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Power Series

Previously we have been using polynomials to approximate functions. We have seen that the higher
degree_of the polynomial used, the more accurate the approximation becomes.

- When considering taking a polynomial’s approximation to infinity, this is an infinite series, which
exactly represents the function in question.

Definition of Power Series

If x is a variable, then an infinite series of the form
[oa]
Z a,x" = ag+ a;x + ax* + -+ a,x"
n=0

is called a power series centered at 0. More generally, an infinite series of the form

Z a,(x — "= as+a(x —c)+a,(x—c)*+ -+ a,(x =)
n=0
is called a power series centered ag ; where c is a constant.
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Notice that a power series is actually a function of X, much different from the series we have studied

previously. Depending on the value of x plugged in, the series may converge or diverge.

co

Let [0 =) a,x =" = G + &, (X-C> +a, (%= 4+ - -
n=0

- The domain of f'is the set of all x values for which the power series converges.

2
- Every power series converges at its center c. Consider f(c) = Q, + &,(0) + @, (0) +-— = 4y,

Convergence of a Power Series
For a power series centered at c, precisely one of the following is true.

1. The series converges only at c.

2. There exists a real number R > 0 such that the series converges absolutely foq lx —c| <R, /

and diverges for |x —c| > R.

3. The series converges absolutely for all x.

The number R is the radius of convergence of the power series.

- If the series converges only at ¢, the radius of convergence is R = 0.
- Ifthe series converges for all x, the radius of convergence is R = o,
- The set of all values of x for which the power series converges is the interval of convergence.
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Example 1: Find the radius of convergence of .
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Example 2: Find the radius of convergence of s L
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Example 3: Find the radius of convergence of < (—1)nx2n+l
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Example 4: Find the radius of convergence of i( 1y n(x + 3)"
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Example 5: Find the radius of convergence of 2, 9on
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Example 6: Find the radius of convergence of
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Example 7: Consider the function f(x) = In(e + x).

(a) Write the first four non-zero terms and the general term of the Maclaurin series of f(x).

(b) What is the radius of convergence?

1

(¢) Use the Lagrange form of the remainder to show |f G) — P G)| < Teor

(d) Use the first three terms of that series to estimate the value of fol In(e + x)dx.
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Example 8: Given a function g such that g(3) =1 and g(“)(3) = (2:;)1;“

(a) Write the first four nonzero terms and the general term of the Taylor series for gcentered
at x=3.

(b) Find the radius of convergence of the Taylor Series

(c¢) Show that the third-degree Taylor polynomial approximates g¢4) to within 0.01
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