (f)

¥y - 12y -8 +20=0
y2— 12y + 36 = 8x — 20 + 36
(y — 6)2 = 42){x + 2)

Parabola ’
Vertex: (—2,6) S
124 .
NG
-k T P12
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\

11.

12,

~ Hyperbola M

14.

3x2—2y2+24x+12y+24%0
3?4+ 8x+16) —2(y2—~ 6y +9) = —24 + 48 — 18

10. 42 +y2 — 16x + 15=10

462 - de + 4 + ¥y = —15+ 16

(47 (32 _ G222
2 3 ! 74 1
Hyperbola Eliipse
Center; (—4,3) Center: (2,0)
ices: (2, +
Vertices: (—4 + /2,3) Vertices: (2, +1)
Asymptotes:
y=3=z \/i (x+ 4
- 2
342 4 22 = 12x+ 12y + 20 =0 .
3(x2 — 4x + 4) + 2032 + 6y + 9) = —29 + 12 + 18
G-, G+37_ ,,
173 1/2
EHipse =t =
-t
Center: (2, *3) I
Verticeé: (2, -3 % ‘/Ti) . -34
‘ il
4 —4y* —dx+ 8y — 11 =0 13. Vertex: (0,2)
4(x2-x+l)-—4(y2*2y+1)=11+1—4 Directrix: x = —3
4 Parabola opens to the right.
L= Q2P _ (-1 _, p=3
2 2 (y = 2)* = 4(3)(x — 0)
yiedy ~12x+4=0

‘ 1
Center: (2, 1)

Vertices: (% + /2, 1)

Asymptotes: y=1 =% (x - %)

Vertex: (4,2)

Focus: (4,0)

Parabola opens downward.
p=-2

(x— 42 =4-2)(y -2
x2—8x+8 =0

15. Vertices: {—3,0), (7,0}
Foci: (0,0), (4,0)
Horizontal major axis
Center: (2,0}
a=5c=2b=21

x—27 , ¥ _
s a1 !

)

-1+

2

—f e
| U

+
3
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16,

18.

240.

22,

Center: (0, 0)

Solution points: (1, 2), (2, 0)
Substituting the values of the coordinates of the given

- points into

xZ yl
)+ () -
we obtain the system
1 4 4
(;) * (;) “hpol

Solving the system, we have

16 xl) (3y1)
2 — 2 s, e
a 3 and & 4, (4 + T 1.

Foci: (0, +8)
Asymptotes: y = +4x

Center; (0, Q)

Vertical transverse axis

c=38
y = %x = 4x asymptote —a = 4b
B2=¢?— g% = 64 — (4b)? =» 17H% = 64
64 1024

2 2T 2 —
=> b 17 = a 17

2

y 2 _y

1024/17  64/17

2y [ ¥
4+25—l,a—S,bml,cm\/Zl,e~——5

By Example 5 of Section 10.1,

/2 21
c=20j </ 1 — Zsin?0d6 ~ 2301
b 25

2x + y = 5 has slope 2. The perpendicular slope is %

y= —3x2 4+ x — 6 Parabola

fe _1
y'= 6x+1—2-
1
6;!.:—_2

=L o5

127 Y7 16

Perpendicular line: y + 95 l( — __“1“_)

6 205 12
_1. 28
YENR

17.

19.

21.

23,

Vertices: (+4, 0)

Foci: (+6,0)

Center: (0,0)

Horizontal transverse axis

a=4c=605b= 36— 16=2.3

2 _¥y_,
i6 20
T P I .
9+4—La—&b—zc—¢§e—3

By Example 5 of Section 10.1,

] 2 5
C= 12J- +/ 1 (6) sin? 6 d0 = 15.87.
0

y = x — 2 has a slope of 1. The perpendicular slope is — 1.

y=x*-2+2
[ PP -1 =3
dxmlx 2= —1whenx 2au:ldy Y
: . 5 1
Perpendicular line: Yoy —1{x - 3
dx+ 4y —-T7=0
I S
T
(@) x* = 200y
x2 = 4(50)y
Focus; (0, 50)
i
{b) )’—200702
P
Y T 100"
x2

100
xZ
S*Z‘JTJ; x 1+10'000

dx =~ 38,294.49



Review Exercises for Chapier 10

&47

24. (a) V = (wab)(Lengih) = 124(16) = 1927 ft>

3

® F = 2(62.4) f G- RN %{62.4)[3 f Ty~ fl y ST dy]

3
= %(62.4)[% (ym + 9 arcsin %) + %(9 - y2)3/2]

-3
8 3097 3(_97\] L B (277 o 0o
=3 (62.4)[2( > ) 2( 2 )] = 3(62‘4)( 2 ) = 7057274

{c} You Want% of the total area of 124 covered. Find 4 so that y

} Area of filled
h 4 w 4 . Lankapove
2[ 5.,/‘9 — yidy = 3w e, £-2Xi8 5 3T,

h
f \/9—y1dy=9—w
[+ .

