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Sequences

In mathematics, a sequence-is defined as a function whose domain is the set of positive integers. Most
of the time, the range of a sequence is a set of numbers that follows a certain pattern based upon the

values of the domain.
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Example 1:
a. The terms in a sequence can be defined explicitly, referencizl:lg the term number:
{an}={2nn_21} Q, = __\_;_ QL""-Z--Z;-_-:T INEN :;3-;'—'
2 -\ 2
o= | A= % a~ = i__l_ -

b. The terms can be defined recursively, referencing the previous terms in the sequence:
by =1, by =1, {bpy1}= {by1+b,}

":-_ilzor\mx_';——-p 193: |+ | ',‘7;_}:[4-2. ,IDS.—_Z.‘]'&) b,_,=-’3+5

SQGDWC"R’ b, =2 ‘0%:5 IOS=5 ‘l‘_‘:bzg
The primary focus of this part of calculus concerns sequences whose terms approach limiting values. If

a sequence approaches some limiting value, the sequence is said to converge.
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Definition of the Limit of a Sequence

Let L be a real number. The limit of a sequence {a,, } is L can be written: lim {an} =L
n—0o0

Example 2: Find the limit of the sequence whose n*" term is

_ 1y _ - - _ 63
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Example 3: Determine if the following sequences converge or diverge.

a. {a,}= 3+ (-1"} I¥ nis odd |, u=3-1=2
J¥ nis odd =271 = Qe
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Example 4: Sometimes, we need to use the Squeeze Theorem to determine the convergence of a

sequence. Determine if the sequence {a, } = {(—1)”$ }
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Example 5: In the previous example, we saw a sequence whose terms alternated between positive and
negative values. When this happens, we can apply the Absolute Value theorem for sequences to help
determine convergence.

For the sequence {a,},if limla,| =0  then lima, =0
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A sequence is said to be monotonie if its terms are non- decreasing or non-increasing.
AuwAnS INCRERSING AUIAMS bm(.]

Example 6: Determine if the following sequences are monotonic.

d. {an} - {3 + (_1)?1} 1\\,0'“ - MDMJTM‘(_-

b. {b,}= {2~} e 2, ZakR Mewshomic
\ \+ (i) LA T (1 ncREPEND)
b.. 4‘\9“*"‘ Z,u\i"’t"'_\'v" £ Z/"‘l“i"'}h"l'?-
o< 2

c. (e = {7 iy
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Definition of a bounded sequence

A sequence is bounded if there is some number such that the sequence is always smaller and always
larger than that number.

e Asequence is bounded above if it is always smaller than some number. {a,} = Mforalln

e Asequence is bounded below if it is always larger than some number. {a,} = N foralln

If a sequence is bounded and monotonic, then it converges.
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Example Z;Determine if the following/Asequencesgonvergeordiverge.

(A . /'
; an}_ ntl
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Example 8: A sequence is definedbya; =0 anc! Apy1 = ,/ a, + afor all n = 1. Show that this
sequence converges by showing it is bounded and monotonic.
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Ql:w. = Q\E O\'n + ! — ,E)
O\’V\ w =2 Oﬂv\:m:‘la“,&“
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Find a formula for the general term a,, of the sequence, assuming that the pattern of the first few terms
continues.

11111

4 8 16
l‘{_}_]_l_}_J “'} 2. [_3,2,__,_,__, ...}
2 4 6 8 10 3°9 27

1 4 9 16 25
3.{5,—5,;,—?,?,“.} 4.{-1,2,7,14,23, ..}




