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Remainder of a Taylor Polynomial

An approximation technique becomes much more valuable when an idea of the accuracy of the
approximation can be determined. To measure the accuracy of approximating the function f(x) by the
Taylor polynomial P,(x), you can use the concept of a remainder R,,(x), defined as follows:

fx)=P,(x)+R,(x) = R,(x) = f(x) —Py(x)
- The error associated with the approximation can then be represented by:

Error = [R,(x)| = |f(x) — P,(x)|
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Taylor’s Theorem

If a function fis differentiable through ordern + 1 in an interval I containing ¢, then, for each xin i, there
exists z between x and ¢ such that
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- The estimate of the remainderis known as the Lagrange form of the remainder.
- A useful consequence of Taylor’s Theorem is that
(x _ C)n+l
R <
- When applying Taylor’'s theorem, we are not looking for the exact value of z. Rather, we are
looking for bounds of f "+ (z), which tells how large the remainder R,, (x) is.

max|f(“+1) ()|
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Example 1: Find the third degree Maclaurin polynomial for sin x. Use Taylor’s theorem to approximate
i sin(O.l) and determine the accuracy of the approximation.
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Example 2: Let f be the function f(x) = v/x. Find the fourth degree Taylor polynomial about x = 4 for
the function. Use Taylor’s theorem to determine the accuracy of the approximation of f(4.2).
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Example 3: Determine the degree of the Taylor polynomial expanded about ¢ = 1 that should be used to
approximate In(1.2) so that the error is less tha

fex) = Lnx

Pri)= »7

ey = —xTT
3

-Pm(x\: 3 %
@‘L’(‘A\= -3 x‘*

()= 432 %

o _\\\
'F KK> "'é.ﬁ”(%

FO2) -RC2) | €

LA |
0.2) (o) \
( - mo&‘aﬁ‘q’ (5? < To00
Gﬁ'l) ' g2 212

X

l \
\ . ( N |
™ I\ 2 1600

}\4-1 ' \ ) ﬂ < —L
Ln-'rl)',ﬂ)[ | | 00D

<
g™ (wt1) oo
Joov £ SNHC"'H)

Qoo < 5“(‘”’[)
2 N

T =

S




AP Calculus BC Day 30_31.gwb - 6/11 - Tue Feb 20 2018 08:09:31

Example 4: Approximate Ve using a 41 degree Maclaurin polynomial. Find the associated Lagrange
remainder (error bound). 1
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Example 5: Approximate using a @@k degree Taylor polynomial centered at x = —~ Fmd the

associated Lagrange remainder (error bound).
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2008 BC Question 3(Calculator Active)

x| o) | KRG | ) | R | A9
1 11 30 42 99 18
488 448 584
2 80 128 T T T
53 1383 3483 1125
3 5 | e 6

3. Let h be a function having derivatives of all orders for x > 0. Selected values of h and its first four derivatives

are indicated in the table above. The function /& and these four derivatives are increasing on the interval
1 <x<3.

(a) Write the first-degree Taylor polynomial for h about x = 2 and use it to approximate h(1.9). Is this
approximation greater than or less than /(1.9) 7 Explain your reasoning.

(b) Write the third-degree Taylor polynomial for h about x = 2 and use it to approximate h(1.9).

(¢) Use the Lagrange error bound to show that the third-degree Taylor polynomial for & about x = 2
approximates h(1.9) with error less than 3 x 1074,
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(a) B(x)=80+128(x—2). so i(1.9) = B(1.9) =67.2

F(1.9) < 1(1.9) since /” is increasing on the interval
1<x <3,

(b) PB(x)=80+128(x - 2)+%(_\._ 2) +%“ oy

h(1.9) = P,(1.9) = 67.988

(¢) The fourth derivative of 7 is increasing on the interval

13{4}(x}‘ = 5;;4

1< x <3 so max

19<x<2
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2004 BC Question 6 (non-Calculator)

6. Let f be the function given by f(x) = sin(S.r + %) and let P(x) be the third-degree Taylor polynomial
for f about x = 0.

(a) Find P(x).

(b) Find the coefficient of x** in the Taylor series for f about x = 0.

/i)t

(c) Use the Lagrange error bound to show that < ] (])O
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2 4: P(x)
5
- —1) each error or missing term
53 = ¢
2 deduct only once for sin[%)
V842 .
= — ";‘!: evaluation error
12542 deduct only once for cos(%)
2 evaluation error
252 253
_2502 2= ﬁ_ﬁ (—1) max for all extra terms, + ---,
2(2Y) 2(3!)

misuse of equality

[ 1 : magnitude

2:4
| 1:sign
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max_|f “M?)(ﬁ) 1 : error bound m an appropriate
Oscs=G ' inequality