8 :
) ‘ T S A rea of filled
E[y\/ﬁ’ — 3% + 9arcsin (%)L = 'gw _ il

h/9 — B + 9 arcsin (g) = %T
By Newton’s Method, & == 1.212. Therefore, the total height of the water is 1212 + 3 = 4212 t.
(d) Areaofends = 2(12%) = 24«

Area of sides = (Perimeter)(Length)

2 /
=16 jw ( - (-]73) sinzﬂ) dA(16) [from Bxample 5 of Section 9.1}
0

~ 353.656 .
Total area = 247 + 353,656 = 429054

25, x=1+4,y=2— 3t 6. x=t+4,y="F 27. x=06cos B,y = 6sind

_1. : - — — (r — 4)2 2 2
r=£~z-~1~==>y=2—3(x41) r=x—4=y=@x—4 (%)+(%)=1
Parabola
. 2 _
y= —%x + % _ y X+ ¥ =36
’ 2 Circle
4 +3x-11=0 st y
Line .1
21 1
¥ il 21
FES —+— \

i -1 1234567 +—t —t x
| T -4 -2 2 4
. 72-‘
2 ’ -41 :
1+ .
N )
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28, x=3+3cosB,y=2+35sin@ 29, x=2+sechy=3+tan @
(x—3)2+(y—2)2_1 y x—2Pf=sect0=1+tan’ 6=1+ (y 30
? ’ 5y (-2 - (-3 =1
— 2 — 2
(x 93) + v 252) =1 2 Hyperbola
2
Ellipse ! .

3L.x=3+@3-(-2p=3+5t
y=2+@2—6)t=2—4

30. x=5sin> 9,y = 5cos’ 0

x 2/3 y)2/3 _
(5) T (5 =1

WP s = 523

{other answers possible)

(37, (y— 47

32, (x— W+ (y— K2 =77 ' 3. 5 =1
— F)2 - 2Y2 92
x5+ (y-3P2=22=4 {x +3)? -9 _
Let ——— = ¢os? @ and ~*———— = sin?4.
x=5+2cost, y=3+ 2sint . 16 9

Thenx = —~3 + 4cosfandy = 4 + 3 5iné.

y2 x2
Mao=4c=5FP=cd—-a"=9 —=—"T=1 35, x = cos 38 + 5cosé 8

y=sin30 + 5sind

P g e VA IR
Let I3 sec Gand9 tan? 6. \_/\_‘/

Thenx = 3 tanfand y = 4 sech. ' 5

36. (@) x=2coth,y =4sinf0cos 6,0 < 6 < 3M.ox=1+4
4 y=2—- 3
dy 3
(@ 4 =~7
—12 i2 dx 4
—__'_'_"“-._)l
No horizontal tangents
4
‘ by t = xr—1
(b) (4 + x®)y = (4 + 4 cot? )4 sin Bcos 8 4
= 16¢sc2 6 + sin 8 - cos @ . y=2—%(x—1)=73x4+ 11
cos &
=16 d ' ©
. o
= 8(2 cot 6)

= 8x
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38 x=11+4
y=1
dy 2 .
bl A, P = 0.
(a)dx 1 t=0whent=0

40.

Point of horizontal tangency: (4, 0)
byr=x-4

y=(x — 4
(I

No horizontal tangents, {t # 0)

=1
(b)r—x

1

Y=

X

(c)

39.x:E
t

41.

y=2t+3

2

4y _ — o
(a) i 2f

No horizontal tangents,

_I/tz
(r+0)

1

y

(a)

&

dx

Y

—(2r—2)

(2 —20% (1= D@2+ 1)?
-2 P22

(2t + 1)2

Point of horizontal tangency: (l - 1)

3!

1- 1/1
)] 2t+1—;—‘—->t—§(*“‘1)

{©

y =

X

SHEE

4x? 452

1—202—4dl —%» (Gx-1Dx— 1)

= 0Qwhent~= 1.

(x# 0)
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42, x=2r—1 43, x =3+ 2cosd
1 y=2+ 5sinf
y:tIﬁZt dy 5cosd w3
® dy _ (2 — 2022t ~ 2) (a} T = T sind = —25cotf = 0 when 8 = 272
dx 2 Points of horizontal tangency: (3,7, (3, —3)
1 —¢ ' :
=———— = whens= 1. (x—3)% , {(y—2)
2(; — 732 =
20 — 2) (b) 1 + s 1
Point of horizontal tangency: (1, —1) © s
x+ 1 8
0 1= "~ _
oL
y= 1 B 4
= — = — . ol
[+ 1)/2P -2+ 1/2] =3+ 1) = U s
© i _al
,/j: 2{ :k
i \
N ] . 1 . ¥
4 T 4
| |
1\
| ;
44. x = Gcos @ 45. x = cos*#
y = 6siné y = 4sin’f
dy _ 6cos@ _ _ _w3n dy _ 12sin?fcosé
@ dx  —6sind cot§ = 0 when ¢ = 2’27 @ dx 3 cos?d(—siné)
Points of horizontal tangency: {0, 6), {0, —6) _ —4sing _ _ Atand = 0
cos @
2\2 y\?2
o (5 + (2 -1 |
when 8 = 0, 7.
dy dx .
it s = 3 f
But, i 0 at ¢ = 0, . Hence no points ¢

horizontal tangency.

2/3
o 5+ (3 =1

©

¥
A
—— et
-4 =2 2 4
-4
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L x=e" _ 4. x=4—1, y=p9
EN ' ‘ )
y=¢ : %=—1, %:Zz
e e t
=TT Tt T a2
dx ¢ ¢ * -Z:Ofort=0.
dt

No horizontal tangents

® £ = Inx Horizontal tangent at £ = 0: (x,y) = (4, 0)

1 No vertical tangents
y = e—lnxr = pln(l/x} = ;,JC = 0

©

a4

Lx=t+2,y=08 -2

& 4
dr ldt 3 2
?—Ofort— J

3 T 9 3

=~ (28165, —1.08_87)
t= ——@: (x,5) = (“ﬁ + 2,%«/3 - %)

%l&

(x,y)ﬁ(i 2/6_2 6)

Horizontal tangents: t =

3 3
=~ (1.1835, 1.0887)

No vertical tangents

. x=2-+2sinf,y=1+cos@ 50.‘x=2—2cosﬂ,y=25in28
%ﬂz HE=—sinB %—ZmnﬂjewtlcosZé
%=.0for3=0,m.2w,... | %=0f0r9=§,¥,§3,%,...
Horizontal tangents: (x, y) = (2, 2), (2, 0) ‘ _ Horizontal tangents: (r,y) = (2 = v/2,2),
;‘J';*Oforﬂ—%,%r,‘. .. (2= v2,-2)

ﬂ=0for8= 0, m2m,. ..
Vertical tangents: (x, y} = (4, 1}, (0, 1) _ : a8

Vertical tangents: (x, ) = (0 0} (4,0)
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51 x = cot8
¥ =38in28 = 2sinfcosd
(a), (©

L

o4

i

53, x = r(cos® + @sind)

y = r(sin@ — Bcos )

X
w0 récos @

dy _ .
P risin@

= rf VO cos?8 + 6% sinZ6 do
Q H

=rfw6d6=£|:62]ﬂ=lw2r
o 2 0o 2

55.x=r,y=3t,0£r£2

_ g d

dt dr dt

. 2 2
@ 5= wa 3:/10 dt = 6/10 w{ﬂ: N
N

2
) S = 20| Vi0dr— zm/m[z]z — 410
) [s]

87. x=3sin6,y=2cos#

- w2
A"f ydx = 2 cos #(3 cos 6) 48
a —af2

———d#f

GJ‘"/Z 1+ cos29

—mf2
'n'?.
_ 3[8 N stB] /
/2
k2 w
3[2 + 2] = 37

@ (&) -

52,

54.

56.

58.

x = 28 — siné
y=2—cosé
{a), (©) 8
I = et A
.r"'f/‘

-4

_mdx _ _3
(b) At @ o' db 1.134,( ) ),

% = {.5, and% =~ (0.441,
x = 6cosh
y = 6sind
Z—;= ~6sinf
36 6cosf

s =f /36sin28 + 36 cos? B do = [66] = 6w
0 0 :

(one-half circumference of circle)

x=2cos0,y=2sin8,0< 8<%

t3g

e}

— = —23sin 6. dy

7 Tt = 2 cos B,

&\ [y
(de) * (de) =
/2

af2
(a) §= 27TJ- 2 sin 6(2)d0 = S'n'[wcos 0]0 =87
0

arf2 /2
(b) §= ZWJ 2 cos B(2)de = Sﬂ{sin 6] =38
0 Code T OW

1
[Note: The surface is a hemisphere: E(4w(22)) = 8]

b ] :
A=J ydx=j sin 6(—2 sin 6) d6
a ar

01 —cos28
[,

i 0
oty
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1
59. (r, 0) = (3%7) z 60. (r, 8) = (—4, %’)
7 7 163 117 1
(x,y) = (3 6085,381115) (x,v) = (_4COST’_4smT)
={0,3) =(-2v3.2) z
: 0 i
1 2 3 4+
o SIS
® 2+
1
I R S S B I
~14
61 (r, 0) = (+/3, 1.56) ' 62. (r, 6) = (~2, —~2.45)
(5, ) = (/3 cos{1.56), /3 sin(1.56)) © (x,y). = (—2 cos(-2.45), — sin(—2.45))
~ (0.0187, 1.7319) z ~ (1.5405, 1.2755) z
-.. . 34
P (/3,159 "Ll
{—2,—245)
s
' o -1 N S
1 2 =1
63. (x,y) = (4, —4) | 64. (x,y) = (—1,3)
re JEFEAE =402 : r=JDEF 3= /10
g 17 8 = arctan(~3) =~ 1.89(108.43%)
4 (r, 8) = (/10, 1.89), (— /10, 5.03)
(r, 6) = (4ﬁ, 7—77), (—M’i 53) B
. 4 4 (-1,3) e
¥ 2
1+ 4+
— . e A R
—1+ —1-
24 ' a1
Nl
-4 e -3+
4,4
N
65. . r=23cosf 66. r=10
72 = 3rcosf ' £ = 100
x4+ =3x ‘ ‘ 22+ 32 =100
A2 +y2=3x=0
&7 = —2(1 + cos ) 68 S
. r= cos . . " S T cosd
2 =
r 2r(1 + cos @) 2 — reosf— 1
2 2 = — 2 7)) ’
%+ y Z(i'\/x +y) 2x Z(imm)ﬁ)*le
2 2 2 = 2 2
(x2 + y2 + 22 = 4(* 4+ »?) A2+ yD) = (x + 1)2

324+ 4 —-2x—1=0
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4
9. 2 = = 05?8 — 5in2f . L r= - "_T) . A—
| 9 r cos 26 = ¢os? 6 — sin? o 70. r 4sec(6 3 cos[@ — (7/3)]
r* = r?cos?f — rlsin20 4
(2 + y2)2 = x2 — 372 T (1/2) cos 0 + (+/3/2) sin6
r(cosﬂ + ﬁsinﬂ) =8
x+ ﬁy =8
3
71. r= 4cos20sech 72. 0= vy 73 (x2 +y7)? = ax?y
4 (02 anal :
= 4(2 cos26 — 1)( 19) tand = —1 rt = alr? cos?0)(r sin )
cos r=acosfsing
rcos# = Bcos?f — 4 %le
x2 _ _
S rne B T
x3 + xy2 = 4x2 — 4}52
4—x
2= 42
Y x (4 + x)
‘ y\? y\2
. x2 +y2— 4x =0 75. x2 + ¥t = a2(arctan ;) 76. (x* + yz)(arctan ;) = a?
r2—4drcos@ =0 72 = 4202 rig? = g2
r = 4cosé
-7 N O
77. r=4 78. 0= 2 ST sec § P
Circle of radius 4 Line rcos@= —1l,x=—1
Centered at the pole : Vertical line

Symmetric to polar axis, L

(S

@ = /2, and pole . i

AN

[ME]

80. r =3cscH, rsing=3,y=73 Bl. r = —2(1 + cos#)
Horizontal line ' Cardioid

Symmetric to polar axis

x
2

po oY

o
wiy
wla

S
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82. r=3 — 4cosd 2 83. r=4—3cosd z
Limagon . ‘ Limagon I
Symmetric to polar axis Symmefric to polar axis \)

w | ar | 2 P [ Ry
|l -t 13| 5|7 3 1
r 1 5 4 ) 7
84. » =20 3 85. r= —3 cos 28
Spiral Rose curve with four petals
Symmetric (o 6 = /2 Symmetric to polar axis, 8 = g, and pole
Relative extrema: {—3, 0), (3, g) (=3, m), (3, 37"7)
77| 3w Sm | 3w Tangents-at the pole: 8 = —, Edu z
U U Bl B Bl B vl e ~ 44 H
412 | 4 4 2
T 37 Sar
r 0 5 T 2 2w 5 3 | |
T :‘ o
86. r = cos 50

Rose curve with five petals

Symmetric to polar axis

. : . = 2my (_y 37 Aw
Relative extrema: (1,0),( 1,5),(1, 5),( 1, 5),(1, 3

e

a 3w o Tw 97
Tangents at the polc.. 0= 10102 10° 10
87. 2 = 45in?2¢ 3
r = %2 sin(26)

Rose curve with four petals

Symmetric to the polar axis, 8 = %T, and pole
Relative extrema; (iz, %), (iz, 3—;—7)

Tangents at the pole: 8 = O,g
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89, r

0.76

-0.25
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88. r? = cos 20 - z
gl o| = | & i
Lemniscate f/__ 4 i
2
Symmetric to the polar axis rpEl - 0
—— 3+ o
Relative extrema: (1, 0) i
Tangents at the pole: 8 = E, 3w
4’ 4
- 3 5 90. » = 2sinfcos? @
cos § — {w/4) =]
Bifolium
Graph of r = 3 sec 8 rotated :
through an angle of /4 . ‘ . Symimetric to § = w/2 »
- \ a
91, r = 4cos 20 sec 6 4 92, r = 4(sec6 — cos ) s
Strophoid \ _ Semicubical parabola /
-8 8 . 1
Symmetric to the polar axis Ry Symmetric to the polar axis
rﬂooa,sG:)%-. -4 r=~ooas3~——-,l;— Z
‘ . . .
F=> ocoas f = > F=>00af = 2

93, r=1-— 2cosé

(a) The graph has polar symmetry and the tangents at the pole are 8 =

)

{c}

& _

2 5in%8 + (1 — 2 cos 6) cos §

dx 2sinfcosd — (1 — 2 cosd)sind

Horizontal tangents: —4 cos?8 + cosf + 2 = 0, cos@ =

When cos 6 = 1£433 r

—1

s

wly

_r
3

+ V1 +32 ]+ /33

-8 8

8

4

4 s

(3 1 /33 1 - /33
""_4—_, — arccos| T

(3 — /33 (1 + J?E)
), —arccos T

:3 + /33 1 — /33 )
T, arccos(——g—)J

_ 35 /%

+ /33 1+.33
SR 4

[3;{_3_;«, amos( 1_+§_@ )J ~ (~0.686,0.568)

=~ (—0.686, —0.568

== (2.186, 2.206)

)

== (2.186, —2.206).

Vertical tangents; sin (4 cos§ — 1) = 0, sinf = 0, cos0 = %

2!

2.5

-5

|
N

(l +arccos %,) = (0.5, 1,318}

2

)

, 0= 0, T, 0= tarccos(é), (-1,0,3m
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94, r? = 4 sin{26) ) dy  rcosf + [(4 cos 26sin6}/7]
dr dx —rsind + [(4 cos 26 cos 6) /]
@ Zr(dﬂ) = 8 cos(20) __ cos(26) sin 6 + sin(26) cos 8
dr 4cos(26) cos(26) cos § — sin(26) sin ¢
do r - Horizontal tangents:
' d
Tangents at the pole: 6 = 0’_"2I | dic) 0 when 005(26) siné + sin(26) cos 8 = 0,
© 2 tan = ~tan(26), # = 0, 7, (0,0, (i\/2\/?_;, g)
-3 GC 3 ' Vertical tangents when cos 26 cos 0 — sin 20 sin § = 0;
1 ‘tan20tanf = 1, a—o,g,(oo ( 2J§,%) :
95. Circle: ¥ = 3sinf
dy _ 3cos0sind + 3 sinfcosd sin 26

T dy
B~ 3cosBcosf —3smOsind  eorig - swig - PN 0AO=150 =3

Limagon: r =4 — 5siné

dy _ —Scds@sing + {4 — 55in6) cosP tﬂ=£ﬂ=£
dx —5cosBcosf— (4 — 5sinf)sing 6’de 9

Let @ be the angle between the curves:
V3-(/3/9) _ 23
1+ (1/3) 37

Therefore, o = arctan(z:sﬁ) == 49,1°,

fan o =

" 96. False. There are an infinite number of polar coordinate representations of a point, For example, the point (x, ¥ =1(1,0)
has polar representations (r, ) = (1, 0), (1, 27), ( 1, ), etc. .

97. r=1+ cosf,r=1—cos@

The points (1, 7/2) and (1, 37r/2) are’ the two points of intersection (other than the pole). The slope of the graph of
r=1+ cosflis

iiﬁ _ r'sin@+ reos®  —sin?f + cos@(1 + cosé)
dx r'cos® — rsinf . —sinfcosf — sind(1 + cosf)’

my =

At(l, @/2),m; = ~1/~1 =l and at (1,3m/2), m; = —1/1 = —1, The slope of the graphof r = 1 — cosflis .

_dy _ _sin?d + cos6(1 — cosf)
de  sinfcosf — sin@{l — cosf)’

At (1, w/2),m, = 1/—-1 = —~1andat (1,37/2),m, = 1/1 = 1. In both cases, m, = —1/m, and we conclude that
the graphs are orthogonal at (1, 7/2) and (1, 3a/2). E

98, r = asinf,r = acosb
The points of intersection are (a/ﬁ, af 4) and (0, 0). For r = asiné,

_dy _acosfsing + asinfcosf _ 2sinfcosd
™ acos?d — asin?8 cos 28

At (a/ﬁ, 71'/4), m, is undefined and at (0, 0), m, = 0. For r = a cos ¥,

dy _ —asin’f+acos’d  cos2d
dx —asinfcosf —acosdsind —2sinflcosd

my, =

At (a/-/2, 7/4), m, = 0 and at (0, 0), m, is undefined. Therefore, the graphs are orthogonal at (a//Z, 7/4) and (0, 0).
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9. r =2+ cosé

e 2[lj (2 + cos 6)%10} ~ 14,14, (9-35)
2 s 2

]

101. 2 = 45in 26

/2
A=12 mf 45in2046| = 4
Q

2

-2

193. r = sinf cos2 @

: 1 /2
A= 2[5] (sin 8 cos2 )2 dﬁ}
o

2.5

100. r = 5(1 ~ sin )

| 32 '
A=12 Ef [5(1 — sin0)? |0 ~ 117.81, (
/2

4

102. r =4cosb,r=2

1 /3 i 7/2
A=2 *J 4d9+—f {4cos @) dB| ~ 491
2 0 2 .

w/3

3

-3

104. r = 45sin 346

1 i3
A= 3[-j _ (4sin3e)2de]
2t

‘= 12,57 (4m)

4

105. r = 3,r? = 18sin 26
9 =7"= 18 sin 26

R |
sm26——2
a

=1

wf12

2
= 1.2058 + 9.4248 + 12058 ~ 11.84

106. r=e%0< 8 < 7

A= 1J (¢9)? df =~ 133.62
2 G

10

1 w/12 1 5w/12 1 /2
A=2 —f 1831]‘129(164-'2—"‘ 9d9+§J‘ 18 sin 20 48
o Sa/12
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107. r=a(l —cos@),0<0s 7

dr

Eé=asm6

5= f JaHl — cos 92 + a?sin? 040
o

i
:\/ﬁaj +1 — cos8db
0

aw . B
= Via| S —ap
¢ o 1 +cos@

*Zﬁa[(l + cos 6)1/2]0 = dq

109. f(6) = 1 + dcos §
(8 = —4sin 0

108, r = acos26, —w/4 < 0 < /2

dr !

0 —2asin 28
wf2

§= Ja?cos? 28 + 4a®sin? 2040
-2

w/2
:af 1 +3sin® 2646
—af2

Using a graphing utility, s =~ 4.8442a.

VHOP + £(0F = V1 + 4cos 62 + (~4sin 62 = /17 + 8cos 8

/2
§ = an'f (1 + 4 cos &) sin 8./17 + 8 cos 8d0
0

= MLSM 17 8808

110. £(6) = 2sin
F(8) =2cos @

V02 + {62 = /4sin? @ + 4cos? =12

/2
§ = 241'_[ 2 sin 8 cos 68(2) d@
o

2468

= 4
111. r.= m, e=1 2
Parabola
6 2 2
B r = o s 8 1+ @D 6 3
Ellipse I

e

112. r = Trosd® ™ 1 £
Parabola
o
14 r=5— :sin(?: 1= (://55)sjne’e=%
Ellipse

(S]]
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B 4 -~ 2 _3 _ 8 _ 4 _5
B = 3sne  1-(G/2me’ 2 6 r = oo 8 1= (/2cos 8¢~ 2
Hyperbola Hyperbola
3 5
[
2 3 4
TR I o
1 2
117, Circle 118, Line
Centes: (5, -g) = (0, 5) in rectangular coordinates Slope: /3 .
Solution point: {0, 0)
Solution point: (0, 0) y= Bz rsing = /3rcosé,
2+ {(y—5P5=25 -
Kt yi— 10y =0 tanf=/3,0=~
r2 — 10r sin@ = 0
r=10siné
119. Parabola 120. Parabola
Vertex: (2, ) Vertex: (2’ _21{)
Focus: {0, 0)
e=1,d=4 Focus: (0, 0)
4 e=1,d=4
TT T cose .o 4
1+ sing
121. Ellipse 122. Hyperbola
Vertices: (5, 0), (1, ) Vertices: {1, 0), (7,0)
Focus: (0, 0) Focus: (0,0
2 5 4 7
a—3,c—2,e-3,d~-2 .a—3,c—4,e—3,d—4
6i6) GG
3/\2) s . _\3)\a 7

T3+
l+(§)cos8 3 + 4cosd
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1. (@) 1

(b) % = dy ;
2x = 4y’
, :lx
YTy

y—4=2x—4 = y=2x—4 Tangentline at(4,4)

i 1 11 L 1
_Z__E(x+1):>y_—5x—4 Tangenthneat( 1,4)

Tangent lines have slopes of 2 and —1/2 => perpendicular.

(¢} Intersection:

2x— 4= —%x - i
Bx—16=-2x—1
10x =15
3 3
¥=5 = (E’ *l)
Point of intersection, (3/2, —1), is on directrix y = — 1,

2. Assume p > 0,
Let y = mx + p be the equation of the focal chord.

First find x-coordinatés of focal chord endpoints:

x* = 4py = dp{mx + p)
x2 — 4pmx — 4pt =0

+ TGP T 1652
x:4pm 16é)m + 16p — opm + p/nE T 1

X2 = dpy, 2x = 4py’ == y’ﬁz—z-

{(a) The slopes of the tangent lines at the endpoints are perpendicular because

2p
—CONTINUED—

1
—[2pm + 2pm51;[2pm — 2/ mt + 1] = ﬁ[{rﬂm2 — 4p¥m* + 1)) = é;[mtlpz] = -1
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2, —CONTINUED—
(b) Finally, we show that the tangent lines intersect at a point on the directrix y = —p.
Letb = 2pm + 2p/m? + 1 and ¢ = 2pm — 2p/p? + 1.
B2 = 8p?m? + 4p? + 8p?mmd + 1
et = 8pim? + 4p? — 8ptm/m? + 1

) ,

3—p=2pm2+p+2pm\/m2+1
c 2 .2

E=2pm +p—2pmm? + 1

: b? b bx b

. t li =k y——=—lx—b =1

Tangent line at x = & y ym 2p(x ) =3y w4

; ey o ez _ @

Tangent line atx = ¢! y 4p_2p(x <) =>y—2p ip

. LB 2
Intersection of tgngent lines: '% - :—p = % - :—p

2bx — B> = 2ex — &
2xb —c) =8 —
2x(4pJn7+—l) = 16p*m/m? + 1
x= 2pm

Finally, the corresponding y-value is y — p, which shows that the intersection point lies on the directrix. *

3. Consider x> = 4py with focus F = (0, p). y 5 .

: ]

Let P{a, b) be point on parabola, '
F, 1
_ ’ [ i \P(a, b)
2x=dpy’ = y P . \_. by .
a / e
y—b= E(x — a} ‘Tangent line at P
= — B N, a b

Forx——O,y—b+2p( a) = b 2P—b w b.

Thus, @ = (0, —5).
AFQP is isosceles because
[Fol=p+b | |
|FP| = la = 0F ¥ (b — pi = Ja? + B2 — 2bp + p°
= Vapb + 82— 2bp + p*
- JBEP

=b+p

Thus, XFQP = 4BPA = £FPQ.
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2 g2 -
4.5 -5 =16+ 0= MF, ~ MF =2 y
o
aly Fy(-¢, 0
: b2
Tangent line at M{x,, v,): ¥ — ¥ = ;@—(x — x)
o
We = ¥o& _ Kok — X
b a?
XYy % Yo
a? »¥ooa P
XYY
a3 b
b? ‘ b .
Atx =0,y = —-y— = 0 =0, —;"* . By the Law of Cosines,
‘ o o
o B (Fo0)% = (MF,)? + (MO — 2(MF,)}{MQ)cos o
= = 2 - = .
OF, =QF = /¢ + v d . & = (MF,P + f* — 2f(MF))cos a
2 2 - 24 F2 0y
MO = x? + (yo + _112_) =F (F,0) (MF ) + f . 2 f(MF )cos B
Yo 4t = (MF,Y + f* — 2 f(MF )cos S
(MF,)*f* ~ & (MPP 8
cosa = —— it ———— s —
Y A N NV 77
MF, = MF, + 2a. Let z = MF,.
Yo -9 b
Sl T MF ! — QF
P M = AN O

To show « = 8, consider

[(2F,)* + £ ~ (27 (MF)] = [(MF\P + f* — d?][2f(MF,)]

&= [+ 2aP + 2 d =12+ 2 - @2z + 24
= 2+ a7 =7
A b
= -(xo—c)2+yo2+2a.z:(x02+(y0‘+w))~(c2+—2)
Yo Yo
= az — xgc + a* =0 . '
o wEET e
= X320 — aty? = gip?
= ‘ %‘; — yb—‘f =L

Thus, « = B and the reflective property is verified.
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5. (@) In AOCB, cos 6 = %% = OB =2a-sech

In AOAC, cos 6 = % = OA =2a-coséh.
r= 0P = AB = OB — OA = 2a(sec § — cos §)

’ 1
= Za(cos 3 cos 0)

sin? §
cos @

=2a

= 2g - tan fsin 6
(). x = rcos 8 = (2atan §sin G)cos @ = 2asin® @

1+

y=rsin6=(2atanﬂsin9)sin€=2atan6°sinze,—g< g<Z

2
Lettr = tan 8, —oo < f < oo, 1
2 2 £
’1"hc11$inz€—1_£_t2 and x = 1+t2,y=2a1+t2.
() r = 2gtan #sin 6

_rcos 6 = 2asin® ¢
#3-cos 8 = 2g r? gin’ ¢
(2 + y)x = 2ay*

3 = _x
(2a — x)

6. () A= 4f —Ja —Pdx = ( )[ Ja?— %2 + azarcsm(z)]o = qab

b a2 2 2aa* 1.]° 4
(b) Disk: V = 27 ;(b2 — 33 dy = b2 (b2 - y N dy = o3 [biy - §y3:|0 = gmzlb
o , b . .
b
a VB {a? — b)y?
S=dm| L /57—y d
Wj Y ( bJ/BT — 37 Y

- [* ey - 2 [cym + binley + T,

2'”“ [P /BTE S + b b + BT — b4 1n(b?)]

l s 21Taj' + Mm(ﬁ_a)z = zﬂ.az + (W_bz) ]_n(l + e)
¢ e e 1—e

Zarb

(c) Disk: V = Zﬂf —la? — xdx =

a \/WT:_—M—:*_
S=2(2'n')f§ a2~x2( aa\/gz__xfz)xz)dx

o

4 a
ﬂ-bf Vit - et dx = —[cx\/a“ — &2 + gt arcsm(:x)]

0

cz:-rb[ 2o/a® —c* + a arcsm(a)] = 2xwb? + Zw(a—:) arcsin(e)
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A1 - 7P 1— PP
@ y= 1+ 72 ¥ = El + rﬁ%z

1_(1—r2)
1—x 1+72 Zﬂ_ﬂ

[+ax 1—-2y" 2
Hf(l+r2)

1 —x\
2 — .2
Thus, y x(l‘+x)'

1 — rcos
(b) | #2sin? 8 = rZ cos? H(T—_W———cosg)
sin? 6(1 + rcos 8) = cos? 8(1 — r cos 6)
rcos Asin? @ + sin? 8 = cos? 6 — rcos® §
rcos @(sin® @ + cos? @) = cos? § — sin? @

rcos 8@ =cos 28

F=cos28 - sec &

T3
(c) 3 @ o) =0fm6:Z’T'
Thus, y = x and y = —x are tangent lines to curve at
the origin. '
+ 12 [+
e (L +A1-30-(¢-A2) _ 1-42 -1
) y{) = 0+ AR T+ AR =0
Arap—1=0= p=—2+ /5 = x = =2+ /5 _3%.5
‘ ' L+(~223) -1+
_3-3 A5
-1+ /5 2
(JEZ— 1’#\62—1 —2+J§)
8 y=all —cos §) = cosB='a—g——y 5. (a
B-arccos(a_y)
a

= a(arccos(a - y) —. Zay - y")

a

a —
a

e

)—-~/2ay—y2,03y£2a

x=a-* arccos(

Generated by Marhematica

. 2 ) 4 2
) (—x,—y) = (—J’cosﬂdu, -f sinﬂdu) is on
R AT
the curve whenever (x, v} is on the curve.

2 2
© %) = cos T, (@) = sin T x (P + y'0P = 1

’ a
Thus,szj’dr=a.
[

On[—m, o, s = 2m
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10. Fort = 2,5, 5505
2 -2 2 —2

ek =k

Hence, the curve has length greater that

._‘;4!,—_.....-4 — —_—
T 37r+5'n' Tar
2 1 1 1
=21+ +—-+=
@ Lol ly )
21 i 1 1
> (“2“'+Z+€+§+ )

= co. (Harmonic series)

o

12, (a) Area = f lr2 de
0 2
’ x=1
1 -3 7omgect
_ = 2
2Jo sec? 6d0
(b) tana=? = Area=1

= tma=fseclﬁd6
0

(c) Differentiating, a%(tan @) = sec? .

14. If a dog is located at (r, §) in the first quadrant, then its neighbor is at (r, e+ E):

{x, 31} = (v cos 6, r sin 6) and (x,, y,) = (—rsin 6, rcos 6).

The slope joining these points is

rcos§ —rsing _ sinf —cos 8
—rsinf —rcosf siné+ cos @

dy dr.
gxr'g{*dBSIn-6+rCOSB_Sin9“COSG
dx  dx gcose_ me-sinﬂ-%cos@
dr  de ram
&,
de
& a6
,
Inr=—0+C,
F = g f+C
r=Ce®
a d ) d d
rl—l=——= = r=Ce e — = (= —=e/*
(4) V2 V2 ‘

d T
Finally, » = —=(®49=8 g > —
Y J2 ‘ 4

Conics, Parametric Equations, and Polar Coordinates

ab T
. S— N W
Wr= e+ besg’ 957

r{asin @ + bcos 8) = ab

ay + bx = ab
LA
b+a 1

Line segment

Area = %ab

13. Let (7, 8) be on the graph.
i+ 1+ 2rcos 012+ 1 —2rcos 8 =1
(r2+ 1) —4r2cost =1

2724+ 1 —4ricost e =1
r¥(r? — dcos? 9 + 2) =0
rr=4c0s* -2
r? = 22 cos? 69— 1)

rl=2cos28

2

= slope of tangent line at (r, 4).
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15.

16.

17.

{a) The first plane makes an angle of 70° with the positive
x-axis, and is 150 miles from P:

x; = cos 70°(150 — 375¢)
¥ = sin 70°(150 ~ 3751
Similarly for the second plane,
x, = cos 135°(190 — 4507)
= cos 45°(— 190 + 4501)
-y, = sin 135°(190 — 450)
= sin 45°(190 — 450¢).

by d= \/(xz x4 (y, — n)?

(c) 280

0 1
]

The minimum distance is 7.59 miles when
t= (.4145.

= [[cos 45(—190 + 450r) — cos 70(150 — 375AT* + [sin 45(190 — 4507) — sin 70(150 — 3750 ]2

The curve is produced over the interval 0 £ & < 1047,

4 4
B=—5 fm—a
s 6 -5 5
= )
4
4
na-l n=0
-6 Y &
- 5y 6
4
4 1
4
= (ﬂ'_“\
N - )
-6 U"—"" 8 \./_'_/
4
%

-6

-6

-6

4 4
w3 n=—2
6 -6 c;/ 8
-4 -4
4 4
ne} R=2
. e,
% 6 8 '3 [}
4 n

n=1,2,3,4,5 produce “bells”; n = ~1, —2, —3, —4, — 5 produce “hearts”,
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